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PREFACE.

The scope of the present book is sufficiently indicated by

the title and the Table of Contents. In the chapter on

"Diophantos' notation and definitions" several suggestions

are made, which I believe to be new, with regard to the

origin and significance of the symbols employed by Diophantos.

A few words may be necessary to explain the purpose of the

Appendix. This is the result of the compression of a large

book into a very small space, and claims to have no inde-

pendent value apart from the rest of my work. It is in-

tended, first, as a convenient place of reference for mathe-

maticians who may, after reading the account of Diophantos'

methods, feel a desire to see them in actual operation, and,

secondly, to exhibit the several instances of that variety of

peculiar devices which is one of the most prominent of the

characteristics of the Greek algebraist, but which cannot be

brought under general rules and tabulated in the same way

as the processes described in Chapter V. The Appendix, then,

is a necessary part of the whole, in that there is much in

Diophantos which could not be introduced elsewhere ; it must

not, however, be considered as in any sense an alternative to

the rest of the book : indeed, owing to its extremely con-

densed form, I could hardly hope that, by itself, it would

even be comprehensible to the mathematician, I will merely

add that I have twice carefully worked out the solution of

H. D. h



VI PREFACE.

every problem from the proof-sheets, so that I hope and be-

lieve that no mistakes will be found to have escaped me.

It would be mere tautology to enter into further details

here. One remark, however, as to what the work does not,

and does not profess to, include may not be out of place.

No treatment of Diophantos could be complete without a

thorough revision of the text. I have, however, only cursorily

inspected one MS. of my author, that in the Bodleian Library,

which unfortunately contains no more than a small part of

the first of the six Books. The best MSS. are in Paris and

Rome, and I regret that I have had as yet no opportunity of

consulting them. Though this would be a serious drawback

were I editing the text, no collation of MSS. could affect my
exposition of Diophantos' methods, or the solutions of his

problems, to any appreciable extent; and, further, it is more

than doubtful, in view of the unsatisfactory results of the

collation of three of the MSS. by three different scholars in

the case of one, and that the most important, of the few ob-

scure passages which need to be cleared up, whether the text

in these places could ever be certainly settled.

I should be ungrateful indeed if I did not gladly embrace

this opportunity of acknowledging the encouragement which

I have received from Mr J. W. L. Glaisher, Fellow and Tutor

of Trinity College, to whose prospective interest in the work

before it was begun, and unvarying kindness while it was

proceeding, I can now thankfully look back as having been

in a great degree the " moving cause " of the whole. And,

finally, I wish to thank the Syndics of the University Press

for their liberality in undertaking to publish the volume.

T. L. HEATH.
11 May, 1885.
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DIOPHANTOS OF ALEXANDEIA.

CHAPTER I.

Historical Introduction.

§ 1. The doubts about Diophantos begin, as has been

remarked by Cossali', with his very name. It cannot be posi-

tively decided whether his name was Diophantos or Diophanies.

The preponderance, however, of authority is in favour of the

view that he was called Diophantos.

(1) The title of the work which has come down to us under

his name gives us no clue. It is AiocpavTov 'A\e^avBp€o}<; 'ApiOjx-

r)TiK(Sv yStySXta ly. Now Aio(j)di>rov may be the Genitive of

either Ai6(J3avTo'; or Aio(f>a.vTTji;. We learn however from this

title that he lived at Alexandria.

(2) In Suidas under the article 'T-Traria the name occurs

in the Accusative and in old editions is given as AtocpdvrTjv

;

but Bachet" in the Preface to his edition of Diophantos assures

us that two excellent Paris MSS. have Aioi^avrov. Besides this,

Suidas has a separate article Ai64)avTo<;, crofia Kvpiov. More-

over Fabricius mentions several persons of the same name

Ac6<f)avTo<;, but the name Aio<pdvTr]'i nowhere occurs. It is

on this ground probable that the correct form is Ai6(f>avTo^.

We may compare it with "ExcpavTo';, but we cannot go so far

as to say, with Bachet, that Aio^avrrj^ is not Greek; for we

have the analogous forms 'lepo(f)diT'i]<;, (7VK0(f)dvT7]<;.

^ "Su la desinenza del nome comincia la diversita tra gli scrittori " (p. 61).

2 "Ubi monendus es imprimis, in eiitis Suidae librie male haberi, eis Aio-

<f>6.vTTiv, ut ex duobus probatissimis oodicibus manu exaratis qui extant in

Bibliotheca Eegia, depraehendi, qui veram exhibent lectionem th AiJ^avTov."

H. D. 1



2 DIOPHANTOS OF ALEXANDEU.

(3) In the only quotation from Diophantos which we

know Theon of Alexandria (fl. 365—390 A.D.) speaks of him

as Ai6<j)avTo<;.

(4) On the other hand Abu'lfaraj, the Arabian historian,

in his History of the Dynasties, is thought to be an authority for

the form Diophantes, and certainly in his Latin translation of the

two passages in which D. is mentioned by Abu'lfaraj, Pococke

writes Diophantes. But, while in the first of the two passages

in the original the vowel is doubtful^ in the second the name is

certainly Diophanios. Hence Abu'lfaraj is really an authority

for the form Diophanios.

(5) Of more modern writers, Rafael Bombelli in his

Algebra, published 1572, writes in Italian "Diofante" corre-

sponding to Aco<f)dvTi]^. But Joannes Regiomontanus, Joachim

Camerarius, James Peletarius, Xylander and Bachet all write

DiophanfMS.

We may safely conclude, then, that Diophantos was the

name of our author. Far more perplexing than the doubt as

to his name is the question of the time at which he lived. As

no certainty cain even now be said to have been reached on this

point, it will be necessary to enumerate the indications which

bear on the question. Before proceeding to consider in order

the internal and external evidence, it will be weU to give the

only facts which are known of his personal history, and which

can be gathered from an arithmetical epigram upon Diophantos.

This epigram, the probable date of which it will be necessary to

consider later along with the question of its authorship, is as

follows

:

OvToi Tot Aioi^avTov e'x^ei, Td(f>o<;, a /j-eja davfia,

Kat rdcf>o<; Ik Te-)(vr}<i fierpa ^ioio \eyei.

'EiKTIJV KOVpi^eiV ^lOTOV ^€09 WTTaCTe /lOiprjv,

AwSeKaTT) B' eTTideli; fjurfKa iropev ')^\odeiv.

Ty B ap ecf)' e^SofiaTj} to 'yafirfKuov ijyjraTo ^£7709,
Ek Be ydficov Tre/iTTTO) TratS' iirevevaev ereo.

At at Trj\vyeTov BeiXov Te«o?, Tjp.i(Tv Trarpo?,

ToO Be Kal rj Kpvep6<; fiirpov e\wv ^lotov.

Hevdoi S' av "TTcavpeaai Traprjyopecov iviavTot^

TyBe TTOcrov aocpiy rip/M eTreprjcre /3lov.
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The solution of this epigram-problem gives 84 as the age

at which Diophantos died. His boyhood lasted 14 years, his

beard grew at 21, he married at 33 ; a son was born to him

5 years later and died at the age of 42, when his father was

80 years old. Diophantos' own death followed 4 years later

at the age of 84. Diophantos having lived to so great an age,

an approximate date is all that we can expect to find for

the production of his works, as we have no means of judg-

ing at what time of life he would be likely to write his

Arithmetics.

§ 2. The most important statements upon the date of

Diophantos which we possess are the following

:

(1) Abu'lfaraj, whom Cossali calls "the courageous compiler

of a universal history from Adam to the 13th centur}'," in his

History of the Dynasties before mentioned, places Diophantos,

without giving any reason, under the Emperor Julian (361

—

363 A.D.). This is the view which has been ordinarily held.

It is that of Montucla.

(2) We find in the preface to Rafael Bombelli's Algebra,

published 1572, a dogmatic statement that Diophantos lived

under Antoninus Pius (188—161 a.d.). This view too has

met with considerable favour, being adopted by Jacobus de

Billy, Blancanus, Vossius, Heilbronner, and others.

Besides these views we may mention Bachet's conjecture,

which identifies the Diophantos of the Arithmetics with an

astrologer of the same name, who is ridiculed in an epigram

attributed to Lucilius ; whence Bachet concludes that he

lived about the time of Nero (54—68) (not under Tiberius,

as Nesselmann supposes Bachet to say). The three views

here mentioned will be discussed later in detail, as they are

all worthy of consideration. The same cannot be said of a

number of other theories on the subject, of which I will quote

only one as an example. Simon Stevin' places Diophantos

later than the Arabian algebraist Mohammed ibn Mtisa

' Les Oeuvres MatMm. de Sim. Stevin, augm. par Alb. Girard, Leyden, 1634.

"Quant It Diophant, il semble qu'en son temps les inventions de Mahomet

ayent seulement este oognues, comme se peult colliger de sea six premiers

livres."

1—2



4 DIOPHANTOS OF ALEXANDRIA.

Al-Kharizmi who lived in the first half of the 9th century, the

absurdity of which view will appear.

We must now consider in detail the

(a) Internal evidence of the date of Diophantos.

(1) It would be natural to hope to find, under this head,

references to the works of earlier or contemporary mathema-

ticians. Unfortunately there is only one such reference trace-

able in Diophantos' extant writings. It occurs in the fragment

upon Polygonal Numbers, and is a reference to a definition

given by a certain HypsiJclesK Thus, if we knew the date of

•Hypsikles, it would enable us to fix with certainty an upper

limit, before which Diophantos could not have lived. It is

particularly unfortunate that we cannot determine accurately

at what time Hypsikles himself lived. Now to Hypsikles is

attributed the work on Regular Solids which forms Books

XIV. and xv. of the Greek text of Euclid's Elements. In the

introduction to this work the author relates'' that his father

knew a treatise of Apollonios only in an incorrect form, whereas

he himself aftenvards found it correctly worked out in another

book of Apollonios, which was easily accessible anywhere in

his time. From this we may with justice conclude that Hypsikles'

father was an elder contemporary of Apollonios, and must have

died before the corrected version of Apollonios' treatise was
given to the world. Hypsikles' work itself is dedicated to a

friend of his father's, Protarchos by name. Now Apollonios

died about 200 B.C.; hence it follows that Hypsikles' treatise

' Polyg. Numbers, jproT^. 8.

"Kal iireSelxSi) ri iraph "t\j/i.K\eX h> &pif Xe-yby-evov."

" avvairoSuxBivTOi oSv Koi toO 'T\j/i.KXioiis Spov, k.t.X."

' "Ko( TTOTe SieXovfTes (sc. Basileides of Tyre and Hypsikles' father) t4 ujrd

'AtoXXuvLov ypa<ph ircp'i t^s ffvyKplasus toC dabcKa^Spov Kal rod eUcuTa^Spov tQv
els TTiv airrijv <T<paipav iyypa^ofiivuii', rlva Xoyov fx" Tpos iXX-rfKa, ?6ofaj' toJto
fiTi 6p6Cis yeypa(pimi t6v 'AiroXXuviov. aurol 5i raira hi.a.Ka86.pavT(i lypa\f/av ijs

^v a.KoOeii' Tov Trarpos. iyu Si xjarepov repUirea-ov irdpifi pi^Xlifi VTrb 'AtoXXuvLou
iKSiiofUvip, Kal repUxoyri a-TroSei^iv ityius (?) vepl tou vmKfi.ixivov. Kal iieyaXwt
i\pvxayi,iyfj8iii> irrl tJ vpo^X-q/MTos ^rfiirei. rb /iif irrro 'AvoXXavlov iK&odiv louce

Koif J (TKOTretv. Kal yap Tepi(p4peTai, k. t. X."
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on Regular Solids was probably written about 180 B.C. It
was clearly a youthful production. Besides this we have another
work of Hypsikles, of astronomical content, entitled in Greek
dva^optKO's. Now in this treatise we find for the first time
the division of the circumference of a circle into 360 degrees,
which Autolykos, an astronomer a short time anterior to Euclid,
was not acquainted with, nor, apparently, Eratosthenes who
died about 194 B.C. On the other hand Hypsikles used no
trigonometrical methods : these latter are to some extent em-
ployed by the astronomer Hipparchos, who made observations

at Rhodes between the years 161 and 126. Thus the discovery

of trigonometrical methods about 150 agrees well with the
conclusion arrived at on other grounds, that Hypsikles flourished

about 180 B.C.

We must not, howevei-, omit to notice that Nesselmann,

'

an authority always to be mentioned with respect, takes an
entirely different view. He concludes that we may with a fair

approach to certainty place Hypsikles about the year 200 of our

era, but upon insufficient grounds. Of the two arguments used

by Nesselmann in support of his view one is grounded upon
the identification of an Isidores whom Hypsikles mentions'

as his instructor with the Isidoros of an article in Suidas:

IfflScopo'i <f)i\6ao(f)0'; os i<f)iXocr6(pr}ae jMev VTro rot? aSeX^ot?,

emep tl<; aX\o<;, ev fiaOij/Macriv: and, further, upon a conjecture

of Fabricius about it. Assuming that the two persons called

Isidoros in the two places are identical we have still to deter-

mine his date. The question to be answered is, what is the

reference in viro rot? dBe\<f)oii; ? Now Fabricius makes a con-

jecture, which seems hazardous, that the dBeX^ol are the

brothers M. Aurelius Antoninus and L, Aurelius Verus, who
were joint-Emperors from 160 to 169 A.D. This date being

assigned to Isidoros, it would follow that Hypsikles should

be placed about A.D. 200.

In the second place Nesselmann observes that according to

Diophantos Hypsikles is the discoverer of a proposition respect-

ing polygonal numbers which we find in a rather less perfect

' Buol. XV. 5. "17 Si (vpeais, us 'Icrldiiipos 6 ri/i^Tfpos vipTjyqaaTO ^11^705 SiSdcK-

aXoS, ^X^t TOV TpOTTOV TOVTOV."
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form in Nikomachos and Theon of Smyrna; from this lie

argues that Hypsikles must have been later than both these

mathematicians, adducing as further evidence that Theon (who

is much given to quoting) does not quote him. Doubtless, as

Theon hved under Hadrian, about 130 A.D., this would give a

date for Hypsikles which would agree with that drawn from

Fabricius' conjecture; but it is not possible to regard either

piece of evidence as in any way trustworthy, even if it were

not contradicted by the evidence before adduced on the other

side.

We may say then with certainty that Hypsikles, and there-

fore afortiori Diophantos, cannot have written before 180 B.C.

(2) The only other name mentioned in Diophantos' writings

is that of a contemporary to whom they are dedicated. This

name, however, is Dionysios, which is of so common occurrence

that we cannot derive any help from it whatever.

(3) Diophantos' work is so unique among the Greek trea-

tises which we possess, that he cannot be said to recal the style

or subject-matter of any other author, except, indeed, in the

fragment on Polygonal Numbers ; and even there the reference

to Hypsikles is the only indication we can lay hold of

The epigram-problem, which forms the last question of the

5th book of Diophantos, has been used in a way which is rather

curious, as a means of determining the date of the Arithmetics,

by M. Paul Tannery '. The enunciation of this problem, which

is different from all the rest in that (a) it is in the form of an

epigram, (b) it introduces numbers in the concrete, as applied

to things, instead of abstract numbers (with which alone all

the other problems of Diophantos are concerned), is doubtless

borrowed by him from some other source. It is a question

about wine of two different qualities at the price respectively of

8 and 5 drachmae the %ot}?. It appears also that it was wine of

inferior quality as it was mixed by some one as drink for his

servants. Now M. Tannery argues (a) that the numbers 8 and

5 were not hit upon to suit the metre, for, as these are the only

numbers which occur in the epigram, and both are found in

' Bulletin dee Sciences mathematlqucs et astronomiques , 1879, p. 261.



HISTORICAL INTRODUCTION. 7

the same line in the compounds 6KTahpa')(^iiov<i and TrevreBpax-

fiov<;, some other numerals would serve the purposes of metre

equally well, (b) Neither were they taken in view of the solu-

tion of the problem, for each number of %oe9 which it was

required to find are found to contain fractions. Hence (c) the

basis on which the author composed his problem must have

been the price of wines at the time. Now, says M. Tannery',

it is evident that the prices mentioned for wines of poor quality

are famine prices. But wine was not dear until after the time

of the Antoninea. Therefore the composer of the epigram, and

hence Diophantos also, is later than the period of the Antonines.

This argument, even if it is correct, does no more than give

us a later date than we before arrived at as the upper limit.

Nor can M. Tannery consistently assert that this determination

necessarily brings us at all near to the date of Diophantos ; for

in another place he maintains that Diophantos was no original

genius, but a learned mathematician who made a collection of

problems previously known ; thus, if so much had already been

done in the domain which is represented for us exclusively by

Diophantos, the composer of the epigram in question may well

have lived a considerable time before Diophantos. It may be

mentioned here, also, that one of the examples which M. Tan-

nery quotes as an evidence that problems similar to, and even

more difficult than, those of Diophantos were in vogue before

his time, is the famous Problem of the Cattle, which has been

commonly called by the name of Archimedes ; and this very

problem is fatal to the theory that arithmetical epigr.ams must

necessarily be founded on fact. These considerations, however,

though proving M. Tannery to be inconsistent, do not neces-

sarily preclude the possibility that the inference he draws from

the epigram-problem solved by Diophantos is correct, for (a) the

date of the Cattle-problem itself is not known, and may be

later even than Diophantos, (b) it does not follow that, if

M. Tannery's conclusion cannot be proved to be necessarily

right, it must therefore be wrong.

1 "n est d'aillenrs facile de se rendre compte que ces prix n'ont pas M
choisis eiiTue de la solution: on doit done supposer qu'ils soiit r^els. Or ce

sent ^videmment, pour les vins de basse quality, de prix de famine.''
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On the vexed question as to how far Diophantos was original

we shall have to speak later.

We pass now to a consideration of the

(b) External evidence as to the date of Diophantos.

(1) We have first to consider the testimony of a passage of

Suidas, which has been made much of by writers on the ques-

tion of Diophantos, to an extent entirely disproportionate to its

intrinsic importance. As however it does not bear solely upon

the question of date, but upon another question also, it cannot

be here passed over. The passage in question is Siiidas' article

'TiraTia^. The words which concern us apparently stood in

the earliest texts thus, ejpa-^ev v-77-6/j,vv fJ^a et? ^lo^avTfjv

rov darpovofiiKov. K.av6va ei? to. KOivLKa' ^KiroWwvlov

V7r6fiv7]fj,a. With respect to the reading ^io<f>dvT7)v, we have

already remarked that Bachet asserts that two good Paris MSS.

have Ai,ocf>avTov.

The words as found in the text cannot be right. Aio(j)dvrrjv

rov darpovofiiKov should (if the punctuation were right) be

Aio(f>dvT7}v rov da-rpovofiov, the former not being Greek.

Kuster's conjecture^ is that we should read vTropLvrjua eh

Aio(f)dvTov dcTTpovofiiKov Kuvova' ei? TO. KcoviKa AvoXXcovlov

vTTOfivTjfia. If this is right the Diophantos here mentioned must

have been an astronomer. In that case the person in question

is not our Diophantos at all, for we have no ground whatever to

imagine that he occupied himself with Astronomy. It is cer-

tain that he was famous only as an arithmetician. Thus John

of Jerusalem in his life of John of Damascus' in speaking of

some one's skill in Arithmetic compares him to Pythagoras and

^ 'TTaria r] Q^ojvos rov Teufj^rpov dvyartjp rov 'A\^^av5p^ws tpCKoaofjtov Kal aur^

(pt\6ao(poi, Kal TToWoh yvLbpt/ios' yuv-i] 'IfftSwpou tou (piKoao^ov iJKfi.aa€v iirl t^s

/3a(7iXe/as ' ApKaSiov' ^ypaypev inrofxvqpM. di AiotpdvTTjv tov dffTpovofiiKov, K.ay6va cis

TO. KwvtKo.' 'AiroWuvlov vwofiVTjfia.

^ Suidae Lexicon, Cantabrigme, 1705.

^ Chapter xi. of the Life as given in Sancti patris nostri Joannis Damasceni,

Monachi, et Presbyteri Hierosolymiiani, Opera omnia quae exstant et ejus nomine

circumferuntur. Tomus primus. Parisiis, 1712. 'AfaXoylas Bi'ApiS/iriTiKa! ovtus

i^TldKTjKainv eiiipvuis, ioi IlvBayopai ij At6<pavT0i.
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Diopbantos, as representing that science. However, Bachet

has proposed to identify our Diophantos with an astrologer of

the same name, who is ridiculed in an epigram' supposed to be

written by Lucilius. Now the ridicule of the epigram would

be clearly out of place as applied to the subject of the epigram

mentioned above, even supposing that Lucilius' ridiculous

hero is not a fictitious personage, as it is not unreasonable to

suppose.

Bachet's reading of the passage is vTrofivrj/xa ei? Ai6(j)avTov,

Tov oaTpovofj.iKOu Kavova, eh to, KcoviKa ATroWavLov VTrofivr/-

yu.a^ He then proceeds to remark that it shows that Hypatia

wrote a Canon Astronomicus, so that she evidently was versed

in Astronomy as well as Geometry (as shown by the Commen-
tary on ApoUonios), two of the three important branches of

Mathematics. It is likely then, argues Bachet, that she was

acquainted with the third. Arithmetic, and wrote a commentary

on the Arithmetics of Diophantos. But in the first place we

know of no astronomical work after that of Claudius Ptolemy,

and from the way in which 6 daTpouofj-iKoi; Kavcov is mentioned

it would be necessary to suppose that it had been universally

known, and was still in common use at the time of Suidas, and

yet was never mentioned by any one else whom we know : an

inexplicable hypothesis.

1 'Epfioy^vri rdi/ Iwrpop o a<TTp6\6yos Am^mwto!

Eljre novovs fuijs ivvda /XTJvas ^X""-

Edxeivos ycXaaas, Tl p.h 6 Kpovot imia ixifvCiv,

^r)a\, "Kiyei, ai voa.' rd/ia 6i aivTOixa aoi.'

EIttc Kal iKTeiva^ }wvov ^^aro' Kai Ato^avTos

'AXXoi" i/ireKvl^wv, aiiris diridKapiaev.

"Ludit non inuenustus poeta turn in Diophantum Astrolognm, tnm in medi-

cum Hermogenem, quern et alibi saepe falsS admodum perstringit, qudd solo

attactu non aegros modd, sed et ben6 valentes, velut pestifero sidere afflatos

repents necaret. Itaque nisi Diophantum nostrum Astrologiae peritnm fuisBe

negemus, nil prohibet, quo minus eum aetata LucDlij extitisse dioamus.'"

Bachet, Ad lectorem.

2 From this reading it is clear that Bachet did not rest hie view of the

identity of our Diophantos with the astrologer upon the passage of Suidas.

M. Tannery is therefore mistaken in supposing this to be the case, "Bachet,

ayant lu dans Suidas qu'Hypatia avait comments le Canon astronomique de

notre auteur..."; that is precisely what Bachet did not read there.



10 DIOPHANTOS OF ALEXANDRIA.

Next, the expression et? Aio^avrov has been objected to by

Nesselmann as not being Greek. He maintains that the Greeks

never speak of a book by the name of its author, and therefore

we ought to have Aiocjxivrov dpiOfirjTiKa, if the reference were

to Diophantos of the Arithmetics. M. Tannery, however, de-

fends the use of the expression, on the ground that similar

ones are common enough in Byzantine Greek. M. Tannery,

accordingly, to avoid the difficulties which we have mentioned,

supposes some words to have dropped out after Ai6<f)avrov, and

thinks that we should read et? Ai6(f>avTov...T6v aarpovofiiKov

Kavova. el<; to, KtoviKo. 'ATToWtui^/ou v7r6)jLV7)fia, suggesting that

before tov darpovofiiKov Kavova we might supply et? and under-

stand UToXe/iaiov.

It will be seen that it is impossible to lay any stress upon

this passage of Suidas. We cannot even make sure from this

that Hypatia wrote a commentary upon Diophantos, though it

has been very generally asserted by historians of mathematics

as an undoubted fact, even by Cossali, who in speaking of the

corrupt state into which the text of Diophantos has fallen

remarks that Hypatia was the most fortunate of the commen-

tators who have ever addressed themselves to his writings.

(2) I have already mentioned the epigram which in the

form of a problem gives us the only facts we know of Dio-

phantos' life. If we only knew the exact date of the author of

this epigram, our difficulties would be much lessened. It is

commonly assigned to Metrodoros, but even then we are not

sure whether Metrodoros of Skepsis or Metrodoros of Byzan-

tium is meant. It is now generally supposed that the latter

was the author ; and of him we know that he was a gram-

marian and arithmetician who lived in the reign of Constantine

the Great.

(3) It is satisfactory in the midst of so much uncertainty to

find a most certain reference to Diophantos in a work by Theon
of Alexandria, the father of Hypatia, which gives us a lower limit

for the date, more approximate than we could possibly have
derived from the article of Suidas. The fact that Theon quoted

Diophantos was first noted by Peter Kamus^: "Diophantus,

' Schola Mathematica, Book i, p. 35.
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cujus sex libros, cum tamen author ipse tredecim polliceatur,

graecos habemus de arithmeticis admirandae subtilitatis artem
complexis, quae vulgo Algebra arabico nomine appellatur : cum
tamen ex authore hoc antique {citatur enitn a Theone) anti-

quitas artis appareat. Scripserat et Diophantus harmonica."

This quotation was known to Montucla, who however draws an
absurd conclusion from it' which is repeated by Kliigel in his

Worterbuch^. The words of Theon which refer to Diophantos
are koL Ai6cj}avT6<; (f)Tja-iv ori, tj?? fiovaSoi afjieradeTov ovcrrj<}

Kao earcoa-r)'; TrdvTore, to TroWaifKacn.a^ofxevov €lBo<; iir avrrjv

avTo TO elBo<; earai. We have only to remark that these words
are identically those of Diophantos' sixth definition, as given in

Bachet's text, with the sole difference that iravTore stands in

the place of the equivalent del, in order to see that the refer-

ence is certain beyond the possibility of a doubt. The name of

Diophantos is again mentioned by Theon a few lines further on.

Here then we undoubtedly have a lower limit to the time of

Diophantos, supplied by the date of Theon of Alexandria, and
one which must obviously be more approximate than we could

have arrived at from any information about his daughter

Hypatia, however trustworthy. Theon's date, fortunately, we can

determine with accuracy. Suidas^ tells us that he was con-

temporary with Pappos and lived in the reign of Theodosius I.

The statement that he was contemporary with Pappos is almost

1 "Th^on cite une autre onvrage de eet analysts, oil il ^toit question de la

pratique de I'arithm^tique. Je soupponnerois que c'6toit It qu'il expliquoit plus

au long les regies de sa nouvelle arithm^tique, sur quoi il ne s'^toit pas assez

^tendu au commencement de ses questions.'' Montucla.

Apparently translated word for word in Rosenthal's Encyclopddie d. reinen

Mathem. in. 195.

^ I. 177, under Arithmetik : "Diophautus hab ausser seinem grossen arith-

metisclien Werke auch ein Werk iiber die praktieche Arithmetik gesehrieben,

das aber verloren ist."

To begin with, Montucla quotes the passage as occurring in the 5th Book of

Theon's Commentary, instead of the first. The work of Diophantos which

Theon quotes is not another work, but is identically the Arithmetics which we
possess.

^ Q4uy 6 ix ToS Movaelov, Alyiiirnos, (jyCKbaoipoi, criryxpovos Si XlaTririfi t<J 0iXo(ro0((>

KoX aiT(fi 'AXe^avSpei' ir&yxa.i'oi' Si i^ipoTepoi, iirl QeoSofflov ^airiXius tov irpec^VTi-

pov' ^yparpe Ma^7;/xaTt/ca, 'AptdfitjTiKCLj k. t.\.
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certainly incorrect and due to a confusion on the part of Suidas,

for Pappos probably flourished under Diocletian (a. D. 284

—

805) ; but the date of a certain Commentary of Theon has been

definitely determined' as the year 372 A. d. and he undoubtedly

flourished, as Suidas says, in the reign of Theodosius I. (379

—

395 A. D.).

(4) The next authority who must be mentioned is the

Arabian historian Abu'lfaraj, who places Diophantos without

remark under the emperor Julian. This statement is important

in that it gives the date which has been the most generally ac-

cepted. The passage in Abu'lfaraj comes after an enumeration

of distinguished men who lived in the reign of Julian, and is

thus translated by Pococke :
" Ex iis Diophantes, cuius liber

A. B. quern Algebram vocat Celebris est."

It is a difiicult question to decide how much weight is to be

allowed to Abu'lfaraj's dogmatic statement. Some great autho-

rities have unequivocally pronounced it to be valueless. Cossali

attributes it to a confusion by Abu'lfaraj of our author with

another Diophantos, a rhetorician, who is mentioned in another

article'' of Suidas as having been contemporary with the em-

peror Julian (361—363); and assumes that Abu'lfaraj made the

statement solely on the authority of Suidas, and confused two

persons of the same name. Cossali remarks at the same time

upon a statement of Abu'lfaraj's translator, Pococke, to the effect

that the Arabian historian did not know Greek and Latin.

Colebrooke too^ (Algebra of the Hindus) takes the same view.

Now it certainly seems curious that Cossali should remark upon
Abu'lfaraj's ignorance of Greek and yet suppose that he made a

statement merely upon the authority of Suidas; and the ques-

tion suggests itself: had Abu'lfaraj no other authority? We

1 "On the date of Pappus," &o., by Hermaim tJsener, Neues JRheinisches

Museum, 1873, Bd. xxviii. 403.

" Ai^dvios, ao(t>LaTT)S AvTioxfV!, twv iwl toC 'lovKiarov toC liapa^arov xpii'W,

Kal fUxpf- QeoSoffiov tov irpea^vr^pou, ^a(ryaviov Tarpos, ixadtfTi^ ALO<pdvTov,

5 Note M. p. Lxiii. "The Annenian Abu'lfaraj places the Algebraist Dio-
phantus under the emperor Julian. But it may be questioned whether he has
any authority for that date, besides the mention by Greek authors of a learned
person of the name, the instructor of Libanius, who was contemporary with that
emperor."
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must certainly, as was remarked by Schulz, admit that he must
have had ; for he gives yet another statement about Diophantos,

which certainly comes from another source, that his work was
translated into Arabic, or commented upon, by Mohammed
Abu'1-Wafa. There would seem however to be but one possibility

which would make Abu'lfaraj's statement trustworthy. Is it

possible that the two persons, whom he is supposed to have

confused, are identical ? Is it a sufficient objection that Liba-

nius distinguished himself chiefly as a rhetor and not as a

mathematician 1 In fact, in the absence of aoy evidence to the

contrary, why should the arithmetician Diophantos not have

been a rhetorician also ? This question has given occasion to

some jests on the compatibility of the two accomplishments.

M. Tannery, for example, quotes Fermat, who was " Conseiller

de Toulouse"; and Nesselmann mentions Aristotle, arriving

finally at the conclusion that the two may be identical, and so,

while Abu'lfaraj's statement has nothing against it, it has a

great deal in its favour. But M. Tannery thinks he has made

the identification impossible by finding Suidas' authority, namely

Eunapios in the Lives of the Sophists, who mentions this other

Diophantos as an Arabian, not an Alexandrian, and professing

at Athens'. Certainly if this supposition is correct, we cannot

identify the two persons, and therefore cannot trust the state-

ment of Abu'lfaraj. There is a further consideration—that the

reion of Julian (361—363) could certainly only have been the

end of Diophantos' life, as we see by comparing Theon's date,

above mentioned, to whom Diophantos is certainly anterior;

he may indeed have been much earlier, because (1) Theon

quotes him as a classic, and (2) the absence of quotations before

Theon does not necessarily show that the two were nearly

contemporary, for of previous writers to Theon who would have

been likely to quote Diophantos?

(5) In the preface to his Algebra, published A.D. 1572,

Rafael Bombelli gives the bare statement that Diophantos lived

1 "H nons donne ce Diophante, qu'il a oonnu et dont il ne fait d'ailleurs

pas grand cas, comme n6, non pas a Alexandrie, ainsi que le mathtoaticien,

mais en Arabia {^idipavTos a 'A/)d/3ios), et, d'autre part, comme professant i

AthSnes."
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in the reign of Antoninus Pius', giving no proof or evidence of

it. From the demonstrated incorrectness of certain other state-

ments of Bombelli concerning Diophantos we may infer that we
ought not hastily to give credence to this ; on the other hand it

is scarcely conceivable that he would have made the assertion

without any ground whatever. The question accordingly arises,

whether we can find any statement by an earlier writer, which

might have been the origin of Bombelli's assertion. M. Tannery

thinks he has found the authority while engaged in another

research into the evidence on which Peter Ramus ascribes to

Diophantos a treatise on Harmonics'', an assertion repeated by

Gessner and Fabricius'. As I cannot follow M. Tannery in his

conjectures—^for they are nothing better, but are rather con-

jectures of the wildest kind,— I will give the substance of his

remarks without much comment, to be taken for what they are

worth. According to M. Tannery Eamus' source of information

was a Greek manuscript on music ; this there is no reason to

doubt; and in the edition of Antiquae musicae auctores by

Meibomius we read, in the treatise by Bacchios o ryipajv, that

there were five definitions of rhythm, attributed to Phaidros,

Aristoxenos, Nikomachos, Ae6(l>avTo<; and Didymos. Now the

name Ae6j>avTo<; is not Greek; the form Aeco<f)avTo<; however is,

but M. Tannery argues that a confusion between Aeo and Aeo is

much less likely than a confusion between Ato and Aio. (I may be
allowed to remark here that I cannot agree with this view.

Of course A and A are extremely likely to be confounded, but

that I should have been at the same time changed into € seems

to me anything but probable. Besides, this involves two changes,

whereas the change of Aeu into Aeo involves only one variation.

This latter change then is the smaller one, and why should it

' "Questi anni passati, essendosi ritrouato una opera greoa di questa di3-

ciplina nella libraria di Nostro Signore in Vaticano, composta da un certo

Diofaute Alessandrino Autor Greco, i7 qvalefu a tempo di Antonin Pio..."

[I quote from the edition published in 1579, which is in the British Museum.
I have not seen the original edition of 1572.]

'' "Scripserat et Diophantus harmonica."
3 "Harmonica Diophanti, quae Gesnerus et alii memorant, inteUige de har-

monicis numeris, non de scripto quodam musici argument!," though what is

meant by "harmonic numbers," as Nesselmann remarks, is not quite clear.



HISTORICAL INTRODUCTION. 15

be less likely than the other ? I confess that it seems to me by-

far the more likely of the two ; for the long and short vowels o,

•> must have been closely associated, as is proved by the fact

that in ancient inscriptions' we find O written for both O and fl

indiscriminately, and in others XI used for both sounds.) Then,

according to M. Tannery, Kamus probably took the name for

Aio^avro'i, and was followed by other writers. Admitting that

the identification with the arithmetician Diophantos is hypo-

thetical enough, M. Tannery goes on to say that it is confirmed

by finding the name of Nikomachos next to Aeo^avro';, and by

observing that Euclid and Ptolemy also were writers on music,

which formed part of the fiadijfiaTa. Now in enumerations of

this sort the chronological order is generally followed, and the

dates of many authors have been decided on grounds no more

certain than this. (It is an obvious remark to make to M.

Tannery that " two wrongs do not make a right " : it does not

follow that, because other dates have been decided on insufficient

grounds, we should determine Diophantos' date in the same

manner; we ought rather to take warning by such unsatisfactory

determinations. But to proceed with M. Tannery's remarks)

—

In the present case we know that Aristoxenos was a disciple of

Aristotle, and that Nikomachos was posterior to Thrasyllos who

lived in the reign of Tiberius. Thus we can prove the chrono-

logical order for two of the five names. Again, Nikomachos

must be anterior to his commentator Apuleius who was con-

temporary with Ptolemy, and Ptolemy speaks in his Harmonics

of a tetrachord due to a neo-Pythagorean Didymos. Of Phaidros

we know nothing. Hence if we admit that the names are given

in chronological order, and remember that Diophantos lived to

be 84 years of age, we might say that, coming between Niko-

machos and Didymos, he lived in the reign of Antoninus Pius,

as Bombelli states, i.e. 138—161 A.D.

M. Tannery, however, is conscious of certain objections to

this theory of Diophantos' date. This determination would, he

says, have great weight if Bacchios 6 jipa>v had been an author

' I mean, of course, inscrr. later than the introduction of Q, before which

time one sign was necessarily used for both letters.' Further, I lay no stress

upon this fact except as an illustration.
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sufficiently near in point of time to Diophantos and the rest in

order to know their respective ages. Unfortunately, however,

that is far from certain, Bacchios' own date being very doubtful.

He is generally supposed to have lived in the time of Constantine

the Great ; this is however questioned by M. Tannery who

thinks that the epigram given by Meibomius, in which Bacchios

is associated with a certain Dionysios, refers to Constantine

Porphyrogenetes, who belongs to the sixth century. Next,

grave doubts may be raised concerning the determination by

means of the supposed chronological order; for the definitions

of rhythm given by Nikomachos and Diophantos (?) are very

nearly alike, that of Diophantos being apparently a development

of that of Nikomachos : Kaia he NiKOfiaxov, ')(p6vcov eiraKTO<;

avvdeo'L'!' Kara Be Ai,6(f>avrov (J.),
^povmv (Jiiv6e<Ti<; KaT avaXoryMV

re KoX a-viM/jLerpiav Trpo? eavTov<;. The similarity of the two

definitions might itself account for their juxta-position, which

might then after all be an inversion of chronological order.

Again the age of Didymos must be fixed differently. By
" Didymos " is meant the son of Herakleides Ponticus, gramma-

rian and musician, whom Suidas places in the reign of Nero.

Thus, if we assume Bacchios' order to be chronological, we must

place Diophantos in the reign of Claudius, and Nikomachos in

that of Caligula.

§ 3. Results of the 'preceding investigation.

I have now reviewed all the evidence we have respecting the
time at which Diophantos lived and wrote, and the conclusions

arrived at, on the basis of this evidence, by the greatest autho-

rities upon the subject. It must be admitted the result cannot
be called in any sense satisfactory; indeed the data are not
sufficient to determine indisputably the question at issue. The
latest determination of Diophantos' date is that of M. Tannery,
and there has been no theory propounded which seems on the
whole preferable to his, though even it cannot be said to have
been positively established ; it has, however, the merit that, if it

cannot be proved, it cannot be impugned ; as therefore it seems
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open to no objection, it would seem best to accept it provisionally,

as the least unsatisfactory theory. We shall therefore be not

improbably right in placing Diophantos in the second half of the

third century of our era, making him thus a contemporary of

Pappos, and anterior by a century to Theon of Alexandria and

his daughter Hypatia.

One thing is quite certain : that Diophantos lived in a

period when the Greek mathematicians of great original power

had been succeeded by a number of learned commentators, who

confined their investigations within the limits already reached,

without attempting to further the development of the science.

To this general rule there are two most striking exceptions, in

different branches of mathematics, Diophantos and Pappos.

These two mathematicians, who would have been an ornament

to any age, were destined by fate to live and labour at a time

when their work could not check the decay of mathematical

learning. There is scarcely a passage in any Greek writer

where either of the two is so much as mentioned. The neglect

of their works by their countrymen and contemporaries can be

explained only by the fact that they were not appreciated or

understood. The reason why Diophantos was the earliest of the

Greek mathematicians to be forgotten is also probably the

reason why he was the last to be re-discovered after the Eevival

of Learning. The oblivion, in fact, into which his writings and

methods fell is due to the circumstance that they were not

understood. That being so, we are able to understand why

there is so much obscurity concerning his personality and the

time at which he lived. Indeed, when we consider how little

he was understood, and in consequence how little esteemed, we

can only congratulate ourselves that so much of his work has

survived to the present day.

H. D.



CHAPTER II.

THE WORKS OF DIOPHANTOS ; THEIR TITLES AND GENERAL

CONTENTS; THE PORTIONS OF THEM WHICH SURVIVE.

§ 1. We know of three works of Diophantos, which bear

the following titles.

(1) ^ApiOfjLTjTiKwv ^i^Xia ly.

(2) irepi TToXvyaivaiv dpiOficov.

(3) iroplc7fj,aTa.

With respect to tlie first title we may observe that the

meaning of "dpi6p,r]TiKd" is slightly different from that assigned

to it by more ancient writers. The ancients drew a marked

distinction between dpiOjiTjTiKri and \o7K7Tt/cJ7, bothof which

were concerned with numbers. Thus Plato in Gorgias 451 b'

states that dptdfiTjriicij is concerned with the abstract properties

of numbers, odd even, and so on, whereas XoyicrTCKrj deals with

the same odd and even, but in relation to one another. Geminos

also gives us definitions of the two terms. According to him

dpiOfirjTiKT] deals with abstract properties of numbers, while

Xcyio-TiKij gives solutions of problems about concrete numbers.

From Geminos we see that enunciations were in ancient times

concrete in such problems. But in Diophantos the calculations

1 et tIs lie lpo(.To..7ii SuKpores, ris ijnv t] ipiBnTjTiKi) t^X"'!! fl^TOi^' B.V

airifi, iSa-Tep tri fipri, Sri ruf Sid \6yov Tts t6 Kvpos ^xouffu;/. /cai et /xe itravip-

oiTO 'idv irepl tI ; etiroLp.' &v, Htl tCiv wepl t6 &pTi.bv re Kal irepiTTOv Sir' av

eKirepa Tiyxavu 6vTa. el d' av ipoiTO, Ttji' 6^ Xoyio-riKriv rlva KoXets T^vriv

;

etvoip,' &.V Sti Kal avT-q idTi t&v 'Klry(p rb irav Kvpovp.hijiv. Kal el iiravipoiTo "H
irepl tI ; etiroLp,' hv Coinrep ol iv T(} Srip.if <TVYypa^6p.eyoi, Stl ri p,h &\Ka KaOairep

TI iptdp,riTiKrj TI XoyuTTiiaj fx"' ""^p' '° "^^ 7op f<rTt, to re dpriov Kal 70 jrepiTTCiV

Siaipipei Sk too-oCtov, oVi Kal irpos aurd Kal Tpos aXXi/Xa rrHs ?x^' tXtj^ous ^TriaKOTrel

TO irepiTTov Kal to apTLov ii XoyLaTiKifj. Gorgias, 451 B,c.
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take an abstract form, so that the distinction between Xoyia-riKT^

and dpiOfirjTiKri is lost. We thus have 'ApvdfirjTiKa given as

the title of his work, whereas in earlier times the term could

only properly have been applied to his treatise on Polygonal

Numbers. This broader use by Diophantos of the term arith-

metic is not without its importance.

Having made this preliminary remark it is next necessary to

observe that of these works which we have mentioned some
have been lost, while probably the form of parts of others has

suffered considerably by the ravages of time. The Arithmetics

should, according to the title and a distinct statement in the

introduction to it, contain thirteen Books. But all the six

known MSS.^ contain only six books, with the sole variation

that in the Vatican MS. 200 the same text, which in the rest

forms six books, is divided into seven. Not only do the MSS.

practically agree in the external division of the work ; they

agree also in an equally remarkable manner—at least all of

them which have up to the present been collated—in the lacunae

and the mistakes which occur in the text. So much is this

the case that Bachet, the sole editor of the Greek text of

Diophantos, asserts his belief that they are all copied from one

original ^ This can, however, scarcely be said to be established,

^ The six mss. are

:

1—3. Vatican mss. No. 191, xiii. c, oharta bombycina.

No. 200, XIV. c, charta pergamena.

No. 304, XV. c, charta.

4. MS. in Nat. Library at Paris, that used by Bachet for his text.

5. MS. in Palatine Library, collated for Bachet by Claudius Salmasius.

6. Xylander's ms. which belonged to Andreas Dudioius.

Oolebrooke considers that 5 and 6 are probably identical.

2 "Btenim neque codex Begins, cuius ope banc editionem adornavimus

;

neque is quern prae manibus habuit Xilander; neque Palatinus, vt dootissimo

viro Claudio Salmasio referente accepimus ; neque Vaticanus, quern vir summus
laoobus Sirmondus mihi ex parte transcribendum curauit, quicquam amplius

continent, quam sex hosce Arithmeticorum libros, et tractatum de numeris

multangulis imperfeotum. Sed et tarn infehciter hi omnes codices inter se

consentiunt, vt ab vno fonte manasse et ab eodem exemplari descriptos fuisse

non dubitem. Itaque parum auxilij ab his subministratum nobis esse, veris-

simS affirmare possum." Epistola ad Lectorem.

It will be seen that the learned Bachet spells here, as everywhere, Xylander's

name wrongly, giving it as Xilander.

2—2
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for Bachet had no knowledge of two of the three Vatican MSS.

and had only a few readings of the third, furnished to him by-

Jacobus Sirmondus. It is possible therefore that the collation

of the two remaining MSS. in the Vatican might even now lead

to important results respecting the settling of the text. The

evidence of the existence in earlier times of all the thirteen

books is very doubtful, some of it absolutely incorrect. Bachet

says ^ that Joannes Eegiomontanus asserts that he saw the

thirteen books somewhere, and that Cardinal Perron, who had

recently died, had often told him that he possessed a MS.

containing the thirteen books complete, but, having lent it

to a fellow-citizen, who died before returning it, had never re-

covered it. Respecting this latter MS. mentioned by Bachet

we have not sufficient data to lead us to a definite conclusion

as to whether it really corresponded to the title, or, like the

MSS. which we know, only announced thirteen books. If it

really corresponded to the title, it is remarkable how (in the

words of Nesselmann) every possible unfortunate circumstance

and even the "pestis" mentioned by Bachet seem to have

conspired to rob posterity of at least a part of Diophantos'

works.

Respecting the statement that Regiomontanus asserts that

he saw a MS. containing the thirteen books, it is clear that

it is founded on a misunderstanding. Xylander states in two

passages of his preface " that he found that Regiomontanus

1 "loannes tamen Begiomontanus tredecim Diophanti libros se alicubi

vidisse asseverat, et illustrissimus Cardinalis Perronius, quem nuper ex-

tinctum magno Christianae et literariae Eeipublicae detrimento, conquerimur,

milii saepe testatus est, se codicem manuscriptum habuisse, qui tredecim Dio-

phanti libros integros contineret, quem cum Gulielmo Gosselino oonciui suo,

qui in Diophantum Commentaria meditabatur, perhumaniter more suo exhi-

buisset, pauUo post accidit, ut Gosselinus peste eorreptus interiret, et Diophanti

codex eodem fato nobis eriperetur. Cum enim precibus meis motus Cardi-

nalis amplissimus, nuUisque sumptibus parcens, apud heredea GosseHni codicem

ilium diligenter exquiri mandasset, et quouis pretio redimi, nusquam repertus

est." Ad lectorem.

^ "luueni deinde tanquam exstantis in bibliothecis Italiois, sibique uisi

mentionem a Eegiomontano (cuius etiam nominis memoriam ueneror) faotam."

Xylander, Epistola nuncupatoria.

"Sane tredecim libri Arithmetioae Diophanti ab aliis perhibentur exstare in

bibliotheca Vaticana
; quos Eegiomontanus ille uiderit." Ibid.
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mentioned a MS. of Diophantos which he had seen in an Italian

library; and that others said that the thirteen books were

extant in the Vatican Library, " which Regiomontanus saw."

Now as regards the latter statement, Xylander was obviously

wrongly informed ; for not one of the Vatican MSS. contains

the thirteen books. It is necessary therefore to inquire to what

passage or passages in Regiomontanus' writings Xylander refers.

Nesselmann finds only one place which can be meant, an Oratio

habita Patavii in praelectione Alfragani^ in which Regiomon-

tanus remarks that " no one has yet translated from the Greek

into Latin the thirteen books of Diophantos ^" Upon this

Nesselmann observes that, even if Regiomontanus saw a MS.,

it does not follow that it had the thirteen books, except on

the title-page ; and the remarks which Regiomontanus makes

upon the contents show that he had not studied them thoroughly

;

but it is not usually easy to see, by a superficial examination,

into how many sections a MS. is divided. However, this passage

is interesting as being the first mention of Diophantos by a

European writer; the date of the Speech was probably about

1462. The only other passage, which Nesselmann was acquaint-

ed with and might have formed some foundation for Xylander's

conclusion, is one in which Regiomontanus (in the same Oratio)

describes a journey which he made to Italy for the purpose

of learning Greek, with the particular (though not exclusive)

^ Printed in the work Rudimenta astronomica Alfragani. "Item Alba-

tegnius astronomus peritissimus de motu stellarum, ex observationibus turn

propriis turn Ptolemaei, omnia cum demonstrationibus Geometricis et Addi-

tionibus Joannis de Begiomonte. Item Oratio introductoria in omnes scientias

Matheniaticas Joannis de Regiomonte, Patavii liahita, cum Alfraganum publiee

praelegeret. Ejusdem utilissima introduotio in elementa Euolidis. Item Epi8-

tola Philippi Melanthonis nuncupatoria, ad Senatum Noribergensem. Omnia

jam recens prelis publicata. Norimbergae anno 1537. 4to."

2 The passage is: "Diofanti autem tredecim libros subtilissimos nemo usque-

hao ex Graeois Latinos fecit, in quibus flos ipse totius Arithmeticae latet, ars

videlicet rei et census, quam hodie vocant Algebram Arabico nomine."

It does not follow from this, as Vossius maintains, that Regiomontanus sup-

posed Dioph. to be the inventor of algebra.

The "ars rei et census," which is the solution of determinate quadratic

equations, is not found in our Dioph. ; and even supposing that it was given in

the MS. which Eegiomontanus saw, this is not a point which would deserve

special mentioi).
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object of turning into Latin certain Greek mathematical works*.

But Diophantos is not mentioned by name, and Nesselmann

accordingly thinks that it is a mere conjecture on the part

of Cossali and Xylander, that among the Greek writers mentioned

in this passage Diophantos was included ; and that we have

no ground for thinking, on the authority of these passages,

that Regiomontanus saw the thirteen books in a complete form.

But Nesselmann does not seem to have known of a passage

in another place, which is later than the Oration at Padua,

and shows to my mind most clearly that Regiomontanus never

saw the complete work. It is in a letter to Joannes de Blan-

chinis^ in which Regiomontanus states that he found at Venice
" Diofantus," a Greek arithmetician who had not yet been

translated into Latin ; that in the proemium he defined the

several powers up to the sixth, but whether he followed out

all the combinations of these Regiomontanus does not know

;

"for not more than six hooks are found, thouffh in the proemium
he promises thirteen. If this book, a wonderful and difficult

work, could he found entire,! should like to translate it into Latin,

for the knowledge of Greek I have lately acquired would
suffice for this^" &c. The date of this occurrence is stated

1 After the death of his teacher, Georg von Peurbach, he tells tis he went
to Rome &c. with Cardinal Bessarion. "Quid igitur reliquum erat nisi nt
orbitam viri olarissimi seotarer? ooeptum felix tuum pro viribus exequerer?
Duoe itaque patrono commioni Romam profectus more meo literis exerceor, ubi
scripta plurima Graeoormn clarissimorum ad literas suas discendas me invitant,
quo Latinitas in studuB praesertim Mathematieis locupletior redderetnr."

Peurbach died 8 April, 1461, bo that the journey must have taken place
between 1461 and 1471, when he permanently took up his residence at Niim-
berg. During this time he visited in order Rome, Ferrara, Padua (where he
delivered the Oration), Venice, Rome (a second time) and Vienna.

- Given on p. 135 of Ch. Th. v. Murr's Memorabilia, Norimbergae, 1786, and
partly in Doppelmayr, Historische Nachricht von der NUmbergischen Mathe-
matieis und KuTistlern, p. 5. Note y (Niirnberg, 1730).

2 The whole passage is

:

"Hoc dico dominationi uestraeme reperisse nunc uenetiis Diofantum arith-
meticum graecum nondum in latinum traduotum. Hie in prohemio diffiniendo
terminos huius artis asoendit ad cubum cubi, primum enim uocat numerum,
quem numeri uocant rem, secundum uocat potentiam, ubi numeri dicunt
censum, deinde cubum, deinde potentiam potentiae, uocant numerum censum
de censu, item cubum de oensu et tandem cubi. Nescio tamen si omnes com-
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in a note to be 1463. Here then we have a distinct contradiction

to the statement that Regiomontanus speaks of having seen thir-

teen books ; so that Xylander's conclusions must be abandoned.

No conclusion can be arrived at from the passage in Fermat's

letter to Digby (15 August 1657) in which he says: The name
of this author (Diophantos) " me donne I'occasion de vous faire

souvenir de la promesse, qu'il vous a pleu me faire de recouvrer

quelque manuscrit de cdt Autheur, qui contienne tons les treize

livres, et de m'en faire part, s'il vous peut tomber en main."

This is clearly no evidence that a complete Diophantos existed

at the time.

Bombelli (1572) states the number of books to be seven^,

showing that the MS. he used was Vatican No. 200.

To go farther back still in time, Maximus Planudes, who
lived in the time of the Byzantine Emperors Andronicus I. and

II. in the first half of the 14th century, and wrote Scholia to

the two first books of the Arithmetics, given in Latin in

Xylander's translation of Diophantos, knew the work in the

same form in which we have it, so far as the first two books

are concerned. From these facts Nesselmann concludes that

the corruptions and lacunae in the text, as we have it, are due

to a period anterior to the 14th or even the 13th century.

There are yet other means by which lost portions of Diophan-

tos might have been preserved, though not found in the original

text as it has come down to us. We owe the recovery of some

Greek mathematical works to the finding of Arabic translations

of them, as for instance parts of Apollonios. Now we know

binationes horum proseoutus fuerit. non enim reperiuntur nisi 6 eius libri qui

nunc apud me sunt, in prohemio autem pollicetur se scripturum tredeoim. Si

liber bio qui reuera puloerrimus eat et difficUimus, integer inueniretur [Doppel-

mayr, inueniatur] curarem eum latinum facere, ad boc enim sufiScerent mihi

literae graecae quae in domo domini mei reuerendissimi didioi. Curate et nos

obseoro si apud uestros usquam inneniri possit liber ille integer, sunt enim in

urbe uestra non nulli graecarum litterarum periti, quibus solent inter caeteros

tuae facultatis libros huiusmodi occurrere. Interim tamen, si suadebitis, sex

dictos Ubros traduoere in latinum ocoipiam, quatenus latinitas hoc none et

pretiosissimo munere non careat.

"

^ "Egli e io, per arrichire il mondo di oosi fatta opera, ci dessimo si tradurlo

e cinque libri (delli sette ehe sono) tradutti ne abbiamo." Bombelli, pref. to

Algebra.
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that Diophantos was translated into Arabic, or at least studied

and commented upon in Arabia. Why then should we not

be as fortunate in respect of Diophantos as with others? In

the second part of a work by Alkarkhi called the Fakhrl^

(an algebraic treatise) is a collection of problems in deter-

minate and indeterminate analysis which not only indicate

that their author had deeply studied Diophantos, but are,

many of them, directly taken from the Arithmetics with the

change, occasionally, of some of the constants. The obliga-

tions of Alkarkhi to Diophantos are discussed by Wopcke in

his Notice sur le Fakhri. In a marginal note to his MS. is a

remark attributing the problems of section IV. and of section

III. in part to Diophantos ^. Now section iv. begins with pro-

blems corresponding to the last 14 of Diophantos' Second Book,

and ends with an exact reproduction of Book III. Intervening

between these two parts are twenty-five problems which are not

found in our Diophantos. "We might suppose then that we have

here a lost Book of our author, and Wopcke says that he was

so struck by the gloss in the MS. that he hoped he had dis-

covered such a Book, but afterwards abandoned the idea for the

reasons : (1) That the first twelve of the problems depend upon
equations of the first or second degree which lead, with two

exceptions, to irrational results, whereas such were not allowed

by Diophantos. (2) The thirteen other problems which are

indeterminate problems of the second degree are, some of them,

quite unlike Diophantos; others have remarks upon methods
employed, and references to the author's commentaries, which
we should not expect to find if the problems were taken from
Diophantos.

It does not seem possible, then, to identify any part of

1 The book which I have made use of on this subject is: "Extrait du Fakhri,
traits d' Algfebre par Abou Bekr Mohammed ben Alhapan Alkarkhi (manuscrit
952, supplement arabe de la bibliothfeque Imp^riale) precede d'un m^moire sur
I'Algebre iud^termin^e ohez les Arabes, par F. Woepcke, Paris, 1853."

" Wopoke's translation of this gloss is: " J'ai vu en cet endroit une glose de
I'^criture d'Ibn Alsiradj en ces termes : Je die, les problfimes de cette section et
une partie de ceux de la section pr^c^dente, sont pris dans les livres de Dio-
phante, suivant I'ordre. Ceoi fut 6crit par Ahmed Ben Abi Beijr Ben Ali Ben
Alsiradj Alkelaneci,

"
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the Fakhri as having formed a part of Diophantos' work now

lost. Thus it seems probable to suppose that the form in which

Alkarkhi found and studied Diophantos was not different from

the present. This view is very strongly supported by the follow-

ing evidence. Bachet has already noticed that the solution

of Dioph. II. 19 is really only another sohition of ii. 18, and

does not agree with its own enunciation. Now in the Fakhri

we have a problem (iv. 40) with the same enunciation as

Dioph. II. 19, but a solution which is not in Diophantos' manner.

It is remarkable to find this followed by a problem (iv. 41)

which is the same as Dioph. ii. 20 (choice of constants always

excepted). It is then sufficiently probable that ii. 19 and

20 followed each other in the redaction of Diophantos known

to Alkarkhi ; and the fact that he gives a non-Diophantine

solution of II. 19 would show that he had observed that the

enunciation and solution did not correspond, and therefore set

himself to work out a solution of his own. In view of this

evidence we may probably assume that Diophantos' work had

already taken its present mutilated form when it came into

the hands of the author of the Fakhri. This work was written

by Abu Bekr Mohammed ibn Alhasan Alkarkhi near the

beginning of the 11th century of our era ; so that the cor-

ruption of the text of Diophantos must have taken place before

the 11th century.

There is yet another Arabic work even earlier than this

last, apparently lost, the discovery of which would be of the

greatest historical interest and importance. It is a work upon

Diophantos, consisting of a translation or a commentary by Mo-

hammed Abu'1-Wafa, already mentioned incidentally. But it

is doubtful whether the discovery of his work entire would

enable us to restore any of the lost parts of Diophantos. There

is no evidence to lead us to suppose so, but there is a piece

of evidence noted by Wopcke' which may possibly lead to

an opposite conclusion. Abu'1-Wafa does not satisfactorily deal

with the possible division of any number whatever into four

squares. Now the theorem of the possibility of such division

1 Journal 4siatique. CinquiSme s^rie, Tome v. p. 234,
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is assumed by Diophantos in several places, notably in IV. 31.

We have then two alternatives. Either (1) the theorem was

not distinctly enunciated by Diophantos at all, or (2) It was

enunciated in a proposition of a lost Book. In either case

Abu'1-Wafa cannot have seen the statement of the theorem ia

Diophantos, and, if the latter alternative is right, we have an

argument in favour of the view that the work had already been

mutilated before it reached the hands of Abu'1-Wafa. Now
Abu'l-Wafa's date is 328—388 of the Hegira, or 940—988 of

our Era.

It would seem, therefore, clear that the parts of Diophantos'

Arithmetics which are lost were lost at an early date, and

that the present lacunae and imperfections in the text had

their origin in all probability before the 10th century.

It may be said also with the same amount of probability

that the Porisms were lost before the 10th century a.d. We
have perhaps an indication of this in the title of another work

of Abu'1-Wafa, of which Wopcke's translation is " Demonstra-

tions des th^oremes employes par Diophante dans son ouvrage,

et de ceux employes par (Aboul-Wafa) lui-meme dans son com-

mentaire." It is not possible to conclude with certainty from

the title of this work what its contents may have been. Are

the " theorems " those which Diophantos assumes, referring for

proofs of them to his Porisms ? This seems a not unlikely sup-

position ; and, if it is correct, it would follow that the proofs

of these propositions, which Diophantos must have himself

given, in fact, the Porisms, were no longer in existence in

the time of Abu'1-Wafa, or at least were for him as good as lost.

It must be admitted then that we have no historical evidence

of the existence at any time subsequent to Diophantos himself

of the Porisms.

Of the treatise on Polygonal Numbers we possess only a

fragment. It breaks off in the middle of the 8th proposition.

It is not however probable that much is wanting; practically

the treatise seems to be nearly complete.

§ 2. The next que.stion which naturally suggests itself is :

As we have apparently six books only of the Arithmetics out of

thirteen, where may we suppose the lost matter to have been
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placed in the treatise? Was it at the beginning, middle, or

end? This question can only be decided when we have come
to a conclusion about the probable contents of the lost portion.

It has, however, been dogmatically asserted by many who have

written upon Diophantos—often without reading him at all, or

reading him enough to enable them to form a judgment on the

subject— that the Books, which we have, are the first six and

that the loss has been at the end; and such have accordingly

wondered what could have been the subject to which Diophantos

afterwards proceeded. To this view, which has no ground save

in the bare assertions of incompetent or negligent writers,

Nesselmann opposes himself very strongly. He maintains on

the contrary, with much reason, that in the sixth Book

Diophantos' resources are at an end. If one reads carefully

the last four Books, from the third to the sixth, the conclusion

forces itself upon one that Diophantos moves in a rigidly defined

and limited circle of methods and artifices, that any attempts

which he makes to free himself are futile. But this fact can

only be adequately appreciated after a perusal of his entire

work. It may, however, be further added that the sixth Book

forms a natural conclusion to the whole, in that it is made up

of exemplifications of methods explained and used in the pre-

ceding Books. The subject is the finding of right-angled

triangles in rational numbers, such that the sides satisfy given

conditions, Arithmetic being applied to Geometry in the geo-

metrical notion of the right-angled triangle. As was said

above, we have now to consider what the contents of the lost

Books of the Arithmetics may have been. Clearly we must

first inquire what is actually wanting which we should have

expected to find there, either as promised by the author

himself in his own work, or as necessary for the elucidation or

completion of the whole. We must therefore briefly indicate

the general contents of the work as we have it.

The first book contains problems leading to determinate

equations of the first degree'; the remainder of the work being

1 As a specimen of the rash way in which even good writers speak of Dio-

phantos, I may instance here a remark of Vinoenzo Biccati, who says: "De

problematibus determinatis quae resolutis aequationibns dignoscuntur, nihil
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a collection of problems which, with scarcely an exception, lead

to indeterminate equations of the second degree, beginning with

simpler cases and advancing step by step to more complicated

questions. These indeterminate or semideterminate problems

form the main feature of the collection. Now it is a great step

from determinate equations of the first degree to semideter-

minate and indeterminate problems of the second; and we must

recognise that there is here an enormous gap in the exposition.

We ought surely to find here (1) determinate equations of the

second degree and (2) indeterminate equations of the first.

With regard to (2), it is quite true that we have no definite

statement in the work itself that they formed part of the

writer's plan; hut that they were discussed here is an extremely

probable supposition. With regard to (1) or determinate

quadratic equations, on the other hand, we have certain

evidence from the writer's own words, that the solution of the

adfected or complete quadratic was given in the treatise as it

originally stood ; for, in the first place, Diophantos promises a

discussion of them in the introductory definitions (def 11)

where he gives rules for the reduction of equations of the

second degree to their simplest forms; secondly, he uses his

method for their solution in the later Books, in some cases

simply giving the result of the solution without working it out,

in others giving the irrational part of the root in order to find

an approximate value in integers, without writing down the

actual root\ We find examples of pure quadratic equations

omnino Diophantus (!); agit dnntaxat de eo problematum semideterminatorum

genere, quae respiciunt quadrata, aut oubos numerorum, quae problemata ut

resolvantur, quantitates radicales de industria sunt yitandae." Pref. to ana-

litiche istituzioni.

^ These being the indications in the work itself, what are we to think of a

recent writer of a History of Mathematics, who says: "Hieraus und aus dem
Umstand, dass Diophant nirgends die von ibm versproohene Theorie der

Auflosung der quadratischen Gleiohungen gibt, schloss man, er habe dieselbe

nioht gekannt, und hat desshalb den Arabern stets den Euhm dieser Erfindung

zugetheilt," and goes on to say that "nevertheless Nesselmami after a thorough

study of the work is convinced that D. knew the solution of the quadratic " ?

It is almost impossible to imagine that these remarks are serious. The writer

is Dr Heinrich Suter, Geschichte d. ilathematisclien Wissenschaften. Zweite

Autiage. Zurich, 1873,
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even in the first Book : a fact which shows that Diophantos

regarded them as in reality simple equations, taking, as he does,

the positive value of the root only. Indeed it would seem that

Diophantos adopted as his ground for the classification of these

equations, not the index of the highest power of the unknown
quantity contained in it, but the number of terms left in it

when it is reduced to its simplest form. His words are': "If

the same powers of the unknown occur on both sides but with

different coefficients we must take like from like until we have

one single expression equal to another. If there are on both

sides, or on either side, terms with negative coefficients, the

defects must be added on both sides, until there are the same

powers on both sides with positive coefficients, when we must

take like from like as before. We must contrive always, if

possible, to reduce our equations so that they may contain one

single term equated to one other. But afterwards we will

explain to you also how, when two terms are left equal to a

^ Diophantos' actual words (-wliich I have translated freely) are: Mera B^

Tavra iav dirb irpo^X-rifiaTos tlvos y^v-qrai, uirap^t-s etSetrt tols a^Tots
fj.7] o^oir'K'qdTi

Si airb iKaripuv tSiv /iepdv, Se^crei axjiai.pe7v to. ofwia aird tuiv d/toiuc, fus &v iv6s(\)

elSos epl eidei taov yinriraf iav Si ttus ^c OTroripifi imTrapxv {'^}, ^ i" dfupOTipois

iveWei^l/xi (?) TLVd. etSij, 5e^(rei irpoade'tvat. ra XeiTrovTa etSij iv dfitftoripoLS toIs

fiipecTLVj ^OJS &v ixaripip twv fiepwv to, gIStj ifVTrapxo^Ta yipriTac. Kal iraXiv a(p€-

Xe'iv Ta o/iOLOr dwo tu>v 6fioi(t)v, ?us &v eKaripip rCjv fj^epwv ^v elSos KaraXeLipdrj,

iretpi\oT€X^V<^^^ ^^ TOVTO iv Tois OTroffrdffetrt rdv Trpordaeojv, iav ivSixw^^i ^ws

hv ^v elSos ivl CiSet taov KaTa\£L(pdij. vffTepov Si ffot Sel^o/j.€v Kal tus Sdo elduji/ [ffuiv

ivl KaTa\£i(pdivTav to toiovtov Merai.

I give Bachet's text exactly, marking those places where it seems obviously

wrong. KaTa\€t<j>8TJ should of course be KaTa\ei.^6y.

It is worth observing that L. Eodet, in Journal Asiatique, Janvier, 1878, on

"L'Algfebre d'Al-Kharizmi et les mfithodes indienne et grecque," quotes this

passage, not from Bachet's text, but from the MS. which Bachet used. His

readings show the following variations

:

Bachet.
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third, mch a question is solved." That is to say, "reduce when

possible the quadratic to one of the forms x = a, or x^ = b. I

will give later a method of solution of the complete equation

x' ±ax=± b." Now this promised solution of the complete

quadratic equation is nowhere to be found in the Arithmetics

as we have them, though in the second and following Books

there are obvious cases of its employment. We have to decide,

then, where it might naturally have come; and the answer is

that the suitable place is between the first and second Books.

But besides the entire loss of an essential portion of Dio-

phantos' work there is much confusion in the text even of that

portion which remains. Thus clearly problems 6, 7, 18, 19 of

the second Book, which contain determinate problems of the

first degree, belong in reality to Book I. Again, as already re-

marked above, the problem enunciated in ii. 19 is not solved at

all, but the solution attached to it is a mere " aXKaxs" of li. 18.

Moreover, problems 1—5 of Book ii. recall problems already

solved in i. Thus II. 1 = i. 34 : ii. 2 = i. 37 : ii. 3 is similar

to I. 33: 11. 4 = 1. 35: il. 5 = 1. 36. The problem i. 29 seems

also out of place in its present position. In the second Book a

new type of problem is taken up at II. 20, and examples of it

are continued through the third Book. There is no sign of a

marked division between Books ii. and iii. In fact, expressed

in modem notation, the last two problems of ll. and the first

of III. are the solutions of the following sets of equations

:

II. 35. icV (« + y + s) = a^

f+{x + y + z)=b^

:^+ {x-\-y + z)=c''

11.36. x''-{x + y + z)=a''\

f-{w + y + z) = bA.
z" -{x+y + z)=c^]

III. 1. {x+y + z)-x' = a^\

{x + y + z)-f = b''\.

{x + 'i/ + z)-z' = c']

These follow perfectly naturally upon each other; and
therefore it is quite likely that our division between the two
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Books was not the original one. In fact the frequent occur-

rence of more definite divisions in the middle of the Books,
coupled with the variation in the Vatican MS. which divides our

six Books into seven, seems to show that the work may have
been divided into even a larger number of Books originally.

Besides the displacements of problems which have probably taken

place there are many single problems which have been much
corrupted, notably the fifth Book, which has, as Nesselmann
expresses itS been "treated by Mother Time in a very step-

motherly fashion". It is probable, for instance, that between

V. 21 and 22 three problems have been lost. In several other

cases the solutions are confused or incomplete. How the im-

perfections of the text were introduced into it we can only con-

jecture. Nesselmann thinks they cannot be due merely to the

carelessness of a copyist, but are rather due, at least in part, to

the ignorance and inexpertness of one who wished to improve

upon the original. The view, which was put forward by

Bachet, that our six Books are a redaction or selection made
from the complete thirteen by a later hand, seems certainly

untenable.

The treatise on Polygonal Numbers is in its subject related

to the Arithmetics, but the mode of treatment is completely

different. It is not an analytical work, but a synthetic one

;

the author enunciates propositions and then gives their proofs

;

in fact the treatise is quite in the manner of Books vil.—X. of

Euclid's elements, the method of representing numbers by

geometrical lines being used, which Cossali has called linear

Arithmetic. This method of representation is only once used in

the Arithmetics proper, namely in the proposition V. 13, where

it is used to prove that if x + y=l, and x and y have to be so

determined that a; + 2, ?/ + 6 are both squares, we have to divide

the number 9 into two squares of which one must be > 2 and

< 3. From the use of this linear method in this one case in the

Arithmetics, and commonly in the treatise on Polygonal Numbers,

we see that even in the time of Diophantos the geometrical

representation of numbers was thought to have the advantage

I "Namentlioh ist in dieser Hinsicht daa fiinfte Buoh stiefmiitterlich von der

Mutter Zeit behandelt worden." p. 268.
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of greater clearness. It need scarcely be remarked how opposed

this Greek method is to our modern ones, our tendency being

the reverse, viz., to the representation of lines by numbers. The

treatise on Polygonal Numbers is often, and probably rightly,

held to be one of the thirteen original Books of the Arithmetics.

There is absolutely no reason to doubt its genuineness ;
which

remark would have been unnecessary but for a statement by

Bossut to the effect: "II avoit ^crit treize livres d' arithmdtiques,

les six premiers (?) sont arrives jusqu'a nous : tous les autres

sont perdus, si, ndanmoins, un septieme, qu'on trouve dans

quelques(!) Editions de Diophante, n'est pas delui"; upon which

Keimer has made a note : "This Book on Polygonal Numbers is

an independent work and cannot possibly belong to the Collection

of Diophantos' Arithmetics^" This statement is totally un-

founded. With respect to Bossut's own remark, we have seen

that it is almost certain that the Books we possess are not the

first six Books ; again, the treatise on Polygonal Numbers does

not only occur in some, but in all of the editions of Diophantos

from Xylander to Schulz ; and, lastly, Bossut is the only person

who has ever questioned its genuineness.

We mentioned above the Porisms of Diophantos. Our

knowledge of them is derived from his own words ; in three

places in the Arithmetics he refers to them in the words e^o/J-ev

iv Toh TTopia-iiacnv : the places are v. 3, 5, 19. The references

made to them are for proofs of propositions in the Theory of

Numbers, which he assumes in these problems as known. It is

probable therefore that the Porisms were a collection of propo-

sitions concerning the properties of certain numbers, their

divisibility into a certain number of squares, and so on ; and it

is reasonable to suppose that from them he takes also the many
other propositions which he assumes, either explicitly enunciating

them, or implicitly taking them for granted. May we not then

reasonably suppose the Porisms to have formed an introduction

to the indeterminate and semi-determinate analysis of the

second degree which forms the main subject of the Arithmetics?

And may we not assume this introduction to have formed an

1 "Dieses Buoh de numeris multangulis ist sine fiir sioh bestehende Sohrift

und gehort keinesweges in die Sammlung der Arithmeticorum Diophant's."
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integral part, now lost, of the original thirteen books ? If this

supposition is correct the Porisms also must have intervened be-

tween Books I. and II., where we have already said that probably

Diophantos treated of indeterminate problems of the first

degree and of the solution of the complete quadratic. The
method of the Porisms was probably synthetic, like the Poly-

gonal Numbers, not (like the six Books of the Arithmetics)

analytical ; this however forms no sufficient reason for refusing

to include all three treatises under the single title of thirteen

Books of Arithmetics. These suppositions would account easily

for the contents of the lost Books ; they would also, with the

additional evidence of the division of our text of the Arithmetics

into seven books by the Vatican MS., show that the lost portion

probably does not bear such a large proportion to the whole as

might be imagined. This view is adopted by Colebrooke ', and

after him by Nesselmann, who, in support of his hypothesis

that the Arithmetics, the Porisms and the treatise on Polygonal

Numbers formed only one complete work under the general

title of dpLOfiTjTiKa., points out the very significant fact that we
never find mention of more than one work of Diophantos, and

that the very use of the Plural Neuter term, dpt9fiT)TCKd, would

seem to imply that it was a collection of different treatises on

arithmetical subjects and of different content. Nesselmann, how-

ever, does not seem to have noticed an objection previously urged

^ Algebra of the Hindus, Note M. p. lxi.

"In truth the diviBion of manuscript books is very uncertain : and it is by

no means improbable that the remains of Diophantus, as we possess them, may

be less incomplete and constitute a larger portion of the thirteen books an-

nounced by him (Dei. 11) than is commonly reckoned. His treatise on polygon

numbers, which is surmised to be one (and that the last of the thirteen) , follows,

as it seems, the six (or seven) books in the exemplars of the work, as if the

preceding portion were complete. It is itself imperfect ; but' the manner is

essentially different from that of the foregoing books: and the solution of

problems by equations is no longer the object, but rather the demonstration

of propositions. There appears no ground, beyond bare surmise, to presume,

that the author, in the rest of the tracts relative to numbers which fulfilled

his promise of thirteen books, resumed the Algebraic manner: or in short,

that the Algebraic part of his performance is at all mutilated in the copies

extant, which are considered to be all transcripts of a single imperfect

exemplar."

H.D. 3
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against the theory that the three treatises formed only one work,

by Schulz, to the effect that Diophantos expressly says that his

work treats of arithmetical problems^. This statement itself

does not seem to me to be quite accurate, and I cannot think

that it is at all a valid objection to Nesselmann's view. The

passage to which Schulz refers must evidently be the opening

words of the dedication by the author to Dionysios. Diophantos

begins thus : "Knowing that you are anxious to become ac-

quainted with the solution [or ' discovery,' evpecri<;] of problems

in numbers, I set myself to systematise the method, beginning

from the foundations on which the science is built, the pre-

liminary determination of the nature and properties in numbers"."

Now these " foundations " may surely well mean more than is

given in the eleven definitions with which the treatise begins,

and why should not the "properties of numbers" refer to the

PorisTus and the treatise on Polygonal Numbers ? But there is

another passage which might seem to countenance Schulz's

objection, where (Def. 11) Diophantos says "let us now proceed

to the propositions'. . .which we will deal with in thirteen Books*."

The word used here is not problem [Trpo^Xrjf^a) but proposition

{irporaai^), although Bachet translates both words by the same

Latin word "quaestio," inaccurately. Now the word •jrpoToai'i

does not only apply to the analytical solution of a problem : it

applies equally to the synthetic method. Thus the use of the

word here might very well imply that the work was to contain

> Schulz remarks on the Porisms (pref. xxi.): "Es ist daher nicht unwahr-

Bcheinlich dass diese Porismen eine eigene Sohrift unseres Diophantus waren,

welche vorziiglioh die Zusammensetzung der Zahlen aus gemsBen Bestaud-

theilen zu ihrem Gegenetande hatte. Konute man diese Schrift gar als eine

Bestandtheil des grossen in dreizehn Biiohern abgefassten arithmetischen

Werkes ansehen, so ware es sehr erklarbar, dass gerade dieser Theil, der den

blossen Liebhaber weniger anzog, verloren ging. Da indess Diophantus aus-

driicklich sagt, sein Werk behandele arithmetische Probleme, so hat wenigstens

die letztere Annahme nur einen geringen Grad von Wahrsoheinliohkeit."

" Diophantos' own words are: Ti/v ivpeiriv tuv iv tois api$p:o!s irpopXrifidTwv,

TLfJ.i.iiyraT^ fioi Aiovij(rte, ytvdjaKtav ae tnrovdaitijs ^xo^ra p.a6tiv^ dpyavwcai Trfv fiiOoSov

ivup6,dT)v, dp^ofievos a0' uv avviuTTim rd Tpiyixara BejxiXLwv, iljroffT^ffai rriv iv rots

dpiOfioh (piffLV re koX 56vapA.v.

^ vvv 5k iirl 7as TrpoTatreLS x^PV<^^f^^'^^ i^' t- ^•

* TTjs Trpayp,aT€ias avruv ec rpuTKiUScKa /3i/3Mo(S yeyemifUviit.
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not only problems, but propositions on numbers, i.e. might

include the Porisms and Polygonal Numbers as a part of the

complete Arithmetics. These objections which I have made
to Schulz's argument are, I think, enough to show that his

objection to the view adopted by Nesselmann has no weight.

Schulz's own view as to the contents of the missing Books of

Diophantos is that they contained new methods of solution in

addition to those used in Books I. to VI., and that accordingly

the lost portion came at the end of the existing six Books. In

particular he thinks that Diophantos extended in the lost Books

the method of solution by means of what he calls a double-

equation (BiTrXrj ia-oTT)!} or in one word BiirXo'iaorrjf;). By means

of this double-equation Diophantos shows how to find a value

of the unknown, which will make two expressions containing it

(linear or quadratic) simultaneously squares. Schulz accordingly

thinks that he went on in the lost Books to show how to make

three such expressions simultaneously squares, i.e. advanced to a

triple-equation. This view, however, seems to have nothing to

recommend it, inasmuch as, in the first place, we nowhere find

the slightest hint in the extant Books of anything different or

more advanced which is to come ; and, secondly, Diophantos'

system and ideas seem so self-contained, and his methods to

move always in the same well-defined circle that it seems

certain that we come in our six Books to the limits of his art.

There is yet another view of the probable contents of the

lost Books, which must be mentioned, though we cannot believe

that it is the right one. It is that of Bombelli, given by Cossali,

to the effect that in the lost Books Diophantos went on to solve

determinate equations of the third and fourth degree; Bombelli's

reason for supposing this is that Diophantos gives so many

problems the object of which is to make the sum of a square

and any other number to be again a square number by finding

a suitable value of the first square ; these methods, argues

Bombelli, of Diophantos must have been given for the reason

that the author intended to use them for the solution of the

equation x*+px = q\ Now Bombelli had occupied himself

J OosBali's words are (p. 75, 76):..."non tralaseierd di notarel' opinione, di

cui fu tentato Bombelli, ohe nelli sei libri cioS dal tempo, di tutto distruggitore,

3—2
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much, almost during his whole life, with the then new methods

of solution of equations of the third and fourth degree ; and, for

the solution of the latter, the usual method of his time led to

the making an expression of the form Aa? + Bx + (7 a square,

where the coefficients involved a second unknown quantity.

Nesselmann accordingly thinks it is no matter for surprise that

in Diophantos' entirely independent investigations Bombelli

should have seen, or fancied he saw, his own favourite idea.

This solution of the equation of the fourth degree presupposes

that of the cubic with the second term wanting ; hence Bombelli

would naturally, in accordance with his view, imagine Diophantos

to have given the solution of this cubic. It is possible also that

he may have been influenced by the actual occurrence in the

extant Books [vi. 19] of a cubic equation, namely the equation

oe' -\- x = ^x^ + 4, of which Diophantos at once writes down the

solution a; =4, without explanation. It is obvious, however,

that no conclusion can be drawn from this, which is a very

easy particular case, and which Diophantos probably solved^ by
simply dividing out by the factor aj'+l. There are strong

objections to Bombelli's view. (1) Diophantos himself states

(Def XI.) that the solution of the 'problems is the object in itself

of the work. (2) If he used the method to lead up to the

solution of equations of higher degrees, he certainly has not gone

to work the shortest way. In support of the view it has been

asked " What, on any other assumption, is the object of defining

in Def li. all powers of the unknown quantity up to the sixth ?

rapitici, si avanzasee egli a eciogliere 1' equazione x^+jjx= g', parendogli, che
nei libri rimastiei, con proporsi di trovar via via numeri quadiati, cammini vma
Btrada a quell' intento. EgU e di fatto procedendo su queste tracce di Diofanto,

che Vieta deprime 1' esposta equazione di grado quarto ad una di secondo.
Siccome per6 cio non si effettua che mediante una eubica mancante di secondo
termine; cosi il pensiero sorto in animo a BombeUi importerebbe, che Diofanto
nei libri perduti costituito avesse la regola di sciogliere questa sorta di equa-
zione cubiche prima d' innoltrarsi aUo scioglimento di quella equazione di quarto
grado.''

1 This is certainly a simpler explanation than Sachet's, who derives the
solution from the proportion x^ : x- = a; : 1.

Therefore x^-vx : x^ + l^x -.X.

Therefore x?+ x : ^x"^ -\- i, = x : i..

But the equation being x^^-x= ix'^^^, it follows that x = 4.
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Surely Diophantos must have meant to use them." The answer

to which is that he has occasion to use them in the work, but

reduces all the equations which contain these higher powers by

his regular and uniform method of analysis.

In conclusion, I may repeat that the most probable view is

that adopted by Nesselmann, that the works which we know

under the three titles formed part of one arithmetical work,

which was, according to the author's own words, to consist of

thirteen Books. The proportion of the lost parts to the whole

is probably less than it might be supposed to be. The Porisms

form the part, the loss of which is most to be regretted, for

from the references to them it is clear that they contained

propositions in the Theory of Numbers most wonderful for the

time.



CHAPTER III.

THE WRITERS UPON DIOPHANTOS.

§ 1. In this chapter I purpose to give a sketch of what has

heen done directly, and (where it is of sufficient importance)

indirectly, for Diophantos, enumerating and describing briefly

(so far as possible) the works which have been written on the

subject. We turn first, naturally, to Diophantos' own country-

men ; and we find that, if we except the doubtful " commentary

of Hypatia," spoken of above, there is only one Greek, who has

written anything at all on Diophantos, namely the monk Maxi-

mus Planudes, to whom are attributed the scholia attached to

Books I. and ii. in some MSS., which are printed in Latin in

Xylander's translation of Diophantos. The date of these scholia

is the first half of the 14th century, and they represent all that

we know to have been done for Diophantos by his own country-

men. How different his fate would have been, had he lived a

little earlier, when the scientific spirit of the Greeks was still

active, what an enormous impression his work would then have

created, we may judge by comparing the effect which it had

with that of a far less important work, that of Nikomachos.

Considering then that up to the time of Maximus Planudes

nothing was written about .Diophantos (beyond a single quota-

tion by Theon of Alexandria, before mentioned, and an occa-

sional mention of the name) by any Greek, one is simply

astounded at finding in Bossut's history a remark like the

following :
" L'auteur a eu parmi les anciens une foule d'inter-

prates (!), dont les ouvrages sont la plupart (!) perdus. Nous

regrettons, dans ce nombre, le commentaire de la c^l^bre

Hipathia (sic)." Comment is unnecessary. With respect to
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tlie work of Maximus Planudes itself, he has only commented
upon the first two Books, the least important and most elemen-

tary, nor can his scholia be said to have any importance.

Bachet speaks contemptuously of them', and even the modest
Xylander has but a low opinion of their value".

§ 2. I have, in first mentioning Maximus Planudes, de-

parted a little from chronological order, for the greater con-

venience of giving first the Greek writers upon Diophantos.

But long before the time of Maximus Planudes, the work of

Diophantos had found its way to Arabia, and there met with

the respect it deserved. Unfortunately the actual works writ-

ten in Arabia directly upon Diophantos are all lost, or at least

have not been discovered up to the present time. So far there-

fore as these are concerned we have to be contented with the

notices on the subject by Arabian historians or bibliographers.

It is therefore necessary to collect from the earliest and best

sources possible the scattered remarks about Diophantos and

his works. The earliest and therefore presumably the best and

most trustworthy authority on the subject of Diophantos in

Arabia is the Kitdh Alfihrist of al-Nadim', the date of which

is as early as circa 990 A.D. The passages in this work which

refer to Diophantos are :

(a) p. 269, "Diophantos [the last vowel, however, being

i = »? in one codex, in the rest undetermined] the Greek of

1 Bachet says: "Porro Graeoi Scholiastae in duos priores libros adnota-

tiones edi non curauimuB, vt quae nullius sint momenti, Basque proinde

Guilielmus Xilander(!) censura sua meritd perstrinxerit, si cui tamen oleum

operamque perdere adeo leue est, vt miras Graeculi huius ineptias peruidere

cupiat, adeat Xilandrum."

2 Xylander says the Scholia are attributed to Maximus Planudes, and com-

bats the view that they might be Hypatia's thus: "Sed profecto si ea tanta

fnit, quantam Suidas et alij perhibent, istae annotationes earn autorem non

agnoscunt, de quibus quid senserim, meo more liberfe dixi suis loois." Epistola

Nuncupatoria.

3 This work baa been edited by Flugel, 1871. The author himself dates

it 987, and Wdpcke (Journal Asiatique, F^vrier-Mars, 1855, p. 256) states that

it was finished at that date. This is, however, not correct, for in his preface

Flugel shows that the work contains references to events which are certainly

later than 987, so that it seems best to say simply that the date js circa
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Alexandria. He wrote Kitab Sina'at al-jabr,'' i.e. "the book of

the art of algebra."

(&) p. 283, Among the works of Abu'1-Wafa is mentioned

"An interpretation' (tafslr) of the book of Diophantos about

algebra."

(c) On the same page the title of another work of Abu'l-

Wafa is given as " Demonstrations of the theorems employed

by Diophantos in his work, and of those employed by (Abu'l-

Wafa) himself in his commentary" (the word is as before

tafslr).

[d) p. 295, On Kosta ibn Luka of Ba'lbek it is mentioned

that one of his books is tafstr on three-and-a-half divisions

(Makalat) of the book of Diophantos on " questions of numbers."

We have thus in the Fihrist mentions of three separate

works upon Diophantos, which must accordingly have been

written previously to the year 990 of our era. Concerning

Abu'1-Wafa the evidence of his having studied and commented

upon Diophantos is conclusive, not only because his other works

which have survived show unmistakeable signs of the influence

of Diophantos, but because the proximity of date of the Fihrist

to that of Abu'1-Wafa makes all mistake impossible. As I have

said the Fihrist was written circa 990 A.D. and the date of

Abu'1-Wafa is 328—388 a.h. or 940—998 a.d. He was a

native of Buzjan, a small town between Herat and Nishapur in

Khorasan, and was evidently, from what is known of his works

one of the most celebrated astronomers and geometers of his

time^. Of later notices on this subject we may mention those

' There is a little doubt as to tlie exact meaning of tafslr—-whether it means

a translation or a commentary. The word is usually applied to the literal exe-

gesis of the Koran ; how much it means in the present case may perhaps be

ascertainable from the fact that Abu'1-Wafa also wrote a tafsir of the Algebra of

Mohammed ibn Musa al-Kharizml. It certainly, according to the usual sense,

means a commentary not a mere translation—e.g. at p. 249 al-Nadim clearly

distinguishes translators of Aristotle from the mufassirln or makers of tafsir, i.e.

commentators.

For this information I am indebted to the kindness of Professor Robertson

Smith.

2 Wopoke, Journal Asiatique, F^vrier-Mais, 1855, p. 244 foil.

Abn'l-Wafa's full name is Mohammed ibn Mohammed ibn Tahya ibn Ismail

ibn Al'abbas Abu'1-Wafa Al-Biizjani,
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in the Ta'nJch H.okoma (Hajji-Khalifa, No. 2204), by the Imam
Mohammed ibn. 'Abd al-Karim al-Shahrastani who died A.H. 548

or A.D. 1153\ Of course this work is not so trustworthy an

authority as the Fihrist, which is about 160 years earlier, and

the author of the Ta'rlkh Hokoma stands to the Fihrist in the

relation of a compiler to the original source. In the Ta'rlkh

Hokoma we are told (a) that Abu'1-Wafa " wrote a commen-

tary on the work of Diophantos concerning Algebra," (6) that

"Diophantos, the Greek of Alexandria, conspicuous, perfect,

famous in his time, wrote a famous work on the art of

Algebra, which has gone over into Arabic," i. e. been trans-

lated. We must obviously connect these two notices. Lastly

the same work mentions (c) another work of Abu'1-Wafa,

namely "Proofs for the propositions given in his book by

Diophantos."

A later writer still, the author of the History of the Dynas-

ties, Abu'lfaraj, mentions, among celebrated men who lived in

the time of Julian, Diophantos, with the addition that "His

book''... on Algebra is celebrated," and again in another place

he says upon Abu'1-Wafa, " He commented upon the work of

Diophantos on Algebra."

The notices from al-Shahrastani and Abu'lfaraj are, as I have

^ The work Bibliotheca arabico-hispana Escurialensis op. et studio Mich.

Casiri, Matriti, 1760, gives many important notices about mathematicians

from the Ta'rikh Hokoma, which Casiri denotes by the title Bibliotheca philo-

sophomm.

Cossali mentions the Ta'rikh Hokoma as having been written about a.b. 1198

by an anonymous person: "II libro piii autioo, che oi fornisca tratti relativi

all' origine dell' analisi tra gli arabi e la Biblioteca arabica de' filosofi, scritta

circa 1' anno 1198 da anonimo egiziano" (Cossali, i. p. 174). There is however

now apparently no doubt that the author was al-Shahrastani, as I have said in

the text.

' After the word "book" in the text comes a word Ab-kismet which is un-

intelligible. Pooocke, the Latin translator, simply puts A. B. for it : "cuius liber

A. B. quern Algebram vooat, Celebris est." The word or words are apparently

a corruption of something ; Nesselmann conjectures that the original word was

an Arabic translation of the Greek title, Arithmetics—a supposition which, if

true, would give admirable sense. The passage would then mark the Arabian

perception of the discrepancy (according to the accepted meaning of terms)

between the title and the subject, which is obviously rather algebra than arith-

metic in the strict sense.



42 DIOPHANTOS OF ALEXANDRIA.

said, for obvious reasons aot so trustworthy as those in the

Fihrist. They are, however, interesting as showing that Dio-

phantos continued to be known and recognised for a consider-

able period after his work found its way to Arabia, and was

commented upon, though they add nothing to our information

as to what was done for Diophantos in Arabia. It is clear that

the work of Abu'I-Wafa was the most considerable that was

written in Arabia upon Diophantos directly ; about the obliga-

tions to Diophantos of other Arabian writers, as indirectly

shown by similarity of matter or method, without direct refer-

ence, I shall have to speak later.

§ 3. I now pass to the writers on Diophantos in Europe.

From the time of Maximus Planudes to a period as late as

about 1570 Diophantos remained practically a sealed book, and

had to be rediscovered even after attention had been invited to

it by Regiomontanus, who, as was said above, was the first

European to mention it as extant. We have seen (pp. 21, 22)

that Regiomontanus referred to Diophantos in the Oration at

Padua, about 1462, and how in a very interesting letter to

Joannes de Blanchinis he speaks of finding a MS. of Diophantos at

Venice, of the pleasure he would have in translating it if he could

only find a copy containing the whole of the thirteen books, and

his readiness to translate even the incomplete work in six books,

in case it were desired. But it does not appear that he ever

began the work ; it seems, however, very extraordinary that the

interest which Regiomontanus took in Diophantos and tried to

arouse in others should not have incited some of his German
countrymen to follow his leading, at least as early as 1537,

when we know that his Oration at Padua was published. Hard
to account for as the fact may appear, it was left for an Italian,

Bombelli, to rediscover Diophantos about 1570; though the

mentions by Regiomontanus may be said at last to have borne

their fruit, in that about the same time Xylander was en-

couraged by them to persevere in his intention of investigating

Diophantos. Nevertheless between the time of Regiomontajius

and that of Rafael Bombelli Diophantos was once more for-

gotten, or rather unknown, for in the interval we find two
mentions of the name, (a) by Joachim Camerarius in a letter
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published 1556', in which he mentions that there is a MS. of

Diophantos in the Vatican, which he is anxious to see, (b) by

James Peletarius' who merely mentions the name. Of the

important mathematicians who preceded Bombelli, Fra Luca

Pacioli towards the end of the 15th century, Cardan and Tar-

taglia in the 16th, not one so much as mentions Diophantos'.

The first Italian to whom Diophantos seems to have been

known, and who was the first to discover a MS. in the Vatican

Library, and to conceive the idea of publishing the work, was

Rafael Bombelli. Bachet falls into an anachronism when he

says that Bombelli began his work upon Diophantos after the

appearance of Xylander's translation*, which was published in

1575. The Algebra of Bombelli appeared in 1572, and in the

^ De Graecis Latinisque numerorum notis et praeterea Saracenii seu Indicts,

etc. etc., studio Joaohimi Camerarii, Papeberg, 1556.

In a letter to Zaeins : "Venit mihi in mentem eorum quae et de hac et aliis

liberalibus artibus dicta fuere, in eo convivio cujus in tuis aedibus me et Peuce-

rum nostrum partieipes esse, suavissima tua invitatio volnit. Cum autem de

autoribus Logistices verba fierent, et a me Diophantus GraeouB nominaretur, qui

extaret in Bibliotheea Vaticana, ostendebatur turn spes qusedam, posse nobis

oopiam libri illius. Ibi ego cupiditate videndi incensus, fortasse audacius non

tamen infelioiter, te quasi procuratorem . constitui negotii gerendi, mandate

voluntario, cum quidem et tu libenter susoiperes quod imponebatur, et fides

solenui festivitate firmaretur, de illo tuo et poculo elegante et vino optimo.

Neque tu igitur oblivisceris ejus rei, oujua explioationem tua benignitas tibi

oommisit, neque ego non meminisse potero, non modo excellentis virtutis et

sapientiae, sed singularis comitatis et incredibUis Buavitatis tuae.''

^ Arithmeticae practicae methodus facilis, per Gemmam Frisium, etc. Hue
accedunt Jacobi Peletarii annotationes, Coloniae, 1571. (But pref. of Peletarius

bears date 1558.) P. 72, Nota Peletarii: "Algebra autem dicta videtur a Gebro

Arabe at vox ipsa sonat ; hujus artis si non inventore, saltem excnltore. Alii

tribuunt Diophanto ouidam Graeoo."

3 Cossali I. p. 59, "Cosa pero, che reca la somma maraviglia si &, che largo

in Italia non si spandesse la cognizione del codice di Diofanto : che in fiore

essendovi lo studio della greca lingua, non venisse da qualche dotto a comuu

vantaggio tradotta; che per 1' opposto niuna menzione ne faocia Fra Luoa verso

il fine del secolo xv, e niuna Cardano, e Tartaglia intorno la meta del secolo

XVI ; che nelle biblioteche rimanesse sepolto, ed andasse dimenticato per modo,

che poco prima degli anni 70 del secolo xvi si riguardasse per una scoperta

r averlo rinvenuto nella Vaticana Biblioteca."

* "Non longo post ZUandrimi interuaUo Raphael BombeUius Bononiensis,

Graecum e Vaticana Bibhotheca Diophanti codicem nactus, omnes priorum

quattaor librorum quaestiones, et d libro quinto nonnullas, problematibus suis

ingeruit, in Algebra sua quam Italico sermoae conscripsit,''
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preface to this work ' the author tells us that he had recently

discovered a Greek book on Algebra in the Vatican Library,

written by a certain Diofantes, an Alexandrine Greek author

who lived in the time of Antoninus Pius ; that, thinking highly

of the contents of this work, he and Antonio Maria Pazzi de-

termined to translate it; that they actually translated five

books out of the seven into which the MS. was divided ; but

that, before the whole was finished, they were called away from

it by other labours. The date of these occurrences must be a

few years before 1572. Though Bombelli did not carry out his

plan of publishing Diophantos in a translation, he has neverthe-

less taken all the problems of Diophantos' first four Books and

some of those of the fifth, and embodied them in his Algebra,

interspersing them with his own problems. Though he has

taken no pains to distinguish Diophantos' problems from his

own, he has in the case of Diophantos' work adhered pretty

closely to the original, so that Bachet admits his obligations to

Bombelli, whose reproduction of the problems of Diophantos he

maintains that he found in many points better than Xylander's

ti-anslation". It may be interesting to mention a few points of

1 ThiB book Nesselmann tells ns that he has never seen, but takes his infor-

mation about it from Cossali. I was fortunate enough to find a copy of it

pubUshed in 1579 (not the original edition) in the British Museum, the title

being L'Algebra, opera di Rafael Bonibelli da Bologna diuisa in tre Libri In

Bologna, Per Giovanni Rossi. MDLXXIX. I have thus been able to verify the

quotations from the preface. The whole passage is :

"Questi n-nTii passati, essendoai ritrouato una opera greca di questa disciplina

nella Mbraria di Nostro Signore in Vaticano, composta da un oerto Diofante

Alessandrino Autor Greco, il quale fii a tempo di Antonin Pio, e havendo mela

fatta vedere Messer Antonio Maria Pazzi Beggiano publico lettore deUe Matema-

tiche in Eoma, e giu dicatolo con lui Autore assai intelligente de nnmeri (an-

corche non tratti de numeri irrationali, ma solo in lui si vede vn perfetto ordine

di operare) egU, ed io, per arrichire il mondo di cosi fatta opera, ci dessimo a

tradurlo, e cinque libri (delli sette che sono) tradutti ne habbiamo ; lo restante

non hauendo potuto finire per gli trauagli auenuti all' uno, e all' altro, e in detta

opera habbiamo ritrouato, ch' egli assai volte cita gU Autori Indiani, col che mi
ha fatto conosoere, che questa disciplina appo gl' indiani prima fii, che a gli Arabi."

The parts of this quotation which refer to the personality of Diophantos, the

form Diofante, &c., have already been commented upon ; the last clauses we
shall have occasion to mention again.

' Continuation of quotation in note 4, p. 43

:

''Sed suas Diophanteis quaestionibus ita inuniscuit, ut has ah illis distin-
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notation in this work of Bombelli. At beginning of Book ii. he
explains that he uses the word " tanto " to denote the unknown
quantity, not "cosa" like his predecessors; and his symbol for

it is i, the square of the unknown {x') is .£., the cube .*.; and so on.

For plus and minus (piu and mend) he uses the initial letters p.

and m. Thus corresponding to a; + 6 we should find in Bom-
belli li p. 6, and for x' + bx- 4, \t p. 5i m. 4. This notation

shows, as will be seen later, some advance upon that of Dio-

phantos in one important respect.

The next writer upon Diophantos was Wilhelm Holzmann
who published, under the Graecised form of his name Xylander

by which he is generally known, a work bearing the title :

Diophanti Alexandrini Reruin Arithmeticarum Lihri sex, quo-

rum primi duo adiecta habent Scholia Maximi {ut coniectura

est) Planudis. Item Liber de Numeris Polygonis seu Multan-

gulis. Opus incomparabile, uerae Arithmeticae Logisticae per-

fectionem continens, paucis adhuc uisum. A Ouil. Xylandro

Augustano incredibili labors Latine redditum, et Commentariis

explanatum, inque lucem editum ad Illustriss. Principem Ludo-

vicum Vuirtembergensem Basileae per Eusebium Episcopium, et

Nicolai Fr. haeredes. MDLXXV. Xylander was according to his

own statement a " public teacher of Aristotelian philosophy in

the school at Heidelberg'." He was a man of almost universal

culture ^ and was so thoroughly imbued with the classical litera-

ture, that the extraordinary aptness of his quotations and his

wealth of expression give exceptional charm to his writing

whenever he is free from the shackles of mathematical formulae

and technicalities. The Epistola Nuncupatoria is addressed

to the Prince Ludwig, and Xylander neatly introduces it by

the line "Offerimus numeros, numeri sunt principe digni." This

preface is very quaint and interesting. He tells us how he

first saw the name of Diophantos mentioned in Suidas, and

guere non sit in promptu, neque vero se fidum satis interpretem praebuit, cum

passim verba Diophanti immutet, bisque pleraque addat, pleraque pro arbitrio

detrahat. In multis nibilominus interpretationem Bombellii, Xilandriana prae-

stare, et ad banc emendandam me adjuvisse ingenue fateor." Ad lectorem.

1 " PubliouB pbilosopbiae Aristoteleae in schola Heidelbergensi doctor.''

2 Even Baohet, wbo, as we shall see, was no favourable critic, calls him " Vir

omnibus disciplinis exoultus."
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then found that mention had been made of his work by Kegio-

montanus as being extant in an Italian Library and having

been seen by him. But, as the book had not been edited, he

tried to reconcile himself to the want of it by making himself

acquainted with the works on Arithmetic which were actually

known and in use, and he apologises for what he considers to

have been a disgrace to him\ With the help of books only he

studied the subject of Algebra, so far as was possible from what

men like Cardan had written and by his own reflection, with

such success that not only did he fall into what Herakleitos

called oir)cnv, iepav voaov, or the conceit of " being somebody " in

the field of Arithmetic and " Logistic," but others too who were

themselves learned men thought him (as he modestly tells us)

an arithmetician of exceptional merit. But when he first

became acquainted with the problems of Diophantos (he con-

tinues) his pride had a fall so sudden and so humiliating that he

might reasonably doubt whether he ought previously to have

1 I cannot refrain from quoting the whole of this passage

:

"Sed cilm ederet nemo : oepi desiderium hoc paulatim in animo oonsopire, et

eorum quos oonsectui poteram Arithmeticorum librorum oognitione, et medita-

tionibuB nostris sepelire. Veritatis porr6 apud me est autoritas, ut ei con-

iunctum etiam oum dedecore meo testimonium lubentissimS perhibeam. Quod

Cossica seu Algebrica (cum his enim reliqua comparata, id sunt quod umbrae

Homericfe in Necya ad animam Tiresiae) ea ergo qu6d non asseqnebar modd,

quanquam mutis duntaxat usus preoeptoribus caetera airoSlSaKTos, sed et augere,

uariare, adeoque corrigere in loco didicissem, quae summi et fideliBsimi in

docendo uiri Christifer Bodolphus Silesius, Micaelus, Stifelius, Gardanus, No-

nius, aliique litteris mandauerant : incidi in ot-qa-iv, Iepav vbaov, ut scitfe appel-

lauit Heraolitus sapientior multis aliis philosophis, hoc est, in Arithmetica, et

nera Logistica, putaui me esse aHquid: itaque de me passim etiam a multis,

iisque doctis uiris iudicatum fuit, me non de grege Axithmeticum esse. Vemm
ubi primum in Diophantea incidi : ita me recta ratio circumegit, ut flendAsne

mihi ipsi antea, an uer6 ridendus fuissem, hand iniuria dubitauerim. Operae

precium est hoc loco et meam inscitiam inuulgare, et Diophantei operis,

quod mihi nebulosam istam caliginem ab oculis detersit, immd eos in coenum
barbaricum defossos eleuauit et repurgauit, gustum aliquem exhibere. Surdorum
ego numerorum tractationem ita tenebam, ut etiam addere aUorum inuentis

aliquid non poenitendum auderem, atque id quidem in rebus arithmeticis mag-

num habetur, et difficultas istarum rerum multos a mathematibus deterret.

Quanto autem hoc est praeclarius, in iis problematis, quae surdis etiam numeris

uix posse uidentnr explicari, rem eo deducere, ut quasi solum arithmeticum

uertere inssi obsurdescant illi planS, et ne mentio quidem eorum in tractatione

ingeniosisBimarum quaestionum admittatur."
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bewailed, or laughed at himself. He considers it therefore

worth while to confess publicly in how disgraceful a condition

of ignorance he had previously been content to live, and to do

something to make known the work of Diophantos, which had

so opened his eyes. Before this critical time he was so familiar

with methods of dealing with surds that he actually had ventured

to add something to the discoveries of others relating to them
;

these were considered to be of great importance in questions

of Arithmetic, and their difficulty was of itself sufficient to

deter many from the study of Mathematics. " But how much
more splendid " (says Xylander) " the methods which reduce

the problems which seem to be hardly capable of solution even

with the help of surds in such a way that, while the surds, when
bidden (so to speak) to plough the arithmetic soil, become true

to their name and deaf to entreaty, they are not so much as

mentioned in these most ingenious solutions
!

" He then de-

scribes the enormous difficulties which beset his work owing

to the corruptions in his text. In dealing, however, with the

mistakes and carelessness of copyists he was, as he says, no

novice ; for proof of which he appeals to his editions of Plutarch,

Stephanus and Strabo. This passage, which is delightful read-

ing, but too long to reproduce here, I give in full in the note '.

1 "Id uerd mihi aooidit durum et uix superabile inoommodum, qu6d mirificS

deprauata omnia inueni, ciun neque problematum expositio interdum Integra

esset, ac passim Humeri (in quibus Bita omnia eBse in hoc argumento, quia

ignorat ?) tam problematum quslm solutionum siue explioationum corruptissimi.

Non pudebit me ingenu6 fateri, qualem me heio gesserim. Audacter, et summo
cum feruore potius quam alacritate animi opus ipsum initio sum aggressus,

laborque mihi omnis uoluptati fuit, tantus est meus rerum arithmeticarum amor,

quin et gratiam magnam me apud omnes liberalium scientiarum amatores ao

patronos initurum, et praeolare de rep. litteraria meriturum intelligebam,

eamque rem mihi laudi (quam a bonis profectam nemo prudens aspernatur)

gloriaeque fortasse etiam emolumento fore sperabam. Progressus aliquantulum,

in salebras incidi : quae tantum abest ut alaoritatem meam retuderint, ut etiam

animos mihi addiderint, neque enim mihi novum aut insolens est aduersus

librariorum inouriam certamen, et hao in re militaui, (ut Horatii nostri uerbis

utar) non sine gloria, quod me non arroganter dicere, Dio, Plutarchus, Strabo,

Stephanusque nostri testantur. Sed cum mox in ipsum pelagus monstris soatens

me cursus abripuit: non despondi equidem animum, neque manus dedi, sed

tamen saepius ad oram unde soluissem respexi, qu4m portum in quern esset

euadendum cogitaudo prospicerem, depraehendique non minus uerS quam ele-
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Next Xylander tells us how he came to get possession of a manu-

script of Diophantos. In October of the year 1571 he made

a journey to Wittenberg ; while there he had conversations on

mathematical subjects with two professors, Sebastian Theodoric

and Wolfgang Schuler by name, who showed him a few pages

of a Greek manuscript of Diophantos and informed him that

it belonged to Andreas Dudicius whom Xylander describes as

" Andreas Dudicius Sbardellatus, hoc tempore Imperatoris Eo-

manorum apud Polonos orator." On his departure from Witten-

berg Xylander wrote out and took with him the solution of

a single problem of Diophantos, to amuse himself with on his

journey. This he showed at Leipzig to Simon Simonius Lucen-

sis, a professor at that place, who wrote to Dudicius on his

behalf A few months afterwards Dudicius sent the MS. to

Xylander and encouraged him to persevere in his undertaking

to translate the Arithmetics into Latin. Accordingly Xylander

insists that the glory of the whole achievement belongs in

no less but rather in a greater degree to Dudicius than to

himself Finally he commends the work to the favour of the

Prince Ludwig, extolling the pursuit of arithmetical and alge-

braical science and dwelling in enthusiastic anticipation on the

influence which the Prince's patronage would have in help-

ing and advancing the study of Arithmetic'. This Epistola

ganter ea cecinisse Alcaeum, quae (ei poBsmn) Latine in hac quasi uotiua mea
tabula scribam.

Qui uela uentis uult dare, dum licet,

Cautus futuri praeuideat modum
Cursus. mare ingressus, marine

Nauiget arbitrio neoease est.

Sane quod de Ecbeneide pisce fertur, eum nauim cui se adplicet remorari, poene

credibOe fecit mihi mea cymba tot mendorum remoris retardata. Expediui

tamen me ita, ut facUfe orcmea mediocri de his rebus iudicio praediti, intelleoturi

sint incredibilem me laborem et aerumnas difficilimas superasae : pudore etiam

stimulatum oneris quod ultro mihi imposuisaem, non perferendi. Paucula quae-

dam non plane explioata, studio et certia de causia in alium locum reiecimus.

Opua quidem ipaimi ita abaoluimua ut neque eius nos pudere debeat, et Arith-

meticae Logiaticeaque studiosi nobis se plurimum debere sint baud dubie

professuri."

' "Hoc non modo tibi Princeps lUustriaaime, honorificum erit, atque glori-

osum; sed te labores nostros approbante, arithmetioae studium cxUa alibi, turn

in tua Academia et Gymnasiis, excitabitur, confirmabitur, prouehetur, et ad
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Nuncupatoria bears the date 14th August, 1574'. Xylander
died on the 10th of February in the year following that of the

publication, 1576. Some have stated that Xylander published

the Greek text of Diophantos as well as the Latin translation.

There appears to be no foundation for the statement, which

probably rests on a misunderstanding of certain passages in

which Xylander refers to the Greek text. It is possible that

he intended to publish the Greek original but was prevented

by his death which so soon followed the appearance of his trans-

lation. It is a sufficient proof, however, that if such was his

purpose it was never carried out, that Bachet asserts that he

himself had never seen or found any one who had ever seen

such an edition of the Greek text ^

Concerning the merits of Xylander and his translation of

Diophantos much has been written, and chiefly by authors who
were not well acquainted with the subject, but whose very

ignorance seems to have been their chief incitement to startling'

statements. Indeed very few persons at all seem to have

studied the book itself: a fact which may be partly accounted

for by its rarity. Nesselmann, whose book appeared in 1842,

tells us honestly that he has never been able to find a copy,

but has been obliged to take all information on the subject

at second hand from Cossali and Bachet ". Even Cossali, so far

as he gives any opinion at all upon the merits of the book,

seems to do no more than reproduce what Bachet had said

before him. Nor does Schulz seem to have studied Xylander'

s

work : at least all his statements about it are vague and may

very well have been gathered at second hand. Both he and

perfectam eius scientiam multi tuis auspiciis, nostro labore perduoti, magnam

hac re tuis in remp. beneficiis aocessionem faotam esse gratissima oommemora-

tione praedicabunt."

1 "Heidelberga. postrid. Eidus Sextiles cio la lxxiv."

2 "An vero et GraeoS a Xilandro editus sit Diophantus, nondum certfe com-

perire potui. Videtur sanfe in multis suorum Commentariorum locis, de Graeoo

Diophanto tanquam a se edito, vel mox edendo, verba facere. Sed banc editi-

onem, negue mihi vidisse, neque aliquem qui viderit hactenus audivisse oontigit."

Bachet, Epist. ad Led.
^ There is not, I believe, a copy even in the British Museum, but I had

the rare good fortune to find the book in the Library of Trinity College,

Cambridge.

H. D. 4
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Nesselmann confine themselves to saying that it was not so

worthless as many writers had stated it to be (Nesselmann on

his part confessing his inability to form an opinion for the

reason that he had never seen the book), and that it was

well received among savants of the period, while its effect on

the growth of the study of Algebra was remarkable \ On
the other hand, the great majority of writers on the subject

may be said to shout in chorus a very different cry. One

instance will suffice to show the quality of the statements that

have been generally made : to enumerate more would be waste

of space. Dr Heinrich Suter in a History of Mathematical

Sciences (Zurich 1873) says'^ " This translation is very poor,

as Xylander was very little versed in Mathematics." If Dr Hein-

rich Suter had taken the trouble to read a few words of

Xylander's preface, he could hardly have made so astounding

a statement as that contained in the second clause of this

sentence. This is only a specimen of the kind of statements

which have been made about Xylander's book ; indeed I have

been able to find no one who seems to have adequately studied

Xylander except Bachet ; and Bachet's statements about the

work of his predecessor and his own obligations to the same

have been unhesitatingly accepted by the great majority of

later writers. The result has been that Bachet has been uni-

versally considered the only writer who has done anything

considerable for Diophantos, while the labours of his prede-

cessor have been ignored or despised. This view of the relative

merits of the two authors is, in my view, completely erroneous.

From a careful study and comparison of the two editions I

have come to the conclusion that honour has not been paid

where honour was due. It would be tedious to give here in

1 Scbulz. "Wie unvollkommen Xylanders Arbeit auch ausfiel, wie oft er

auoh den rechten Sinn verfehlte, und wie oft auch seine Anmerkungeu den
Leser, der sich Kathes erholen will, im Stiohe lassen, so gut war dooh die

Aufnaiune, welche sein Buch bei den Gelebrten damaliger Zeit fand; denn in

der That giug den Mathematikeru duroh die Erscheinung dieses "Werkes eia

neues Licht auf, und es ist mir sehr wahrscheinlich, dass er viel dazu beigetragen

hat, die allgemeine Arithmetik zu ihrer naehmaligen Hohe zu erheben."
2 "Diese Uebersetzung aber ist sehr schwaoh, da Xylander in Mathematik

sehr weni" bewaudert war."
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detail the particular facts which led me to this conclusion. I

will only say in this place that my suspicions were first aroused

by reading Bachet's work alone, before I had seen the earlier

one. From perusing Bachet I received the impression that his

repeated emphatic and almost violent repudiation of obligation

to Xylander, and his disparagement of that author suggested

the very thing which he disclaimed, that he was under too

great obligation to his predecessor to acknowledge it duly.

I must now pass to Bachet's work itself It was the first

edition published which contained the Greek text, and appeared

in 1621 bearing the title: Diophanti Alexandrini Arithmetico-

rwm libri sex, et de nunieris multangulis liber unus. Nunc
primum Graece et Latinh editi, atque absolutissimis Commentariis

illustrati. Auctore Claudia Gaspare Bacheto Meziriaco Sebusiano,

V.C. Lutetiae Parisiorum, Sumptibus Hieronymi Drovart^, via

Jacobaea, sub Scuto Solari. MDCXXI. (I should perhaps

mention that we have a statement^ that in Carl von Montchall's

Library there was a translation of Diophantos which the mathe-

matician "Joseph Auria of Neapolis" made, but did not ap-

parently publish, and which was entitled "Diophanti libri sex,

cum scholiis graecis Maximi Planudae, atque liber de numeris

polygonis, collati cum Vaticanis codicibus, et latine versi a

Josepho Auria." Of this work we know nothing; neither

Bachet nor Cossali mentions it. The date would presumably

be about the same as that of Xylander's translation, or a little

later.) Bachet's Greek text is based, as he tells us, upon a MS.

which he calls "codex Regius", now in the Bibliotheque Na-

tionale at Paris; this MS. is his sole authority, except that

Jacobus Sirmondus had part of a Vatican MS. transcribed for

him. He professes to have produced a good Greek text, having

spent incalculable labour upon its emendation, to have inserted

1 For "sumptibus Hieronymi Drovart" Nesselmann has "sumptibus Sebas-

tiaui Cramoisy, 1621" which is found in some copies. The former (as given

above) is taken from the title-page of the copy which I have used (from the

Library of Trinity College, Cambridge).

2 Schulz, Vorr. xLiii.: "Noch erwahnen die Litteratoren, dass sich in der

Bibliothek eines Carl von Montchall eine Bearbeitung des Diophantus von dem

beriihmten Joseph Auria von Neapel (vermuthlich doch nur handschriftHoh)

befunden habe, welche den Titel fubrte u. s. \v." (see Text).

4—2
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in brackets all additions which he made to it and to have

given notice of all corrections, except those of an obvious or

trifling nature; a few passages he has left asterisked, in cases

where correction could not be safely ventured upon. In spite

however of Bachet's assurance I cannot help doubting the

quality of his text in many places, though I have not seen

the MS. which he used. He is careful to tell us what pre-

vious works relating to the subject he had been able to con-

sult. First he mentions Xylander (whom he invariably quotes

as Xtlander), who had translated the whole of Diophantos, and

commented upon him throughout, "except that he scarcely

touched a considerable part of the fifth book, the whole of the

sixth and the treatise on multangular numbers, and even the

rest of his work was not very successful, as he himself admits

that he did not thoroughly understand a number of points."

Then he speaks of Bombelli (already mentioned) and the

Zetetica of Vieta (in which the author treats in his own way a

large number of Diophantos' problems : Bachet thinks that he

so treated them because he despaired of restoring the book

completely). Neither Bombelli nor Vieta (says Bachet) made

any attempt to demonstrate the difficult porisms and abstruse

theorems in numbers which Diophantos assumes as known in

many places, or sufficiently explained the causes of his opera-

tions and artifices. All these omissions on the part of his

predecessors he thinks he has supplied in his notes to the

various problems and in the three Books of "Porisms" which he

prefixed to the work'. As regards his Latin translation, he

says that he gives us Diophantos in Latin from the version of

Xylander most carefully corrected, in which he would have us

know that he has done two things in particular, first, corrected

1 On the nature of some of Bachet's proofs Nicholas Saunderson (formerly

Lucasian Professor) remarks in Elements of Algebra, 1740, apropos of Dioph.

III. 17. "M. Bachet indeed in the 16th and 17th props, of his second book of

Porisms has given us demonstrations, such as they are, of the theorems in the

problem: but in the first place he demonstrates but one single case of those

theorems, and in the next place the demonstrations he gives are only synthetical,

and so abominably perplexed withal, that in each demonstration he maJies use

of all the letters in the alphabet except I and 0, singly to represent the quantities

he has there occasion for."
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what was wrong and supplied the numerous lacunae, secondly,

explained more clearly what Xylander had given in obscure or

ambiguous language: "I confess however", he says "that this

made so much change necessary, that it is almost more fair

to attribute the translation to me than to Xilander. But if

anyone prefers to consider it as his, because I have held fast,

tooth and nail, to his words when they do not misrepresent

Diophantus, I do not care'". Such sentences as these, which

are no rarity in Bachet's book, are certainly not calculated to

increase our respect for the author. According to Montucla'',

"the historian of the French Academy tells us" that Bachet

worked at this edition during the course of a quartan fever, and

that he himself said that, disheartened as he was by the diffi-

culty of the work, he would never have completed it, had it

not been for the stubbornness which his malady generated in

him.

As the first and only edition of the Greek text of Dio-

phantos, this work, in spite of any imperfections we may find in

it, does its author all honour.

The same edition was reprinted and published with the

addition of Fermat's notes in 1670. Diophanti Alexandrini

Arithmeticorum lihri sea;, et de numeris multangulis liber unus.

Cum commentariis C. G. Bacheti V. G. et obseruationibus D. F.

de Fermat Senatoris Tolosani. Accessit Doctrinae Analyticae

inuentum nouum, collectum ex variis eiusdem D. de Fermat

Epistolis. Tolosae, Excudehat Bernardus Bosc, h Regione Gollegii

Societatis Jesu. MDGLXX. This edition was not published

by Fermat himself, as certain writers imply', but by his son

1 "Deinde Latinum damus tibi Diophantum ex Xilandri versione accura-

tissimS castigata, in qua duo potissimum nos praestitisse scias velim, nam

et deprauata correximus, hianteBque passim lacunas repleuimus : et quae sub-

obscurg, vel ambiguS fuerat interpretatus Xilander, dilucidius exposuimus; fateor

tamen, inde tantam inductam esse mutationem, vt propemodum aequius sit ver-

sionem istam nobis quam Xilandro tribuere. Si quis autem potius ad eum per-

tinere contendat, qu6d eius verba, quatenus Diophanto fraudi non erant, mordicus

retinuimus, per me licet."

2 I. 323.

' So Dr Heinrich Suter: "Diese Ausgabe wurde 1670 durch Fermat emeuert,

der sie mit seinen eigenen algebraischen UnterBuchungen und Erfindungen

^usstattete,"
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after his death. S. Fermat tells us in the preface that this

publication of Fermat's notes to Diophantos was part of an

attempt' to collect together from his letters and elsewhere his

contributions to mathematics. The "Doctrinae Analyticae In-

uentum nouum" is a collection made by Jacobus de Billy from

various letters which Fermat sent to him at different times.

The notes upon Diophantos' problems, which his son hopes will

prove of value very much more than commensurate with their

bulk, were (he says) collected from the margin of his copy of

Diophantos. From their brevity they were obviously intended

for the benefit of experts \ or even perhaps solely for Fermat's

own, he being a man who preferred the pleasure which he had

in the work itself to all considerations of the fame which might

follow therefrom. Fermat never cared to publish his investiga-

tions, but was always perfectly ready, as we see from his letters,

to acquaint his friends and contemporaries with his results. Of

the notes themselves this is not the place to speak in detail.

This edition of Diophantos is rendered valuable only by the

additions in it due to Fermat; for the rest it is a mere reprint

of that of 1621. So far as the Greek text is concerned it is

very much inferior to the first edition. There is a far greater

number of misprints, omissions of words, confusions of numerals;

and, most serious of all, the brackets which Bachet inserted in

the edition of 1621 to mark the insertion of words in the text

are in this later edition altogether omitted. These imperfec-

tions have been already noticed by Nesselmann''. Thus the

reprinted edition of 1670 is untrustworthy as regards the text.

^ Lectori Beneuolo, p. iii. :
" Doctis quibus tantum pauca sufficiunt, harmn

obseruationum auotor Bcribebat, vel potius ipse sibi soribens, bis studiis exerceri

malebat quam gloriari ; adeo autem iUe ab omni ostentatione alienus erat, vt nee

lucubrationes suas typie mandari curauerit, et suorum quandoque responsorum

autographa nullo seruato exemplari petentibus vitro miserit ; norunt scilicet ple-

rique celeberrimorum huius saeculo Geometrarum, quam libenter ille et quanta

humanitate, sua iis inuenta patefecerit."

2 "Was dieser Abdruck an ausserer Eleganz gewonnen hat (denn die Ba-

cbet'sche Ausgebe ist mit ausserst unangenehmen, namentlich Grieehisohen

Lettern gedruckt), das hat sie an innerm Werthe in Bezug auf den Text ver-

loren. Sie ist nicht bloss voller Druckfehler in einzelnen Worten und Zeichen

(z. B. durchgehends w statt "^, 900) sondern auch ganze Zeilen sind ausgelassen

Oder doppelt gedruckt, (z. B. in. 12 eine Zeile doppelt, iv. 25 eine doppelt und
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I omit here all mention of works which are not directly

upon Diophantos (e.g. the so called "Translation" by Stevin and

Alb. Girard). We have accordingly to pass from 1670 to 1810

before we find another extant work directly upon Diophantos.

In 1810 was published an excellent translation (with additions)

of the fragment upon Polygonal Numbers by Poselger : Dio-

phantus von Alexandrien ilber die Polygonal-Zahlen. Uebersetzt

mit Zusatzen von F. Th. Poselger. Leipzig, 1810.

Lastly, in 1822 Otto Schulz, professor in Berlin, published a

very meritorious German translation with notes : Diophantus

von Alexandria arithmetische Aufgaben nebst dessert, Schrift ilber

die Polygon-Zahlen. Aus dem Grlechischen ubersetzt und mit

Anmerkungen begleitet von Otto Schulz, Professor am Berlinisch-

Colnischen Gymnasium zum grauen Kloster. Berlin, 1822. In

der Schlesingerschen Buck- und Musikhandlung. The former

work of Poselger is with the consent of its author incorporated

in Schulz's edition along with his own translation and notes

upon the larger treatise, the Arithmetics. According to Nessel-

mann Schulz was not a mathematician by profession: he pro-

duced, however, a most excellent and painstaking edition, with

notes chiefly upon the matter of Diophantos and not on the

text (with the exception of a very few emendations) : notes

which, almost invariably correct, help much to understand the

author. Schulz's translation is based upon the edition of

Bachet's text published in 1670; so that nothing has been done

for the Greek text since the original edition of Bachet (1621).

I have now mentioned all the extant books which have been

written directly upon Diophantos. Of books here omitted

which are concerned with Diophantos indirectly, i.e. those

which reproduce the substance of his solutions or solve his

gleich hinterher eine ausgelassen, rv. 52 eine doppelt, v. 11 eine ausgelassen,

desgleichen v. 14, 25, 33, vi. 8, 13 und so weiter), die Zahlen Verstummelt, was

aber das Aergste ist, die Bachet'schen kritisohen Zeichen sind fast iiberall, die

Klammer durchgangig weggefallen, so dass diese Ausgabe als Text des Diophant

vollig unbrauohbar geworden ist," p. 283.

Accordingly Cantor errs when he says "Die beste Textausgaie ist die von

Bachet de Meziriao mit Anmerkungen von Fermat, Toulouse, 1C70." {Gesch,

p. 396.)
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problems or the like of them by different methods a list has

been given at the outset. As I have already mentioned a

statement that Joseph Auria of Naples wrote circa 1580 a

translation of Diophantos which was found (presumably in MS.

form) in the library of one Carl von Montchall, it is necessary

here to give the indications we have of lost works upon Dio-

phantos. First, we find it asserted by Vossius (as some have

understood him) that the Englishman John Pell wrote an un-

published Commentary upon Diophantos. John Pell was at

one time a professor of mathematics at Amsterdam and gave

lectures there on Diophantos, but what Vossius says about his

commentary may well be only a recommendation to undertake

a commentary, rather than a historical assertion of its comple-

tion. Secondly, Schulz states in his preface that he had lately

found a note in Schmeisser's Orthodidaktik der Mathematik that

Hofrath Kausler by command of the Russian Academy pre-

pared an edition of Diophantos \ Of this nothing whatever is

known; if ever written, this edition must have been only for

private use at St Petersburg.

I find a statement in the New American Cyclopaedia (New
York, D. Appleton and Company), vol. vi. that "a complete

translation of his (Diophantos') works into English was made
by the late Miss Abigail Lousada, but has not been published."

' The whole passage of Sohmeisser is: "Die mechanische, geistlose Behand-
lung der Algebra ist ins besondere -von Herrn Hofrath Kausler stark geriigt

worden. In der Vorrede zu seiner Ausgabe des Vflakerschen Exempelbuchs

begiimt er so :
' Seit mehreren Jahren arbeitete ioh fiir die Eussisch-Kaiserliche

Akademie der Wissensohaften Diophants unsterbUehes Werk iiber die Arithmetik
aus, und fand darin einen solchen Schatz von den feiusten, soharfsinnigsten

aJgebraisohen Auflosungen, dass mir die mechanische, geistlose Methods der

neuen Algebra mit jedem Tage mehr ekelte u. s. w.' "
(p. 33.)



CHAPTER IV.

NOTATION AND DEFINITIONS OF DIOPHANTOS.

§ 1. As it is my intention, for the sake of brevity and

perspicuity, to make use of the modern algebraical notation

in giving my account of Diophantos' problems and general

methods, it will be necessary to describe once for all the

machinery which our author uses for working out the solutions

of his problems, or the notation by which he expresses the

relations which would be represented in our time by algebraical

equations, the extent to which he is able to manipulate unknown

quantities, and so on. Apart, however, from the necessity of

such a description for the proper and adequate comprehension

of Diophantos, the general question of the historical develop-

ment of algebraical notation possesses great intrinsic interest.

Into the general history of this subject I cannot enter in this

essay, my object being the elucidation of Diophantos ; I shall

accordingly in general confine myself to an account of his

notation solely, except in so far as it is interesting to compare it

with the corresponding notation of his editors and (in certain

cases) that of other writers, as for example certain of the early

Arabian algebraists.

§ 2. First, as to the representation ofan unknown quantity.

The unknown quantity, which Diophantos calls ifKfjdo^ fiovaSav

dXojov i. e. " a number of units of which no account is given,

or undefined " is denoted throughout (def 2) by what is uni-

versally printed in the editions as the Greek letter s with an

accent, thus ?'; or in the form ?°'. This symbol in verbal

description he calls u dpt.0fi6<;, "the number" i.e. by impli-
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cation, the number par excellence of the problem in question.

In the cases where the symbol is used to denote inflected

forms, e. g. accusative singular or dative plural, the terminations

which would have been added to the stem of the full word

apLdfji6<; are printed above the symbol 9 in the manner of an

exponent, thus ?^' (for apiOjxov, as t' for tov), 9°", the symbol

being in addition doubled in the plural cases, thus 99°', 99°''', 99""

99°" for dpiOfMoi K.T.k. When the symbol is used in practice, the

coefficient is expressed by putting the required Greek numeral

immediately after it, thus 99°' Td corresponds to 11a;, 9'a to a;

and so on.

Respecting the symbol 9 as printed in the editions it is

clear that, if 9' represents dpLO/j.o's, this sign must be different

in kind from all the others described in the same definition, for

they are clearly mere contractions of the corresponding names\

The opinion which seems to have been universally held as to

the nature of the symbol of the text by the best writers

on Diophantos is that of Nesselmann and Cantor ^ Both

I authors tell us that the final sigma is used to denote the

! unknown quantity representing dpid/xo'?, the complete word for

' it ; and they imply in the passages referred to that this final

j
sigma corresponds exactly to the as of modern equations, and

that we have here the beginning of algebraical notation in the

strict sense of the term, notation, that is, which is purely

conventional and shows in itself no necessary connection be-

tween the symbol and the thing denoted by it. I must observe,

however, that Nesselmann has in another place ° corrected the

impression which the reader might have got from the first

passage referred to, that he regarded the use of the sign for

dpi6fi6<; as a step towards genuine algebraical notation. He
makes the acute observation that, as the symbol occurs in

many places where it represents dpidfio^ used in the ordinary

untechnical sense, and is therefore not exclusively used to

designate the unknown quantity, the technical dpi6fi6<;, it

must after all be more of the nature of aiu^^br£sda±jfla-_Uian

' Vide infra S", k", 55^, &c. contractions for Siiva/us, k6^os, Swa/ioSvpains, &c.
' Nesselmann, pp. 290, 291. Cantor, p. 400.

3 pp. 300, 301.
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an algebiaif^»J syrmVinl This view is, I think, undoubtedly

correct ; but the question now arises : how can the final sigma

of the Greek alphabet be an abbreviation for dpiOfj,6<; 1 The

difficulty of answering this question suggests a doubt which,

so far as I am aware, has been expressed by no writer upon

Diophantos up to the present time. Is the sign, which Bachet's

text gives as a final sigma, really the final sigma at all ?

Nesselmann and Cantor seem never to have doubted it, for

they both assign a reason why the final ? was appropriated for the

designation of the unknown quantity, namely that it was the

only letter of the Greek alphabet which was not already in

use as a numeral. The question was suggested to me princi-

pally by the doubt whether the final sigma, ?, was developed

as distinct from the form o- as early as the date of the MS. of

Diophantos which Bachet used, or rather as early as the first

copy of Diophantos, for the explanation of the sign is given

by the author himself in the text of the second definition.

This being extremely doubtful, if not absolutely impossible,

in what way is its representation as a final sigma in Bachet's

text to be accounted for ? The MS. from which Bachet edited

his Greek text is in the Bibliotheque Nationale, Paris, and I

have not yet been able to consult it : but, fortunately, in a paper

by M. Eodet in the Journal Asiatique (Janvier 1878), I found

certain passages quoted by the author from Diophantos for

the purpose of comparison with the algebra of Mohammed
ibn Musa Al-Kharizmi. These passages M. Rodet tells us that

he copied accurately from the identical MS. which Bachet used.

On examination of these passages I found that in all but two

cases of the occurrence of the sign for apidfj.6<; it was given

as the final sigma. In one of the other cases he wiites for

6 dpidfi6<; (in this instance untechnical) the abbreviation o d^

and in the other case we find Ifij"' for dpiOfioL In this last place

Bachet reads 99°' But the same symbol qq"' which M. Rodet

gives is actually found in three places in Bachet's own edition.

(1) In his note to IV. 3 he gives a reading from his MS. which

he has corrected in his own text and in which the signs qa and

qq^ occur. They must here necessarily signify dpi6fi6<; a and

dpidfioi V respectively because, although the sense requires
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1 8
the notation corresponding to - , -

, not x, 8x, we know, not

only from Bachet's direct statement but also from the trans-

lation of certain passages by Xylander, that the sign for dpudfio^

is in the MSS. very often carelessly written for dpidfioa-rov and

its sign. (2) In the text of iv. 14 there is a sentence (marked

by Bachet as interpolated) which has the expression qqr where

again the context shows that qq is for dpidfioL (3) At the

beginning of v. 12 there is a difficulty in the text ; and Bachet

notes that his MS. has 6 Znrkaaiav avrov q...where a Vatican

MS. reads 6 hivXacriav avrov dpi,6/j,6v... Xylander also notes

that his MS. had fitJTe o SnrXacricov avrov ap It is thus clear

that the MS. which Bachet used sometimes has the sign for

dpiOfio'i in a form which is at least sufficiently like q to

be taken for it. This last very remarkable variation as com-

pared with 9?°' seemed at first sight inexplicable ; but oq refe-

rence to Gardthausen, Griechische Palaeographie, I found under

the head " hieroglyphisch-conventionell " an abbreviation y, yl,

for dpi6fi,6<;, dpiOfioi, which the author gives as occurring in

the Bodleian MS. of Euclid'. The same statement is made
by Lehmann^ {Die tachygraphischen Ahkurzungen der grie-

chischen Handschriften, 1880) who names as a sign for dpi,6fu.6^,

found in the Oxford MS. of Euclid, a curved line similar to

that used as an abbreviation for /cat. He adds that the ending

is placed above it, and the simple sign is doubled for the

plural. Lehmann's facsimile of the sign is like the form given

by Gardthausen, except that the angle in the latter is a little

more rounded by Lehmann. The form l|ij"" above mentioned
as given by M. Rodet and Bachet is also given by Lehmann
with a remark that it seems to be only a modification of the

other. If we take the form as given by Gardthausen, the change
necessary is the very slightest possible. Thus by assuming
this conventional abbreviation for dpt.6fi6<; it is easy to see

1 D'Orville mss. x. 1 inf. 2, 30.

=^ p. 107: "Von Sigeln, welohen ich auch anderwarts begegnet bin, Bind zu
nennen api.eij.6i, das in der Oxforder EuclidhandBohrift mit einer der Note
Kal ahnlichen Sehlangenlinie bezeicbnet wird. Die Endung wird daruber
gesetzt, zur Bezeichnung des Plwalg wird das ejnfache Zeiojien yerdoppelt,"
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how it was thought by Bachet to be a final sigma and how

also it might be taken for the isolated form given by M. Rodet.

As I have already implied, I cannot think that the symbol

used by Diophantos is really a final sigma, 9. That the con-

ventional abbreviation in the Euclid MS. and the sign in

Diophantos are identical is, I think, certain; and that neither

of the two is a final sigma must be clear if it can be proved

that one of them is not. Having consulted the MS. of the first

ten problems of Diophantos in the Bodleian Library, I conclude

that the symbol in this work cannot be a final sigma for the

following reasons. (1) The sign in the Bodleian MS. is written

thus, '<^° for dpt.6fj,6i; and though the final sigma is used uni-

versally in this MS. at the end of words there is, besides

a slight difference in shape between the two, a very distinct

difference in size, the sign for dpi,dfi6<; being always very much
larger. There are some cases in which the two come close

together, e.g. in the expression eh '<^° ice, and the difference is

very strongly marked. (2) As I have shown, the breathing is

prefixed before the sign. This, I think, shows clearly that the

symbol was regarded as an abbreviation of certain letters be-

ginning with a the first letter of apt^/io?. It is interesting also

to observe that in the Bodleian MS. there are certain cases in

which dpiS/jio^ in its untechnical, and dpiOfio'; in its technical

sense follow each other as in era^a to tov Beuripov '2^ dpi6/u,ov

ev6<i, where (contrary to what might be expected) the sign is

used for the untechnical dpiOfioi; and the other is written in

full. This is a very remarkable piece of evidence to show that

the sign is an abbreviation and in no sense an algebraical

symbol. More remarkable still as evidence of this view is the

fact that in the same MS. the word dpi6fi6<i in the definition

o Be fjLTjSev T0VT03V Twv IBico/uLaTav KTr](Td/Mevo<s...6'X^a>v Be...

dpid/xd'i KaXeiTat is itself- denoted by the symbol, so that in

the MS. there is absolutely no difference between the full name

and the symbol.

My conclusion therefore being (1) that the sign given as 9

in Bachet's text of Diophantos is not really the final sigma,

(2) that it is an abbreviation of some kind for dpi6fj,6<;, the

question arises. How was this abbreviation arrived at ? If it is
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not a hieroglyph (and I have not yet found any evidence of its

hieroglyphic origin), I would suggest that it might very well

be a corruption, after combination, of the two first letters of the

word. Alpha and Rho.

Before I go on to state when and how I conceive this

contraction may have come about, I may observe that, given

its possibility, my supposition has, it seems to me, every-

thing in its favour. (1) It would explain, and is countenanced

by, the solitary occurrence in M. Eodet's transcription of the

contraction d\ (2) It would also explain the remarkable

variation in the few words quoted from Xylander's note on

V. 12, fiijre 6 hiTTkaaiwv avTov ap iJ,d a... These words are

important because in no other sentence which he quotes in

the Greek does any abbreviation of dpiOfioi occur. As his

work is a Latin translation he rarely quotes the original Greek

at all: hence we might have doubted whether the sign for

dpi6fjb6<; occurred in his MS. in the same form as in Bachet's.

That it did occur in the same form is, however, clear from the

note to III. 12\ That is to say, both ap and 'h are used in one

and the same MS. to signify dpi,d/x6<;. This circumstance is easily

explained on my hypothesis ; and I do not see how it can be

explained on any other. But (3) the most important advantage

that my theory would have is that it would establish uniformity

between the different abbreviations used by Diophantos. It

would show him to have proceeded on one invariable principle

in fixing those abbreviations which we should naturally have

expected to be parallel. Diophantos, in fact, appears to have

proceeded thus. He took in all cases the first letter of the

corresponding words i.e. a, S, k, fi. Then, as these could not be

used alone for the reason that they all represented numbers, he

added another letter to each. Now, as it happened, the second

letter in each of the four words named occurred later in the

' In this problem it evidently occurred wrongly instead of the sign for the

fraction apidij.oct6v (as was commonly the case in the mbs.), for after stating

that the context showed the reading api.6iibi to be wrong Xylander says: "Est
sane in Graeco nota senarii r. Sed locum habere non potest." Now s and r
are so much alike that what was taken for one might easily be taken for the

other.
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alphabet than the respective first letters. Thus a with p added,

S with V added, k with v added, and fi with o added gave abbre-

viations which could not be confounded with particular numbers.

No doubt, if the two letters in each case were not written in the

same line by Diophantos, but the second raised above the other,

the signs might, unless they or the separate letters were dis-

tinguished by some special marks, have been confused with

numerical fractions. There would however be little danger of

this ; such confusion would be very unlikely to arise, for (a) the

context would nearly always render it impossible, as also would

(6) the constant recurrence of the same sign for a constantly

recurring term, coupled with the fact that, if on any particular

occasion it denoted a numerical fraction, it could and woxild

naturally be expressed in lower terms. Thus, if S", k", /j," were

numerical fractions, they would be as unlikely to be written thus

as we should be unlikely to write ^j^^, ^%, f§. Indeed the

only sign of the four which, written with the second letter

placed as an exponent to the second, could reasonably be supposed

to represent a numerical fraction is a", which might mean ^u^-

But, by a curious coincidence, confusion is avoided in this case
;

and the contraction, which I suppose to have taken place, might

very well be an expedient adopted for the purpose : thus we

may have here an explanation why only one of the four signs

ap, Bv, Kv, fjLo is contracted. (4) Again, if we assume ^ to be a

contraction of ap, we can explain the addition of terminations to

mark cases and number in the place where the second letter of

the other abbreviations is written. The sign '<^ having no

letter superposed originally, this addition of terminations was

rendered practicable without resulting in any confusion. On
its convenience it is unnecessary to enlarge, because it is clear

that the symbol could then be used instead of the full word far

more frequently than the others. Thus oblique cases of BvvafiK

are written in full where oblique cases of dpi6/j,6<; would be

abbreviated. For S", «", p," did not admit of the addition of

terminations without possible confusion and certain clumsiness.

A few words will suffice to explain my views concerning the

evolution of the sign for dpi0fj.6<;. There are two alternatives

possible. (1) Diophantos may not himself have made the con-
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traction at all ; he may have written the two letters in full. In

that case I suppose the sign to be a cursive contraction used by

scribes. I conceive it would then have come about through a

tolerably obvious intermediate form, "p. The change from this

to either of the two forms of the symbol used in MSS. for dpi,0/j.6<;

is very slight, in one case being the loss of a stroke, in the

other the loss of the loop of the p. (2) Diophantos may have

used a sign approximately, if not exactly, like the form which

we now find in the MSS. Now Gardthausen divides cursive

writing into two kinds, which he calls " Majuskelcursive " and
" Minuskelcursive." One or other of these terms would be

applied to a type of writing according as the uncial or cursive

element predominates. That in which the uncial element pre-

dominates is the " Majuskelcursive," which is intermediate be-

tween the uncial and the cursive as commonly understood.

Gardthausen gives examples of MSS. which show the gradations

through which writing passed from one to the other. Among
the specimens of the " Majuskelcursive " writing he mentions

a Greek papyrus, the date of which is 154 A.D., i.e. earlier than

the time of Diophantos. From this MS. he quotes a contraction

for the two letters a and p, namely op. This may very well be

the way in which Diophantos wrote the symbol ; and, after

being copied by a number of scribes successively, it might very

easily come into the MSS. which we know in the slightly simplified

form in which we find it\

' Much of what I have written above concerning the symbol for apiB/uSs

appeared in an article "On a point of notation in the Arithmetics of Dio-

phantos," which I contributed to the Journal of Philology (Vol. xni. No. 25,

pp. 107—113). Since that was written I have considered the subject more
thoroughly, and I have been able to profit by a short criticism of my theory,

as propounded in the article alluded to, by Mr James Gow in his recent History

of Greek Mathematics (Camb. Univ. Press, 1884). In the Addenda thereto

Mr Gow states that he does not think my suggestion that the supposed final

sigma is a contraction of the first two letters of apiOnos is true, for three reasons.

It is right that I should answer these objections in this place. I will take them
in order.

1. Mr Gow argues:—"The contraction must be supposed to be as old as

the time of Diophantus, for he describes the symbol as t6 s instead of rd or

T(4 ap. Yet Diophantus can hardly (as Mr Heath admits) have used cursive

characters.'' Upon this objection I will remark that I do not think the desorip-
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In the following pages, as it is impossible to say for certain

•what this sign really is, I shall not hesitate, where it is neces-

tion of the- symbol as to 5 proves that the supposed contraction must be as old

as the time of Diophantos himself. I see no reason, even, why Diophanto3

himself should not have written koI tanv airov ir-qiieiov to dp. For (a) it seems

to me most natural that the article should be in the same number as o-ij/xeioc

Mr Gow might, I think, argae with equal force that the Greek should run, kcI

e<mji aiiToC arjiie^a ri dp. And yet cruj-eiov is not disputed. Supposing, then,

that we have assumed on other grounds that Diophantos used the first two

letters, contracted or uncontracted, of afuSfios as his symbol for it, I do not see

that the use of the article in the singular constitutes any objection to our

assumption, (b) Besides the consideration that to ap is perfectly possible

grammatically, we have yet other evidence for its possibility in expressions

which we actually find in the text. The symbol for the fifth power of the

unknown, or for Sui'a/i6)cu(3os, is described thus : Kal Imp airov ariii.etov t6 hi

iiri(rr)/j.ov ^x'"""" ". S/c". In this case much more than in the supposed case of

dp should we have expected the plural article with Sk instead of the singular; but

Sk iirlcry]p.ov ^xw" v is in apposition with 6k" and is looked upon as a single

expression, and therefore preceded by the singular article to. If we give full

weight to these considerations, it must, I think, be admitted that Mr Gow's

conclusion that the contraction must be as old as the time of Diophantos,

whether true or not, is certainly not established by his argument from the

description of the symbol as tA s. Hence, as one link in the reasoning em-

bodied in Mr Gow's first objection fails, the objection itself breaks down.

Mr Gow appears to have misunderstood me when he attributes to me the

inconsistency of supposing Diophantos to have used cursive characters, while

in another place I had disclaimed such a supposition. It will be sufficiently

clear from the explanation which I have given of the origin of the contraction

that I am very far from assuming that Diophantos used cursive characters such

as we now use in writing Greek. At the same time it is possible that Mr Gow's

apparent mistake as to my meaning may be due to my own inadvertence in

saying (in the article above-mentioned) "If it [the symbol] is not a hiero-

glyph (and I have not found any evidence of its hieroglyphic origin), I would

suggest that it might very well be a corruption of the two letters dp" (printed

thus), where, however, I did not mean the cursive letters any more than

uncials,

2. I now pass to Mr Gow's second objection to my theory.

"The abbreviation s° for dpi.6ii6s in its ordinary sense is very rare indeed.

It is not found in the msb. of Nioomachus or Pappus, where it might most

readily be expected. It may therefore be due only to a scribe who had some

reminiscence of Diophantus." The meaning of this last sentence does not seem

quite clear. I presume Mr Gow to mean "Ira the rare cases where it does occur,

it may be due, &c." I do not know that I am concerned to prove that t," for

dpi.6ii.ii is of very frequent occurrence in msb. other than those of Diophantos.

Still the form t,, which I have no hesitation in stating to be the same as t,,

occurs often enough in the Oxford MB. of Euclid to make Gardthausen and

H. D. 5
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sary to designate it, to call it the final sigma for convenience'

Lehmann notice it. And, even if its use in that ms. is due to a scribe who had

some reminiscence of Diophantos, I do not see that this consideration affects

my theory in the least. In fact, it is not essential for my theory that this sign

should occur in a single instance elsewhere than in Diophantos. It is really

quite sufficient for my purpose that i<>° occurs in Diophantos for dpiO/MS in its

ordinary sense, which I hold that I have proved.

3. Mr Gow's third ohjection is stated thus: "If s is for dp. then, by

analogy, the full symbol should be t' (like S", k^) and not s°." (a) I must

first remark that I consider that arguments from analogy are inapplicable in

this case. The fact is that there are some points in which all the five signs of

which I have been speaking are undoubtedly analogous, and others in which

some are not; therefore to argue from analogy here is futile, because it would

be equally easy to establish by that means either of two opposite conclusions.

I might, with the same justice as Mr Gow, argue backwards that, since there

is undoubtedly one point in which s° and 6" are not analogous, namely the

superposition in one case of terminations, in the other case of the second letter

of the word, therefore the signs must be differently explained: a result which,

so far as it goes, would favour mj' view, {b) Besides, even if we admit the

force of Mr Gow's argument by analogy, is it true that s' (on the supposition

that s is for dp) is analogous to 5" at all? I think not; for s does not corres-

pond to 5, but (on my supposition) to 5v, and t only partially corresponds to v,

inasmuch as i is the tliird letter of the complete word in one case, in the other

V is the second letter, (c) As a matter of fact, however, I maintain that my
suggestion does satisfy analogy in one, and (I think) the most important respect,

namely that (as I have above explained) Diophantos proceeded on one and the

same system in making his abbreviations, taking in each case the two first letters

of the word, the only difference being that in one case only are the two letters

contracted into one sign.

Let ns now enquire whether my theory will remove the difficulties stated by

Mr Gow on p. 108 of his work. As reasons for doubting whether the symbol for

api.Bp.6s is really a final sigma, he states the following. "It must be remembered :

(1) that it is only cursive Greek which has a final sigma, and that the cursive

form did not come into use till the 8th or 9th century: (2) that inflexions are

appended to Diophantus' symbol s' (e.g. s°", ss°^, etc.), and that his other symbols

(except /p) are initial letters or syllables. The objection (I) might be disposed

of by the fact that the Greeks had two uncial sigmas C and 1, one of which
might have been used by Diophantus, but I do not see my way to dismissing

objection (2)." First, with regard to objection (1) Mr Gow rightly says that,

supposing the sign were really s, it would be possible to dismiss this objection.

On my theory, however, it is not necessary even to dismiss it : it does not exist.

Secondly, my theory will dismiss objection (2). "Diophantus' other symbols
(except -71) are initial letters or syllables." I answer "So is o,." "Inflexions

are appended to Diophantus' symbol s'." I answer "True; but the nature of

the sign itself made this convenient,'" as I have above explained.
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sake, subject to the remarks which I have here made on the

subject.

§ 3. Next, as regards the notation which Diophantos used

to express the dififerent powers of the unknown quantity, i.e.

corresponding to a?, x^ and so on. The square of the unknown
is called by Diophantos hvvafw and denoted by the abbrevia-

tion' 8". Now the word Bvva/j,i<; ("power") is commonly used in

Greek to express a square number. The first occurrence of the

word in its technical sense is probably as early as the second

half of the fifth century B.C. Eudemos uses it in quoting from

Hippokrates (no doubt word for word) who lived about that

time. The difference in use between the words BvvafjiK and

T€Tpdy(i>vo<; corresponds, in Cantor's view^, to the difference

between our terms "second power'' and "square"' respectively,

the first having an arithmetical signification as referring to a

number, the second a geometrical reference to a plane surface-

area. The difference which Diophantos makes in their use is,

however, not of this kind, and Swa/xi? in a geometrical sense,

is not at all uncommon; hence the correctness of Cantor's

suggestion is not at all certain. Both terms are used by

Diophantos, but in very different senses. SvvafiK, as we have

said, or the contraction S" stands for the second power of the

unknown quantity. It is the square of the unknown, dpi,6fji6<;

or '<h°, only and is never used to express the square of any other,

i.e. any known number. For tlie square of any known number

Diophantos uses TeTpayoovo';. The higher powers of the un-

known quantity which Diophantos makes use of he calls kv^o<;,

Bvvafj.oBvvafii';, BvvafioKv^o'i, kv/36kvI3o<;, corresponding respec-

tively to of, X*, of, x". Beyond the sixth power he does not go,

having no occasion for higher powers in the solutions of his

1 I should observe with respect to the mark over the v that it is given in the

Greek text of Bachet as a circumflex accent printed in the form ~. By writers

on Diophantos later than Bachet the sign has been variously printed as S", 5" or

S". I have generally denoted it by 5", except in a few special cases, when

quoting or referring to writers who use either of the other forms. The same

remark applies to ja", the abbreviation for fiomSi!, as well as to the circumflex

written above the denominators of Greek numerical fractions given in this

chapter as examples from the text of Diophantos.

2 Geschichte der Mathematik, p. 178.

5—2
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problems. For these powers he uses the abbreviations /c", S5'*,

Bk", kk^ respectively. There is a difference between Diophantos'

use of the complete words for the third and higher powers and

that of Svva/Mc^, namely that they are not always restricted like

BvvufMi': to powers of the unknown, but may denote powers of

ordinary known numbers as well. This is probably owing to

the fact that, while there are two words 8vva/j,i<; and Terpwyaivo^

which both signify "square", there is only one word for a third

power, namely kv^o<;. It is important, however, to observe that

the abbreviations «", SS", Sk", kk'' are, like Svvafjn,^ and S", only

used to denote powers of the unknown. It is therefore ob-

viously inaccurate to say that Diophantos "denotes the square

of a number (Svi/a/it?) by S", the cube by k", and so on", the

only number of which this could be said being the ?' (dpiOfiot;)

of the particular problem. The coeflScients which the different

powers of the unknown have are expressed by the addition of

the Greek letters denoting numerals (as in the case of dptOfio';

itself), thus Zk" «r corresponds to 26fl;^ Thus in Diophantos'

system of notation the signs h" and the rest represent not merely

the exponent of a power like the 2 in a?, but the whole ex-

pression, *". There is no obvious connection between the symbol

h" and the symbol 9' of which it is the square, as there is be-

tween x^ and X, and in this lies the great inconvenience of the

notation. But upon this notation no advance was made by

Xylander, or even by Bachet and Fermat. They wrote N
(abbreviation of Numerus) for 9' of Diophantos, Q (Quadratus)

for B", C for «" (cubus) so that we find, for example, lQ + 5iV=24,

corresponding to a;' + ox = 24. Thus these writers do in fact no

more than copy Diophantos. We do, however, find other symbols

used even before the publication of Xylander's Diophantos, e.g.

in 1572, the date of Bombelli's Algebra. Boinbelli denotes the

unknown and its powers by the symbols i, t, i, and so on.

But it is certain that up to this time the common symbols had
been R {Radix or Res), Z (Zensus i.e. square), C (Cubvs).

Apparently the first important step towards x^, «' &c. was

taken by Vieta, who wrote Aq, Ac, Aqq, &c. (abbreviated for

A quadratus and so on) for the powers of A. This system,

besides showing in itself the connection between the different
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powers, has the infinite advantage that by means of it we can

use in one and the same solution any number of unknown
quantities. This is absolutely impossible with the notation

used by Diophantos and the earlier algebraists. Diophantos

does in fact never use more than one unknown quantity in the

solution of a problem, namely the dpt,6fi6<; or ?'.

§ 4. Diophantos has no symbol for the operation of multi-

plication: it is rendered unnecessary by the fact that his

coefficients are all definite numerals, and the results are simply

put down without any preliminary step which would make a

symbol essential. On the ground that Diophantos uses only

numerical expressions for coefficients instead of general symbols,

it would occur to a superficial observer that there must be a

great want of generality in his methods, and consequently that

these, being (as might appear) only applicable to the particular

numbers which the author uses, are necessarily interesting only

as clever puzzles, but not general enough to be valuable to the

serious student. To this objection I reply that, in the first

place, it was absolutely impossible that Diophantos should have

used any other than numerical coefficients for the reason that

the available symbols of notation were already employed, the

letters of the Greek alphabet always doing duty as numerals,

with the exception of the final ?, which Diophantos was supposed

to have used to represent the unknown quantity. In the second

place T do not admit that the use of numerical coefficients only

makes his solutions any the less general. This will be clearly

seen when I come to give an account of his problems and

methods. Next as to Diophantos' symbols for the operations

of Addition and Subtraction. For the former no symbol at all is

used: it is expressed by mere juxta-position, thus /t" a S" Z7 ??

e

corresponds to x^ + ISx" + bx. In this expression, however, there

is no absolute term, and the addition of a simple numeral, as

for instance /3, directly after e, the coefficient of ??, would cause

confusion. This fact makes it necessary to have some term to

indicate an absolute term in contradistinction to the variable

terms. For this purpose Diophantos uses the word fiovdhe<;, or

units, and denotes them after his usual manner by the abbre-

viation yu,°. The number of monads is expressed as a coefficient.
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Thus corresponding to the above expression x^ + ISx' + 5x + 2

we should find in Diophantos /c" a 8" Ty ?? e ^° $. As Bachet

uses the sign + for addition, he has no occasion for a distinct

symbol to mark an absolute term. He would accordingly write

1C+13Q + 5N+2. It is worth observing, however, that the

Italians do use a symbol in this case, namely K {Numero), the

first power of the unknown being with them R (Rndice).

Cossali' makes an interesting comparison between the terms

used by Diophantos for the successive powers of the unknown

and those employed by the Italians after their instructors, the

Arabians. He observes that Fra Luca, Tartaglia, and Cardan

begin their scale of powers from the power 0, not from the

power 1, as does Diophantos, and compares the scales thus:
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in the second. As Diophantos does not go "beyond the sixth

power, the last three places in the first scale are left blank.

An examination of these two scales will show also that the

generation of the successive powers differs in the two systems.

The Diophantine terms for them are based on the addition of

exponents, the Arabic on their muUiplicatiun\ Thus the "cube-

cube" means in Diophantos a;", in the Italian and Arabic system

a'^. The first method of generation may (says Cossali) be

described as the method by which each power is represented

by the product of the two lesser powers which are nearest

to it, the method of multiplication; the second the method of
elevation, i.e. the method which forms by raising to the second

or third power all powers which can be so formed, or the 4th,

Gth, 8th, 9th, &c. The intermediate powers which cannot be

so formed are called in Italian Relati. Thus the fifth power is

Eelato 1°, x' is Relate 2", x'" is Censo di Relate V, a;" is Relato 3°,

and so on. Wallis calls these powers snjjei'solida, reproduced by
Montucla as sursolides.

For Subtraction Diophantos uses a symbol. His full term
for Negation is X,6i-\|r.?, corresponding to inrap^K, which denotes

the opposite. Thus Xet'i^et (i.e. with the want of) stands for

minus, and the symbol used to denote it in the MSS. is an

inverted -^jr or 4^ (Def 9 Kal ttJ? \6i'-v//-6id9 aTj/ielov yjf eWtTre?

Kciro} vevov J^) with the top shortened. As Diophantos uses

no distinct sign for +, it is clearly necessary, to avoid confusion,

that all the negative terms in an expression should be placed

together after all the positive terms. And so in fact he

does place them^ Thus corresponding to x^ — bx^ + Sx — \,

' This statement of Cossali's needs qualification however. There is at least

one Arabian algebraist, Alkarkhi, the author of the Fakhrl referred to above

(pp. 24, 25), who uses the Diophantine system of powers of the unknown de-

pending on the addition of exponents. Alkarkhi, namely, expresses all powers

of the unknown above the third by means of mid, his term for the square, and

l;a'b, his term for the cube of the unknown, as follows. The fourth power is

with him mal nial, the fifth mal ka'b, the sixth ia'fc ka't, the seventh mdl mal

ka'b, the eighth mal ka'b ka'b, the ninth ka'b ka'b ka'b, and so on.

" Dr Heinrich Suter however has the erroneous statement that Diophantos

would express j' - 5x- + 8x - 1 hy k^ d /ji 5"e s.ij
/f' IJ-" d, which is exactly what he

would not do.
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Diophantos would write k" d ?°' j; jjv. S" e /u.° a. With respect

to this curious sign, given in the MSS. as jp- and described as an

inverted truncated •v/r, I must here observe that I do not believe

it to be what it is represented as being. I do not believe that

Diophantos used so fantastic a sign for minus as an inverted

truncated i/r. In the first place, an inverted <^ seems too

curious a sign, and too far-fetched. To one who was looking

for a symbol to express minus many others more natural

and less fantastic than J^ must have suggested themselves.

^Secondly, given that Diophantos used an inverted -v|r, why

should he truncate it ? Surely that must have been unneces-

sary ; we could hardly have expected it unless, without it,

confusion was likely to arise ; but jfv could hardly have been

confused with anything. It seems to me that this very trunca-

tion throws doubt on the symbol as we find it in the MS.

Hence I believe that the conception of this symbol as an

inverted truncated ^ \s ^ mistake, and that the description of

it as such is not Diophantos' description ; it appears to me to be

an explanation by a scribe of a symbol which he did not under-

stand'. It seems to me probable that the true explanation is

the following : Diophantos proceeded in this case as in the others

which we have discussed (the signs for a'pt^/tio?, hvvafii^, etc.).

As in those cases he took for his abbreviation the first letter of

the word with such an addition as would make confusion with

numbers impossible (namely the second letter of the word,

which in all happens to come later in the alphabet than the

corresponding first letter), so, in seeking an abbreviation for

\eti|ft? and cognate inflected forms developed from Xitt, he

first took the initial letter of the word. The uncial''' form is

A. Clearly A by itself would not serve his purpose, since it

denotes a number. Therefore an addition is necessary. The

second letter is E, but AE is equally a number. The second

• I am not even sure that the description can be made to mean all that it is

intended to mean. AXiir^s scarcely seems to be sufficiently precise. Might it

not be applied to //i with any part cut ofi, and not only shortened at the top ?

2 I adhere to the uncial form above for clearness' sake. If Diophantos used

the "Majuskelcursive" form, the explanation will equally apply, the difference

of form being for our purpose negligible.
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letter of the stem Xnr is I, but Al is open to objection -when

so written. Hence Diophantos placed the I inside the A, thus,

A. Of the possibility of this I entertain no doubt, because

there are indubitable cases of combination, even in uncial

writing, of two letters into one sign. I would refer in par-

ticular to X, which is an uncial abbreviation for TAAANTON.
Now this sign. A, is an inverted and truncated -v/r (written in

tlie uncial form, f); and we can, on this assumption, easily

account for the explanation of the sign for minus which is given

in the text.

For Division it often happens that no symbol is necessary,

i.e. in the cases where one number is to be divided by another

which will divide it without a remainder. In other cases the

division has to be expressed by a fraction, whether the divisor

be an absolute number or contain the variable. Thus the case

of Division comes under that of Fractions. To express nume-

rical fractions Diophantos adopts a uniform system, which is

also seen in other writers. The numerator he writes in the

ordinary line like a number ; then he places the denominator

above the line to the right of the numerator, in the same place

as we should write an exponent, usually placing a circumflex

a'cent over the eud of it. Thus \\ is represented by tf'^
, y^^

is a?, j\%\ is (V. 12) ,eTi^«"^ f/^J is (iv. 17) y.S'x'cd^'^''-

Diophantos, however, often expresses fractions by simply putting

€v fioplay or fioplov between the numerator and the denominator,

i.e. one number divided by another. Cf IV. 29 pj'.,^ ^ttS fioplov

Kg-.fipfxh, i.e. VWm' ^"^^i ^- 25 /3.,6X ^^ fiopiw pK0.^aK€, i.e.

tIMSfs- There is a peculiarity in the way in which Diophan-

tos expresses such complex fractions as ^ . It will be

best understood by giving a typical case. This particular

fraction Diophantos writes thus, a(uX8'"'°.a^, that is, it is as if

he had written with our notation 'j^^^'' |. Instances of this

QQQl
notation occur passim, cf. V. 2 TTr6'"'^.d^ is equivalent to

'
.

Bachet reproduces Diophantos' notation by writing in these

cases '/jY i and f|f | respectively.
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But there is another kind of fraction, besides the purely

numerical one, which is continually occurring in the Arith-

metics, such fractions namely as involve the unknown quantity

in some form or other in their denominators. The simplest

case is that in which the denominator is simply a power of the

unknown, ?'. Concerning fractions of this kind Diophantos

says (Def 3) "As fractions named after numbers have similar

names to those of the numbers themselves (thus a third is

named from three, a fourth from four), so the fractions ho-

monymous with what are called dpL0fioi, or unknowns, are

called after them, thus from dpidfioi we name the fraction to

dpiOfiocTTov [i.e. - from .r], to Swa/MoaTov from Bvva/xi';, to

Kv^ocTTOv from kv^o<;, to hvvafiohvvaixoa-Tov from Buva/j,oBvva-

fus, TO BvvafioKv/Soarov from SwafioKv^c;, and to ku^okv-

/3octt6v from kvj36kvJ3o<;. And every such fraction shall have

its symbol after the homonymous number with a line to indi-

cate the species" (i.e. the order or power)'. Thus we find, fur

g
example, IV. 3, 57"" corresponding to -, or with the genitive

. _ 35
termination ot dpiO/xocrTov, e.g., IV. 16, Xe"""" or — . Cf o-y*"-"

2,50
or

—

—. Side by side with the employment of the symbols to

express fractions corresponding to -, -5, &c., we find the terms

dpidfiooTtiv, hvvafMoaTov k.tX. used in full : this is regularly

the case when the numerator of the fraction itself contains a

numerical fraction. Thus in v. 31 dpidfiocrTov d aP corre-

1,1. _. gi
sponds to -^ and SwafioaTov r «.* to —|

.

Diophantos extends his use of fractions still further to more

complicated cases in which the numerator and denominator

1 The meaning of tbe last sentence is not quite clear. I am inclined to

think there is something wrong with the text, which stands in Bachet as follows

:

?|et 5^ '4Ka(TTov avTCJv iiri rod 6fj.oiv6fxov apid^iov arf/xuov ypdfi]j.'r]if ^x"^ dLaar^Wovaav

TO eUoi. This he translates, "Habebit autem quaelibet pars a sibi cognomine
numero notam et literam superscriptam quae speciem a specie distinguat."

Here apparently liicram corresponds to ypaij.fj.rjv.
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may be compound expressions themselves, involving the un-

known quantity. Thus, iv. 37, we have /x° ^ jjt s°" a"''^ i.e.

9 — a;
. When, however, the denominator is a compound ex-

pression Diophantos uses the expedient which he adopts in the

case of large numbers occurring as numerator or denominator,

namely, the insertion between the expressions denoting the

numerator and denominator of the term iv /xoplcp or fioplov.

Thus in VI. 13 we find, S" ^.fj," ^^<J)k iv fiopitp B^B" d ix°
~^ Xeiyfrei

QQrp> J_ 2.590

fiopLfp 6" a <;'! p fi° a corresponding to
.^

. 9
^ •

To connect the two sides of an equation Diophantos uses

words tVo? or I'cro? eVrt, or the oblique cases of iao<; when they

are made necessary by grammatical construction. It would

appear, at least from Bachet's edition of Diophantos, that the

equations were put down in the ordinary course of writing,

and that they were not placed in separate lines for each step

in the process of simplification, being in fact written in the

same way as the propositions of Euclid. We have, however,

signs of a system by which the steps were tabulated in a

manner very similar to that of modern algebraical work, so

that by means of a sort of skeleton of the procedure we get a

kind of bird's-eye view of its course, in the manuscript of Dio-

phantos which Bachet himself used. We have it on the

authority of M. Rodet, who in an article in the Journal Asia-

tique^ has occasion to quote certain passages from the text of

Diophantos, that to certain problems is attached a tabular

view of the whole process, which Bachet has not in his edition

reproduced at all. M. Rodet gives from the MS. several in-

stances. In these we have equations set down in a form very

like the modern, the two members being connected by the

letter I (abbreviated fur la-oi,) as the sign of equality". Besides

1 Janvier, 1878.

2 Here again the abbreviation is explicable on the same principle as those

which I have previously discussed, i by itself means 10, but a distinguishing

mark is ready to hand in the breathing placed over it.
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may remark on the general system which he uses that it is

essentially different in its character from the modern notation.

While in modern times signs and symbols have been developed

which have no intrinsic relationship to the things which they

symbolise, but depend for their use upon convention, the case is

quite different with Diophantos, where algebraic notation takes

the form of mere abbreviation of words which are considered as

pronounced or implied. This is partly proved by the symbols

themselves, which in general consist of the first letter or letters

of words (so written as to avoid confusion), the only possible

exception being the supposed final sigma, ?, for dptOfio^ or the

unknown quantity. Partly also it is proved by the fact that

Diophantos uses the symbol and the complete word very often

quite indifferently. Thus we find often in the same sentence

9 or ?? and dpi6/j,6^, apidfiol, S" and SvvafiK, jJ».
and Xei.'i|ret, and

so on. The strongest proof, however, that Diophantos' algebraic

notation was mere abbreviation is found in the fact that the

abbreviations, which are his algebraical symbols, are used for

the corresponding words even when those words have a quite

different signification. So in particular the symbol 9 is used as

an abbreviation for api^/nd?, when the word is used, not in its

technical Diophantine sense for the unknown, but in its ordinary

meaning of a number, especially in enunciations where dpudixo^

in its ordinary sense naturally occurs oftenest. Similarly jp. is

not used only for Xeiy^ei but also for other inflexional forms of

the stem of this word, e.g. for Xiirov or Xel-^lrw; in ill. 3: Evpelv

Tpeli dpt.dfioi)'; otto)? o diro tov avjKeifiivov ex twv Tpiwv jJv

CKacTTov iroifi TeTpdr/covov. Other indications are (1) the sepa-

ration of the symbols and coefficients by particles [cf. I. 43

<;<;'" dpa t]
; (2) the addition of terminations to the symbol to

represent the different cases. Nesselmann gives a good instance

in which many of these peculiarities are combined, 99°' apa

I ^° X iaoi, elcrlv 99°" Td fiovdat Te. L ad Jin.

In order to determine in what place, in respect of systems

of algebraic notation, Diophantos stands, Nesselmann observes

that we can, as regards the form of exposition of algebraic

operations and equations, distinguish three historical stages of

development, well marked and easily discernible. 1. The first
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stage Nesselmann represents by the name Rhetoric Algebra,

or " reckoning by complete words." The characteristic of this

stage is the absolute want of all symbols, the whole of the

calculation being carried on by means of complete words, and

forming in fact continuous prose. As representatives of this

first stage Nesselmann mentions lamblichos (of whose algebrai-

cal work he quotes a specimen in his fifth chapter) " and all

Arabian and Persian algebraists who are at present known."

In their works we find no vestige of algebraic symbols ; the

same may be said of the oddest Italian algebraists and their

followers, and among them Regiomontanus. 2. The second

stage Nesselmann proposes to call the Syncopated Algebra.

This stage is essentially rhetorical and therein like the first in

its treatment of questions, but we now find for often-recurring

operations and quantities certain abbreviational symbols. To

this stage belongs Diophantos and after him all the later

Europeans until about the middle of the seventeenth century

(with the exception of the isolated case of Vieta, who, as we

have seen, initiated certain changes which anticipated later

notation to some extent ; we must make an exception too,

though Nesselmann does not mention these cases, in favour of

certain symbols used by Xylander and Bachet, || being used by

the former to express equality, -I- and — by both, as also the

ordinary way of representing a fraction by placing the numera-

tor above the denominator separated by a line drawn horizon-

tally'). 3. To the third stage Nesselmann gives the name
Symbolic Algebra, which uses a complete system of notation

by signs having no visible connection with the words or things

which they represent, a complete language of symbols, which

supplants entirely -the rhetorical system, it being possible to

work out a solution without using a single word of the ordinary

written language, with the exception (for clearness' sake) of

' These are only a few scattered instances. Nesselmann, though he does

not mention Xylauder'e and Sachet's symbols, gives other instances of isolated

or common uses of signs, as showing that the division between the different

stages is not slmrphj marked. He instances the use of one operational algebraic

symbol by Diophantos, namely qi, for which Lucas de Burgo uses m (and p for

plus), Targalia p. Vieta has + and -, also = for ~. Oughtred uses x , and
Harriot expresses multiplication by juxtaposition.
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a conjunction here and there, and so on. Neither is it the

Europeans posterior to the middle of the seventeenth century

who were the first to use Symbolic forms of Algebra. In this

they were anticipated many centuries by the Indians.

As examples of these three stages Nesselmann gives three

instances quoting word for word the solution of a quadratic

equation by Mohammed ibn Musa as an example of the first

stage, and the solution of a problem from Diophantos to illus-

trate the second. Thus

:

First Stage. Example from Mohammed ibn Musa (ed.

Rosen, p. 5). "A square and ten of its roots are equal to nine

and thirty dirhems, that is, if you add ten roots to one square,

the sum is equal to nine and thirty. The solution is as follows :

halve the number of roots, that is in this case five ; then

multiply this by itself, and the result is five and twenty. Add
this to the nine and thirty, which gives sixty-four; take the

square root, or eight, and subtract from it half the number

of roots, namely five, and there remain three : this is the root

of the square which was required and the square itself is

nine^."

Here we observe that not even are symbols used for num-

bers, so that tliis example is even more "rhetorical" than the

work of lamblichos who does use the Greek symbols for his

numbers.

Second stage. As an example of Diophantos I give a trans-

lation word for word'' of li. 8. So as to make the symbols

correspond exactly I use S (Square) for B" (Suj/a/it?), iV (Num-

ber) for s, U for Units {fiovdhe<i).

" To divide the proposed square into two squares. Let it be

proposed then to divide 16 into two squares. And let the first

^ Thus Mohammed ibn Musa states in words the solution

x2 + 10a;= 39,

i2 + 10a; + 25 = 64,

therefore x + 5= 8,

x= 3.

' I have used the full words whenever Diophantos does so, and to avoid con-

fusion have written Sqxare and Number in the technical sense with a capital

letter, and italicised them.
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be supposed to be One Square. Thus 16 minus One Square

must be equal to a square. I form the square from any number

of N's minus as many U's as there are in the side of 16 U's.

Suppose this to be 2 N's minus 4 U's. Thus the square itself

will be 4 Squares, 16 U. minus 16 N.'s. These are equal to

16 Units minus One Square. Add to each the negative term

{Xelyfriii, deficiency) and take equals from equals. Thus

5 Squares are equal to 16 Numbers; and the Number is

16 fifths. One [square] will be 256 twenty-fifths, and the other

144 twenty-fifth.s, and the sum of the two makes up 400

twenty-fifths, or 16 Units, and each [of the two found] is a

square.

Of the third stage any exemplification is unnecessary.

§ 6. To the form of Diophantos' notation is due the fact

that he is unable to introduce into his questions more than one

unknown quantity. This limitation has made his procedure

often very different from our modern work. In the first place

he performs eliminations, which we should leave to be done in

the course of the work, before he prepares to work out the

problem, by expressing everything which occurs in such a way

as to contain only one unknown. This is the case in the great

majority of questions of the first Book, which are cases of the

solution of determinate simultaneous equations of the first order

with two, three, or four variables; all these Diophantos ex-

presses in terms of one unknown, and then proceeds to find it

from a simple equation. In cases where the relations between

these variables are complicated, Diophantos shows extraordinary

acuteness in the selection of an unknown quantity. Secondlv,

however, this limitation affects much of Diophantos' work in-

juriously, for while he handles problems which are by nature

indeterminate and would lead with our notation to an inde-

terminate equation containing two or three unknowns, he is

compelled by limitation of notation to assign to one or other of

these arbitrarily-chosen numbers which have the effect of

making the problem a determinate one. However it is but
fair to say that Diophantos in assigning an arbitrary value to

a quantity is careful to tell us so, saying " for such and such

a quantity we put any number whatever, say such and such
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a one." Thus it can hardly be said that there is (in general)

any loss of universality. We may say, then, that in general

Diophantos is obliged to express all his unknowns in terms,

or as functions, of one variable. There is something excessively

interesting in the clever devices by which he contrives so to

express them in terms of his single unknown, ?, as that by that

very expression of them all conditions of the problem are

satisfied except one, which serves to complete the solution by

determining the value of 9. Another consequence of Diophan-

tos' want of other symbols besides ? to express more variables

than one is that, when (as often happens) it is necessary in the

course of a problem to work out a subsidiary problem in order

to obtain the coefficients &c. of the functions of 9 which express

the quantities to be found, in this case the required unknown
which is used for the solution of the new subsidiary problem is

denoted by the same symbol 9 ; hence we have often in the

same problem the same variable 9 used with two ditferent

meanings. This is an obvious inconvenience and might lead to

confusion in the mind of a careless reader. Again we find two

cases, II. 29 and 30, where for the proper working-out of the

problem two unknowns are imperatively necessary. We should

of course use x and y ; but Diophantos calls the first 9 as usual

;

the second, for want of a term, he agrees to call "one unit,"

i.e. 1. Then, later, having completed the part of the solution

necessary to find 9 he substitutes its value, and uses 9 over

again to denote what he had originally called " 1 "—the second

variable—and so finds it. This is the most curious case I have

met with, and the way in which Diophantos after having

worked with this " 1 " along with other numerals is yet able to

pounce upon the particular place where it has passed to, so as to

substitute 9 for it, is very remarkable. This could only be pos-

sible in particular cases such as those which I have mentioned :

but, even here, it seems scarcely possible now to work out the

problem using x and 1 for the variables as originally taken by

Diophantos without falling into confusion. Perhaps, however, it

may not be impossible that Diophantos in working out the

problems before writing them down as we have them may have

given the " 1 " which stood for a variable some mark by which

H. D.
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he could recognise it and distinguish it from other numbers.

For the problems themselves see Appendix.

It may be in some measure due to the defects of notation in

his time that Diophantos will have in his solutions no numbers

whatever except rational numbers, in which, in addition to

surds and imaginary quantities, he includes negative quantities.

Of a negative quantity per se, i.e. without some positive quan-

tity to subtract it from, Diophantos had apparently no con-

ception. Such equations then as lead to surd, imaginary, or

negative roots he regards as useless for his purpose : the solu-

tion is in these cases ahvvaTO';, impossible. So we find him

describing the equation 4 = 4j; -H 20 as aro-rro^ because it would

give a; = — 4. Diophantos makes it throughout his object to

obtain solutions in rational numbers, and we find him fre-

quently giving, as a preliminary, conditions which must be

satisfied, which are the conditions of a result rational in Dio-

phantos' sense. In the great majority of cases when Diophan-

tos arrives in the course of a solution at an equation which

would give an irrational result he retraces his steps and finds

out how his equation has arisen, and how he may by altering

the previous work substitute for it another which shall give

a rational result. This gives rise, in general, to a subsidiary

problem the solution of which ensures a rational result for the

problem itself. Though, however, Diophantos has no notation

for a surd, and does not admit surd results, it is scarcely true to

say that he makes no use of quadratic equations which lead to

such results. Thus, for example, in V. 33 he solves such an

equation so far as to be able to see to what integers the

solution would approximate most nearly.



CHAPTER V.

DIOPHANTOS' METHODS OF SOLUTION.

§ 1. Before I give an account in detail of the different

methods which Diophantos employs for the solution of his pro-

blems, so far as they can be classified, I must take exception to

some remarks which Hankel has made in his account of Dio-

phantos {Zur Geschichte der Mathematik in Alterthum und

Mittelalter, Leipzig, 1874, pp. 164— 5). This account does

not only possess literary merit: it is the work of a man who
has read Diophantos. His remarks therefore possess excep-

tional value as those of a man particularly well qualified to

speak on matters relating to the history of mathematics, and

also from the contrast to the mass of writers who have thought

themselves capable of pronouncing upon Diophantos and his

merits, while they show unmistakeably that they have not

studied his work. Hankel, who has read Diophantos with ap-

preciation, says in the place referred to, "The reader will now

be desirous to become acquainted with the classes of inde-

terminate problems which Diophantos treats of, and his methods

of solution. As regards the first point, we must observe that

in the 130 (or so) indeterminate questions, of which Diophantos

treats in his great work, there are over 50 different classes of

questions, which are arranged one after the other without any

recognisable classification, except that the solution of earlier

questions facilitates that of the later. The first Book only con-

tains determinate algebraic equations ; Books li. to V. contain

for the most part indeterminate questions, in which expressions

which involve in the first or second degree two or more variables

are to be made squares or cubes. Lastly, Book vi. is concerned

G—

2
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with right-angled triangles regarded purely arithmetically, in

which some one linear or quadratic function of the sides is to

be made a square or a cube. That is all that we can pronounce

about this elegant series of questions vdihout exKihiting singly

each of the fifty classes. Almost more different in kind than

the questions are their solutions, and we are completely unable

to give an even tolerably exhaustive review of the different

varieties in his procedure. Of more general comprehensive

methods there is in our author no trace discoverable : every ques-

tion requires an entirely different method, which often, even in

the problems most nearly related to the former, refuses its aid.

It is on that account difficult for a more modern mathematician

even after studying 100 Diophantine solutions to solve the lOlsJ

question; and if we have made the attempt and after some vain

endeavours read Diophantos' own solution, we shall be astonished

to see how suddenly Diophantos leaves the broad high-road,

dashes into a side-path and with a quiet turn reaches the

goal : often enough a goal with reaching which we should not

be content ; we expected to have to climb a difficult path, but

to be rewarded at the end by an extensive view ; instead of

which our guide leads by narrow, strange, but smooth ways to

a small eminence ; he has finished ! He lacks the calm and

concentrated energy for a deep plunge into a single important

problem : and in this way the reader also hurries with inward

unrest from problem to problem, as in a succession of riddles,

without being able to enjoy the individual one. Diophantos

dazzles more than he delights. He is in a wonderful measure

wise, clever, quick-sighted, indefatigable, but does not penetrate

thoroughly or deeply into the root of the matter. As his ques-

tions seem framed in obedience to no obvious scientific necessity,

often only for the sake of the solution, the solution itself also lacks

perfection and deeper signification. He is a brilliant performer

in the art of indeterminate analysis invented by him, but the

science has nevertheless been indebted, at least directly, to this

brilliant genius for few methods, because he was deficient in

speculative thought which sees in the True more than the

Correct. That is the general impression, which I have gaioed

from a thorough and repeated study of Diophantos' arithmetic."
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Now it will be at once obvious that, if Hankel's representa-

tion is correct, any hope of giving a general account of Dio-

phantos' methods such as I have shown in the heading of this

chapter would be perfectly illusory. Hankel clearly asserts

that there are no general methods distinguishable in the Arith-

metics. On the other hand we find Nesselmann saying (pp.

308—9) that the use of determinate numerals in Diophantos'

problems constitutes no loss of generality, for throughout he

is continually showing how other numerals than those which
he takes will satisfy the conditions of the problem, showing
" that his whole attention is directed to the explanation of the

method, for which purpose numerical examples only serve as

means"; this is proved by his frequently stopping short, when
the method has been made sufficiently clear, and the remainder

of the work is mere straightforward calculation. Cf v. 14, 18,

19, 20 &c. It is true that this remark may only apply to the

isolated " method " employed in one particular problem and in

no other ; but Nesselmann goes on to observe that, though the

Greeks and Arabians used only numerical examples, yet they

had general rules and methods for the solution of equations, as

we have, only expressed in words. " So also Diophantos, whose

methods have, it is true, in the great majority of cases no such

universal character, gives us a perfectly general rule for solving

what he calls a double-equation." These remarks Nesselmann

makes in the 7th chapter of his book ; the 8th chapter he

entitles " Diophantos' treatment of equations'," in which he

gives an account of Diophantos' solutions of (I) Determinate,

(2) Indeterminate equations, classified according to their kind.

Chapter 9 of his book Nesselmann calls "Diophantos' methods

of solution^" These "methods " he gives as follows' : (1) " The

adroit assumption of unknowns." (2) "Method of reckoning

' "Diophant's Behandlung der Gleichungen."

' "Diophant's Auflosungsmethoden."

3 (1) "Die gescbickte Annaiime der Unbekannten." (2) "Methode der

Zuriiokreclmung und Nebenaufgabe." (3) "Gebrauoh des Symbols fiir die

Unbekannte in verschiedenen Bedeutungen." (4) "Methode der Grenzen."

(5) "Auflosung durch blosse Eeflexion." (6) "Auflosung in allgemeinen

Ausdriicken." (7) "Willktihrliche Bestimmungeu und Annahmen." (8) "Ge-

brauch des rechtwinkUgen Dreiecks."



8(j DIOPHANTOS OF ALEXANDRIA.

backwards and auxiliary questions." (3) "Use of the symbol

for the unknown in different significations." (4) " Method

of Limits." (.5) " Solution by mere reflection." (6) " Solution

in general expressions." (7) "Arbitrary determinations and

assumptions." (8) " Use of the right-angled triangle."

At the end of chapter 8 Nesselmann observes that it is not

the solution of equations that we have to wonder at, but the per-

fect art which enabled Diophantos to avoid such equations as he

could not technically solve. We look (says Nesselmann) with

astonishment at his operations, when he reduces the most

difficult questions by some surprising turn to a simple equation.

Then, when in the 9th chapter Nesselmann passes to the

" methods," he prefaces it by saying :
" To represent perfectly

Diophantos' methods in all their completeness would mean

nothing else than copying his book outright. The individual

characteristics of almost every question give him occasion to

try upon it a peculiar procedure or found upon it an artifice

which cannot be applied to any other question Mean-

while, though it may be impossible to exhibit all his methods in

any short space, yet I will try to give some operations which

occur more often or are by their elegance particularly notice-

able, and (where possible) to make clear their scientific prin-

ciple by a general exposition from common stand-points." Now
the question whether Diophantos' methods can be exhibited

briefly, and whether there can be said to be any methods in his

work, must depend entirely upon the meaning we attach to the

word " method." Nesselmann's arrangement seems to me to be

faulty inasmuch as (1) he has treated Diophantos' solution of

equations—which certainly proceeded on fixed rules, and there-

fore by " method
"—separately from what he calls " methods of

solution," thereby making it appear as though he did not look

upon the "treatment of equations" as "methods." Now cer-

tainly the " treatment of equations " should, if anything, have

come under the head of " methods of solution " ; and obviously

the very fact that Diophantos solved equations of various kinds

by fixed rules itself disproves the assertion that no methods

arc discernible. (2) The classification under the head of

"Methods of solution" seems unsatisfactory. In the first
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place, some of the classes can hardly be said to be methods of

solution at all; thus the third, "Use of the symbol for the

unknown in different significations", might be more justly

described as a " hindrance to the solution " ; it is an inconve-

nience to which Diophantos was reduced owing to the want of

notation. Secondly, on the assumption of the eight " methods"

as Nesselmann describes them, it is really not surprising that
" no complete account of them could be given without copying

the whole book." To take the first, " the adroit assumption of

unknowns." Supposing that a number of distinct, different

problems are proposed, the existence of such differences makes
a different assumption of an unknown in each case absolutely

necessary. That being so, how could it be possible to give a

rule for all cases ? The best that can be done is an enumera-

tion of typical instances. The assumption that the methods

of Diophantos cannot be tabulated, on the evidence of this

fact, i.e., because no rule can be given for the " adroit assump-

tion of unknowns'' which Nesselmann classes as a "method," is

entirely unwarranted. Precisely the same may be said of

" methods "
(2), (.5), (6), (7). For these, by the very nature of

things, no rule can be given : they bear in their names so much
of rule as can be assigned to them. The case of (4), "the

Method of Limits", is different; here we have the only class

which exemplifies a "method" in the true sense of the term,

i.e. as an instrument for solution. And accordingly in this case

the method can be exhibited, as I hope to show later on :

(8) also deserves to some extent the name of a " method."

I think, therefore, that neither Nesselmann nor Hankel has

treated satisfactorily the question of Diophantos' methods, the

former through a faulty system of classification, the latter by

denying that general methods are anywhere discernible in

Diophantos. It is true that we cannot find in Diophantos' work

statements of method put generally as book-work to be applied

to examples. But it was not Diophantos' object to write a text-

book of Algebra. For this reason we do not find the separate

rules and limitations for the solution of different kinds of equa-

tions systematically arranged, but we have to seek them out

laboriously from the whole of his work, gathering scattered
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indications here and there, and so formulate tliem in the best

way we can. Such being the case, I shall attempt in the follow-

ing pages of this chapter to give a detailed account of what may
be called general methods running through Diophantos. For

the reasons which I have stated, my arrangement will be different

from that of Nesselmann, who is the only author who has

attempted to give a complete account of the methods. I shall

not endeavour to describe as methods such classes of solutions as

are some which are, by Nesselmann, called "methods of solution":

and, in accordance with his remark that these "methods" can

only be adequately described by a transcription of the entire

work, I shall leave them to be gathered from a perusal of

my reproduction of Diophantos' book which is given in my
Appendix.

§ 2. I shall begin my account with

Diophantos' theatment of equations.

This subject falls naturally into two divisions : (A) Deter-

minate equations of different degrees. (B) Indeterminate

equations.

(A.) Determinate equations.

Diophantos was able without difficulty to solve determinate

equations of the first and second degree ; of a cubic equation we
find in his Arithmetics only one example, and that is a very

.special case. The solution of simple equations we may pass

over; hence we must separately consider Diophantos' method
of solution of (1) Pure equations, (2) Adfected, or mixed
quadi-atics.

(1) Pare determinate equations.

By pure equations I mean those equations which contain

only one power of the unknown, whatever the degree. The
solution is effected in the same way whatever the exponent of

the term in the unknown ; and Diophantos regards pure equations

of any degree as though they were simple equations of the first
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degree'. He gives a general rule for this case without regard to

the degree :
" If we arrive at an equation containing on each

side the same term but with different coefficients, we must take

equals from equals, until we get one terra equal to another

term. But, if there are on one or on both sides negative terms,

the deficiencies must be added on both sides until all the terms

on both sides are positive. Then we must take equals from

equals until one terra is left on each side." After these opera-

tions have been performed, the equation is reduced to the form

Ax'" = B and is considered solved. The cases which occur iu

Diophantos are cases in which the value of x is found to be

a rational number, integral or fractional. Diophantos only

recognise one value of x which satisfies this equation ; thus if

m is even, he gives only the positive value, a negative value per

se being a thing of which he had no conception. In the same

way, when an equation can be reduced in degree by dividing

throughout by any power of x, the possible values, x=0, thus

arising are not taken into account. Thus an equation of the

form a? = ax, which is of common occurrence in the earlier part

of the book, is taken to be merely equivalent to the simple

equation x = a.

It may be observed that the greater proportion of the pro-

blems in Book l. are such that more than one unknown quantity

is sought. Now, when there are two unknowns and two condi-

tions, both unknowns can be easily expressed in terms of one

symbol. But when there are three or four quantities to be

found this reduction is much more difficult, and Diophantos

manifests peculiar adroitness in effecting it : the result being

that it is only necessary to solve a simple equation with one

imknown quantity. With regard to pure equations, some have

asserted that pure quadratics were the only form of quadratic

' Def. 11 : MiTo. Se raOra 4a.v airb irpo^X^fiixarSi Ttvos yhrjTai virap^is tlSeai

Tois aiiTOiS HT] ofioTXriffrj Si airb iKaripinv twv /xepQv, Se-qaei cupacpei:' to. 6jj.oi.a dirS

Tuiv oimIwv, iu'i S.V ivbs (?) ciSos ivl uSa Uov yiv-riTCU. iav Si ttws iv OTroripif ivu-

Trdpxv (?) 17 ^i" aiuparipoti iuiWdfri Tiva. dit}, Seijaa irpoadeTvai to. Xeiiroyra dS-q

h api<j>OTipois Tois fiipenv, fws dp ixariptf twv iupwv rh elSri ivvwdpxovTO. yivrfTo.i.

KdX irdXiJ' i.4>c\fiv TO. bp.oia otto twh ifioiuv eus of eKaripip tiSv p.(p2v lu tiSos

iio.Ta.\u<i>0\]. Biichct's text (1G21). P- 10'
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solved in Diophantos ' : a statement entirely without foundation.

We proceed to consider

(2) Mixed quadratic equations.

After the remarks in Def. 11 iipon the reduction of pure

equations until we have one term equal to another term,

Diophantos adds'': "But we will show you afterwards how, in

the case also when two terms are left equal to a single term,

such an equation can be solved." That is to say, he promises to

explain the solution of a mixed quadratic equation. In the

Arithmetics, as we possess the book, this promise is not fulfilled.

The first indications we have on the subject are a number of

cases in which the equation is given, and the solution written

down, or stated to be rational without any work being shown.

Thus, IV. 23, "J = 4« - 4, therefore a; = 2"
: vi. 7, "84a;'' - 7« = 7,

hence a; = i "
: vi. 9, " 630a;'' — 73a; = 6, therefore x = -^-g": and, VI.

8, " 630a;'^ + 73a; = 6, and x is rational." These examples, though

proving that somehow Diophantos had arrived at the result,

are not a sufficient proof to satisfy us that he necessarily was

acquainted with a regular method for the solution of quadratics

;

these solutions might (though their variety makes it somewhat

unlikely) have been obtained by mere trial. That, however,

Diophantos' solutions of mixed quadratics were not merely

empirical, is shown by instances in v. 33. In this problem he

shows pretty plainly that his method was scientific, in that he

indicates that he could approximate to the root in cases where

it is not rational. As this is an important point, I give the

substance of the passage in question : "x has to be so determined

a;' -60 , a.''-60 .

that it must be >—-— and < — _ — , i.e. « — 60 > ox, and
o

a;"- 60 < 8a;.

Therefore x' = ox + some number > 60, therefore x must
be not less than 11, and x' < 8a; + 60, therefore x must be not

greater than 12."

1 Cf. Beimer, translation of Bossut's Gesch. d. Math. i. 55. Klugel's

Dictionary. Also Dr Heinrich Suter's doubts in Gesch. d. Math. Ziirich, 1873.
^ varepov b4 trot Sd^o/xev Kai ttws duo ^idtvv tuitiv €vl KaraXfLipdevTuip r6 toiovtov
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Now by examining the roots of these two equations we find

5 + JWb ,
, , 11^.X > and *• < 4 + V / 6,

or x> 10-6394 and x < 12-7178.

It is clear therefore that x may be < 1 1 or > 12, and there-

fore Diophantos' limits are not strictly accurate. As however

it was doubtless his object to find integral limits, the limits 11

and 12 are those which are obviously adapted for his purpose,

and are a fortiori right. Later in the same problem he makes
an auxiliary determination of x, which must be such that

a;' + 60 > 22.r, «'-|-60<24r,

which give a; > 11 + v/61, a; < 12 + Jm.

Here Diophantos says x must be > 19, <21, which again

are clearly the nearest integral limits.

The occurrence of these two examples which we have given

of equations whose roots are irrational, and therefore could not

be hit upon by trial, shows that in such cases Diophantos must

have had a method by which he approximated to these roots.

Thus it may be taken for granted that Diophantos had a definite

rule for the solution of mixed quadratic equations.

We are further able to make out the formula or rule by

which Diophantos solved such equations. Take, for example,

the equation ax^ -f 6x + c = 0. In our modern method of solution

we divide by a and write the result originally in the form

x= — -^ ± A / —2— . It does not appear that Diophantos

divided throughout by a. Rather he first multiplied by a so as

to bring the equation into the form aV + a6a; + ac =0; then

solving he found ax= — \h ±J\b' — ac, and regarded the

result in the' form x= —~~-
. Whether the inter-

a

mediate procedure was as we have described it is not certain

;

but it is certain that he used the result in the form given. One
remark however must be made upon the form of the root.

1 NessL'lmann, p. 319. Also Rodet, Journal Asiatiquc, Janvier, 1878.
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Diophantos takes no account of the existence of two roots,

according to the sign taken before the radical. Diophantos

ignores always the negative sign, and takes the positive one as

giving the value of the root. Though this perhaps might not

surprise us in cases where one of the roots obtained is nega-

tive, yet neither does Diophantos use both roots when both are

positive in sign. In contrast to this Nesselmann points out

that the Arabians (as typified by Mohammed ibn Miisa) and

the older Italians do in this latter case recognise both roots.

M. Rodet, however, remarks upon this comparison between

Diophantos and the Arabians, so unfavourable to the former, as

follows, (a) Diophantos did not write a text-book on Algebra,

and in the cases where the equation arrived at gives two

positive solutions one of them is excluded a priori, as for ex-

ample in the case quoted by him, V. 13. Here the inequality

72ir > 17af + l7 would give a; < ff or else co < j'y. But the other

inequality to be satisfied is *72x<19x' + 19, which gives a;>ff
or a; > fy. As however j\ < f^, the limits x<f'j> j% are

impossible. Hence the roots of the equations corresponding

to the negative sign of the radical must necessarily be rejected.

(b) Mohammed ibn Musa, although recognising in theory two

roots of the equation x' + c = hx, in practice only uses one of

the two, and, curiously enough, always takes the value cor-

responding to the negative sign before the radical, whereas

Diophantos uses the positive sign. But see Chapter viii.

From the rule given in Def. 11 for compensating by addition

any negative terms on either side of an equation and taking

equals from equals (operations called by the Arabs a.ljabr and

almukabala) it is clear that as a preliminary to solution

Diophantos so arranged his equation that all the terms were

positive. Thus of the mixed quadratic equation we have three

cases of which we may give instances : thus,

Case 1. Form inx^ + px = q; the root is —^—--*-
m

according to Diophantos. An instance is afforded by vi. 6.

Diophantos arrives namely at the equation %x' -|- 3j: = 7, which,

if it is to be of any service to his solution, should give a rational

value of X
; whereupon Diophantos says " the square of half the
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coefficient' oi x together with the product of the absolute term

and the coefficient of x" must be a square number; but it is not,"

i.e. Ip^ + mq, or in this case (|)^ + 42, must be a square in order

that the root may be rational, which in this case it is not.

Case 2. Form mx' = px + q. Diophantos takes

X = iJ- *i i
. An example is IV. 45, where 2j3* >6x+ 18.

Diophautos says :
" To solve this take the square of half the co-

efficient of X, i.e. 9, and the product of the absolute term and

the coefficient of x^, i.e. 36. Adding, we have 45, the square

root^ of which is not' < 7. Add half the coefficient of x and

divide by the coefficient of x' ; whence a; < 5." Here the form

of the root is given completely; and the whole operation by

which Diophantos found it is revealed.

Case 3. Form mx" + q = px : Diophantos' root is

— —
. Cf. in V. 13 the equation already mentioned,

ITa;" + 17 < 72a;. Diophantos says: "Multiply half the coeffi-

cient of X into itself and we have 1296 : subtract the product

of the coefficient of ar" and the absolute term, or 289. The
remainder is 1007, the square root of which is not* > 31. Add
half the coefficient of x, and the result is not > 67. Divide

by the coefficient of x', and x is not > f^." Here again we have

the complete solution given.

(3) Cubic equation.

There is no ground for supposing that Diophantos was

acquainted with the solution of a cubic equation. It is true

there is one cubic equation which occurs in the Arithmetics,

but it is only a very particular case. In vi. 19 the equation

arises, a^ + '2x + S = x^ + Sx — Sx^ — 1, and Diophantos says

simply, " whence x is found to be 4." All that can be said of

1 For "coefficient" Diophantos uses simply ttXtjSos, number: thus "number

of apiBfiol" = coeS. of x.

2 Diophantos calls the "square root" TrXeupd or side.

' 7, though not accurate, is clearly the nearest integral limit which will serve

the purpose.

* As before, the nearest integral limit.
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this is that if we -write the equation in true Diophantine fashion,

so that all terms are positive,

x' + a; = 4a;' + 4.

This equation being clearly equivalent to x{x'+l) = 4(a;'+l),

Diophantos probably detected the presence on both sides of the

equation of a common factor. The result of dividing by it is

a; = 4, which is Diophantos' solution. Of the two other roots

x= ±J — \ no account is taken, for reason.s stated above.

From this single example we have no means of judging how

far Diophantos was acquainted with the solutions of equations

of a degree higher than the second.

I pass now to the second general division of equations.

(B.) Indeterminate equations.

As has been already stated, Diophantos does not in his

Arithmetics, as we possess them, treat of indeterminate equa-

tions of the first degree. Those examples in the First Book

which would lead to such equations are, by the arbitrary

assumption of one of the required numbers as if known, con-

verted into determinate equations. It is possible that the

treatment of indeterminate equations belonged to the missing

portion which (we have reason to believe) has been lost between

Books I. and II. But we cannot with certainty dispute the

view that Diophantos never gave them at all. For (as Nessel-

mann observes) as with indeterminate quadratic equations our

object is to obtain a rational result, so in indeterminate simple

equations we seek to find a result in whole numbers. But the

exclusion of fractions as inadmissible results is entirely foreign

to our author ; indeed we do not find the slightest trace that he

ever insisted on such a condition. We take therefore as our

first division indeterminate equations of the second degree.

I. Indeterminate equations of the second degree.

The form in which these equations occur in Diophantos is

universally this : one or two (and never more) functions of the

unknown quantity of the form Ax^-^-Bx + C are to be made

rational square numbers by finding a suitable value for x.
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Thus we have to deal with one or two equations of the form

Ax^+Bx+G=y\

(1) Single equation.

The single equation of the form Ax^-\- Bx+ G=y^ takes

special forms when one or more of the coefficients vanish, or

are subject to particular conditions. It will be well to give in

order the different forms as they can be identified in Dio-

phantos, and to premise that for ••=y^" Diophantos simply

uses the formula taov Terpayoiivo).

1. Equations which can always be solved rationally. This

is the case when A or C or both vanish.

Form Bx = y^. Diophantos puts y^ = any arbitrary square

number = wi^ say therefore x = -jt . Cf. iii. 5 : 2« = 1/^ y = 16,

a; =8.

Form Bx + C = y''. Diophantos puts for y^ any value m^,

and X =—j3— . He admits fractional values of x, only taking

care that they are "rational," i.e. rational and positive. Ex.

III. 7.

Form Ax^ + Bx — y'^. For y Diophantos puts any multiple
2

of «, — X ; whence Ax + B= -^x, the factor x disappearing
n n

and the root « = being neglected as usual. Therefore

Bn'

An'
Exx. II. 22, 34.

2. Equations whose rational solution is only possible under

certain conditions. The cases occurring in Diophantos are

Form Ax' + G^y'- This can be rationally solved accord-

ing to Diophantos

(a) When A is positive and a square, say a'.

Thus aV ^C = y'^. In this case 3/" is put = {ax ± m)'
;

therefore aV + G = (ax ± niY,

C - m'
^= + -nzma
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(m and the doubtful sign being always assumed so as to give

X a positive value).

(/3) When C is positive and a square number, say c^

Thus Ax" + c' = 2/". Here Diophantos puts y = {mx ± c)

;

therefore Ax^ + c" = (mx ± cf,

2mc
x= + —.

:, •- A-m'

(7) When one solution is known, any number of other

solutions can be found. This is enunciated in VI. 16 thus,

though only for the case in which G is negative: "when

two numbers are given such that when one is multiplied

by some square, and the other is subtracted from the product,

the result is a square number; another square also can be

found, greater than the first taken square, which will have the

same efifect." It is curious that Diophantos does not give a

general enunciation of this proposition, inasmuch as not only

is it applicable to the cases + A^ + C' = 2/', but to the general

form Ao^ \-Bx-^C = y^.

In the Lemma at vi. 12 Diophantos does prove that the

equation A(^ -\- C=y can be solved when ^ + is a square,

i.e. in the particular case when the value x — \ satisfies the

equation. But he does not always bear this in mind, for in

III. 12 the equation 52a;'' + 1 2 = i/" is pronounced to be impos-

sible of solution, although 52 + 12 = 64, a square, and a rational

solution is therefore possible. So, ill. 13, 266a;^ — 10 =3/* is said

to be impossible, though x = \ satisfies it.

It is clear that, if a; = satisfies the equation, is a

square, and therefore this case (7) includes the previous case (/8).

It is interesting to observe that in. vi. 15 Diophantos

states that a rational solution of the equation

Ax'-e^^y'

is impossible unless A is the sum of two squares^.

' Nesselmann compares Legeudre, Theorie des Nombres, p. GO.
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Lastly, we must consider the

Form Ax^ +Bx+G = y\

This equation can be reduced by means of a change of

variable to the previous form, wanting the second term. Thus

if we put x = z — ^-T , the transformation gives

Diophantos, however, treats this form of the equation quite

separately from the other and less fully. According to him the

rational solution is only possible in the following cases.

(a) When A is positive and a square, or the equation is

aV + Bx+ C=y ; and Diophantos puts y^ = (ax + mf, whence

^"'^^
Exx. II. 20, 21 &c.

2am — B

'

(/S) When G is positive and a square, or the equation is

Ax' + Bx + c" = 2/''; and Diophantos writes y"^ = [ttix + c)^, whence

2mc — B _i ^ , ,^ o
X = —. 2 . Exx. IV. 9, 10 &c.A — m: '

(7) When \B^ — AG \s positive and a square number.

Diophantos never expressly enunciates the possibility of this

case: but it occurs, as it were unawares, in IV. 33. In this

problem 3a; + 18 — a;^ is to be made a square, and the equation

3a; + 18 — «'' = 2/" comes under the present form.

To solve this Diophantos assumes 3a; + 18 — a?' = ^ta? which

leads to the quadratic 3a; + 18 — 5a;^ = 0, and " the equation is

not rational". Hence the assumption 4ta? will not do : "and we

must seek a square [to replace 4] such that 18 times (this

square + 1) + (f
)° may be a square". Diophantos then solves

this auxiliary equation 18 (ar* + 1) + 1 = 3/°, finding x = 18. Then

he assumes
3a;+18-a;'=(18)V,

which gives 325a3^ — 3a3 - 18 = 0, whence x = ^.
H. D. 7
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It is interesting to observe that from this example of Dio-

phantos we can obtain the reduction of this general case to the

form Ao^ + (7" = tf, wanting the middle term.

Thus, assume with Diophantos that Ax^^-Bx-\- G= ff^x^,

therefore by solution we have

-f±^f-^C+am=
4

A—rr^

and X is rational provided —-AC+ Gtr^ is a square. This

condition can be fulfilled if -y- - J (7 be a square by a previous

case. Even if that is not the case, we have to solve (putting,

for brevity, Z> for -j- — 4(7) the equation

Hence the reduction is effected, by the aid of Diophantos alone.

(2) Double-equation.

By the name " double-equation" Diophantos designates the

problem of finding one value of the unknown quantity x which

will make two functions of it simultaneously rational square

numbers. The Greek term for the " double-equation" occurs

variously as StTrXoio-OTi;? or SnrXrj tcroTij?. We have then to

solve the equations

maj" + ax + a = u^

nd'-i- I3x + b = V?

in rational numbers. The necessary preliminary condition is

that each of the two expressions can severally be made squares.

This is always possible when the first term (in o^) is wanting.

This is the simplest case, and we shall accordingly take it first.
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1. Double equation of the first degree.

Diophantos has one distinct method of solving the equations

ccx+.a = to'

taking sUghtly different forms according to the nature of the

coefficients.

(a) First method of solution of

aa) + a= u'

This method depends upon the equation

If the difference between the two functions can be separated

into two factors p, q, the functions themselves are equated to

~
J

Diophantos himself states his rule thus, in ii. 12:
2

" Observing the difference between the two expressions, seek

two numbers whose product is equal to this difference ; then

either equate the square of half the difference of the factors to

the smaller of the expressions, or the square of half the sum to

the greater." We will take the general case, and investigate

what particular cases the method is applicable to, from Dio-

phantos' point of view, remembering that his cases are such

that the final quadratic equation for x arising reduces always to

a simple one.

Take the equations

aoi^-\- a = m",

^x + b = w',

and subtracting we have {a — ^) x -{ {a — b) = u^ — w^

Let a — /3 = 5, a — 6 = e for brevity, then hx + e = u^ — w\

7—2
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We have thea to separate Bx + e into two factors ; let these

factors be «, f- - , and we accordingly write

P P
Sx 6

u + v = 1- ~,
- p p

Thus u^ = (xx+a

therefore ^ + ^(i + p] + ('- +p\ =i(ax + a),
p' p \p ^J \p I

Now in order that this equation may reduce to a simple one,

either

(1) the coefficient of o? must vanish or 8 = 0, therefore

a = ^, or

(2) the absolute term must vanish.

Therefore ( - + i')
= 4a,

or p* + 2ep^ + 6^ = 4ap^

i.e. /+2(a-6-2a)/ + (a,-6)' = G.

Therefore {jp' — a + hf = 4a6,

whence ah must be a square number.

Therefore either both a and h are squares, in which case we
may substitute for them c^ and d', p being then equal to c ±d,
or the ratio a -.his the ratio of a square to a square.

With respect to (1) we observe that on one condition it is

not necessary that S should vanish, i.e. provided we can, before

solving the equations, make the coefficients of x' in both equal

by multiplying either equation or both by a square number, an

operation which does not affect the problem, for a squaxe multi-

plied by a square is still a square.
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Thus if ^ =— or aLV? = ^m^, the condition S = will be
p n

satisfied by multiplying the equations respectively by n^ and
mJ' ; and thus we can also solve the equations

CLm?x + a = ?i^"

like the equations

ax + a= u"'

ax+h—w'

in an infinite number of ways.

Again the equations under (2),

ax+ c' = m',

/3a; + cf = w\

can be solved in two different ways, according as we write them

in this form or in the form

ad?x + &d^ = v:\

/3c'« + cW = w'V

obtained by multiplying them respectively by 6?, <? in order

that the absolute terms may be equal.

We now give those of the possible cases which are found

solved in Diophantos' own work. These are equations

(1) of the form

arn'x + a= u^'

an'x + b = w^

a case which includes the more common one, when the co-

eflScients of x in both are equal.

(2) of the form

ax + G^= V?'

^x + d'^w\

solved in two different ways according as they are thus written,

or in the alternative form,

o.d'x + c'd' = u^\

.2 '
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General solution of Form (1), or,

mr^x + a = m'

Multiplying respectively by v!', mJ', we have to solve the

equations,

amVa; + birv' = w''

The difference = an" — bm^. Suppose this separated into

two factors p, q.

Put m' + w' = p,

v! + w' = q,

1whence u" = (^-4^) , w" = (^
2

therefore amVa? + an" — '-—-

or amVa! + brn'=
{ c,

Either equation will give the same value of oc, and

p^ + (f ar? + 6m"

_ 4 2

amn
since pq = an" — 6m".

Any factors p, q may be chosen provided the value of x
obtained is positive.

Ex. from Diophantos.

65- 6a; = m")

65-2ix =wy

therefore
26()-24. = .';|

65 - 24a; = w"_l
'

The difference = 195 = 15. 13 say,

/15 — 13\'
therefore f

—

-—
) = 65 - 24a;, 24a; = 64, or a; = f

.
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General solution (first method) of Form (2), or,

ax + c^ = u'"

I3a! + d' = w'\''

In order to solve by this method, we multiply by tf, c"

respectively and write

ad'x + c'd' = u\
^c'ai + c'd' =wy

u being the greater.

The diff. = (acf - ySc") x. Let the factors of this be px, q,

therefore ! = (
P^ + gV

v'^i^-^ZA
"^^(px-_q\

Hence x is found from the equation

This equation gives

pV + 2x (pq - 2atf ) + q^ - icV = 0,

or, since pq = ad^ — ^(?,

p^x' - 2x (ad' + 0c') + q'- ic'd' = 0.

In order that this may reduce to a simple equation, as

Diophantos requires, the absolute term must vanish.

Therefore q'-4,c'd' = 0,

whence q = 2cd.

Thus our method in this case furnishes us with only one

solution of the double-equation, q being restricted to the value

2cd, and this solution is

x =_
2 i<xd' + /3c') _ 8c°<f (ad' + ^c')

/ {ad'-l3cy '

Ex. from Diophantos. This method is only used in one

particular case, IV. 45, where c' = d' as the equations originally

stand, namely
8^ + 4 = u'

6x+ ^ = w'
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the .difference is 2x and q is necessarily taken = 2>/4 = 4, and

the factors are „ , 4,

therefore 8a; + 4 = f^+2j and x= 112.

General solution (second method) of Form (2), or

aw +c' = u^\

Here the difference = (a — y8) a; + (c^ — d^) = Sx + e say, for

brevity.

Let the factors oi dx+ ehep, 1- -
. Then, as before proved

p p
'^

(p. 100), p must be equal to (c + d).

Therefore the factors are

X + c + d, c ± a.
c±d

and we have finally

ax + 0^ = 1! ^ X+C + d+c ±d
a-/3 ^»

therefore (i^)V+«.
f<»^-f 0,

which equation gives two possible values for x. Thus in this

case we can find by our method two values of x, since one of the

factors, p, may be c ± d.

Ex. from Diophantos, iii. 17 : to solve the equations

10a;+9 = M')

5a;+ 4 = w^j
'

The difference is here 5x + 5, and Diophantos chooses as

the factors 5, x + 1. This case therefore corresponds to the

value c + d oi p. The solution is given by

/x V
(5 + 3] =10a: + 9, whence a; = 28.



DIOPHANTOS' METHODS OF SOLtTTION. 105

The other value c — d of ^ is in this case excluded, because

it would lead to a negative value of x.

The possibility of deriving any number of solutions of a

double-equation when one solution is known does not seem

to have been noticed by Diophantos, though he uses the prin-

ciple in certain special cases of the single equation. Format

was the first, apparently, to discover that this might always

be done, if one value a of a; were known, by substituting in

the equations a; + a for x. By this means it is possible to find

a positive solution even if a is negative, by successive appli-

cations of the principle.

But nevertheless Diophantos had certain peculiar artifices

by which he could arrive at a second value. One of these

artifices (which is made necessary in one case by the unsuit-

ableness of the value found for x by the ordinary method),

employed in IV. 45, gives a different way of solving a double-

equation from that which has been explained, used only in

a special case.

(/S) Second method of solution of a double-equation of the

first degree.

Consider only the special case

'hx-\-r? = M^

Take these expressions, and it^, and write them in order of

magnitude, denoting them for convenience by J, 5, C.

, , A-B f . A-B=fx)
therefore B^C^h ''''^ B - C= hx\

'

Suppose now hx + n'' = {y+ nf,

therefore hx = y^ + 2ny,

f
therefore A-B = j^{y' + 2ny),

or A={y + nf + i^{f+2ny),

thus it is only necessary to make this expression a square.
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Write therefore

(l + -f)y'+2nU + l^y + n'=(py-ny,

whence any number of values for y, and therefore for x, can be

found, by varying p.

Ex. The only example in the Arithmetics is in iv. 45.

There is the additional condition in this case of a limit to the

value of X. The double-equation

8x + 4< = w'l

has to be solved in such a manner that x<2.

A-B
'b-c

therefore A-B = ^-^^

,

therefore ^=^ + 3,^ + 43/ + 4 =f + i|^ + 4

which must be made a square, or, multiplying by |,

Sy' + 12y + 9 = & square,

where y must be < 2.

Diophantos assumes

Sf+Uy + d^imy-Sy,

6m + 12
whence y = -^—.

,

and the value of m is then determined so that y <2.

As we find only a special case in Diophantos solved by

this method, it would be out of place to investigate the con-

1 Of course Diophantos uses the same variable x where I have for clearness

used y.

Then, to express what I have called m later, he says

:

"I form a square from 3 minus some number of x'a and x becomes some

number multiplied by 6 together with 12 and divided by the difference by which

the square of the number exceeds three.
"
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ditions under which more general cases might be solved in this

manner \

2. Dovhle equation of the second degree,

or the general form

Ax'' + Bx + C=u\

A'x' + Fx + C' = w\

These equations are much less thoroughly treated in Diophan-

tos than those of the first degree. Only such special instances

occur as can be easily solved by the methods which we have

described for those of the first degree.

One separate case must be mentioned, which cannot be

solved, from Diophantos' standpoint, by the preceding method,

but which sometimes occurs and is solved by a peculiar method.

The form of double-equation being

ax' + ax = u'] (1),

0x'+bx = w'] (2),

Diophantos assumes m^ = mV,

whence from (1)

m —a

and by substitution in (2)

^ / a y ha ^ ,

/3 —5 H—

5

must be a square,
\m —ajm—a

a'/3 + baim'-ei) .

or , „ ,., IS a square.

Therefore we have to solve the equation

abm" + a (/3a — ab) = 2/^

and this form can or cannot be solved by processes already

given according to the nature of the coefficients^.

ax+ b)
' Bachet and after him Cossali proved the possibility of solving

, j( '•y

this method under two conditions.

" Diophantos did not apparently observe that this form of equation could be
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II. Indeterminate eqiuitions of a degree higher than the second.

(1) Single Equations.

These are properly divided by Nesselmann into two classes

;

the first of which comprises those questions in which it is re-

quired to make a function of a; of a higher degree than the

second a square ; the second comprises those in which a rational

value of X has to be found which will make any function of x,

not a square, but a higher power of some number. The first

class of problems is the solution in rational numbers of

Ax"" + Bcc"-'

+

+Kx + L = f,

the second the solution of

Ax'' + Bx''-'-\- +Kx + L = f,

for Diophantos does not go beyond making a function of ic a

cube. Also in no instance of the first class does the index n

exceed 6, nor in the second class (except in a special case or two)

exceed 3.

First class. Equation

Ax''+Bx''-'+ + Kx + L = f.

We give now the forms found in Diophantos.

1. Equation AaP + Bx^ + Cx + cP=f.

Here we might (the absolute term being a square) put for

y the expression mx + d, and determine m so that the coefficient

of X in the resulting equation vanishes, in which case

Q
2md = C, m = ^

,

and we obtain in Diophantos' manner a simple equation for x,

giving

_ C'-M'B
"'~ U'A •

reduced to one of the first degree by dividing by x' and putting ?/ for - , in

which case it becomes

This reduction was given by Lagrange.
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Or we might put for y an expression mV +na; + d, and deter-

mine m, n so that the coefficients of x, a? in the resulting

equation both vanish, whence we should again have a simple

equation for x. Diophantos, in the only example of this form of

equation which occurs, makes the first supposition. Thus in

VI. 20 the equation occurs,

x= - 3a;'' + 3x + 1 = y\

and Diophantos assumes y = f x + 1, whence x='^.

2. Equation Ax* + Bx" ^-Co? -\-I)x-^E= f.

In order that this equation may be solved by Diophantos'

method, either A ox E must be a square. If J. is a square and

equal to a" we may assume y = a:^ + -^ x + n, determining n so

that the term in x^ vanishes. If .£/ is a square {e^ we may write

y =mx' + ^x+e, determining m so that the term in of may

vanish in the resulting equation. We shall then in either case

obtain a simple equation for x, in Diophantos' manner.

The examples of this form in Diophantos are of the kind,

aV + Bx' + Ga? + Dx + e'=f,

where we can assume y = ± ax^ + kx ±e, determining k so that

in the resulting equation (in addition to the coefficient of a;*,

and the absolute term) the coefficient of «', or that of x, may

vanish, after which we again have a simple equation.

Ex. IV. 29 : 9x* - 4a;' + 6a;' - 12a! + 1 = f. Here Diophantos

assumes y = Sx'' — Qx + 1, and the equation reduces to

32a;' - 36a;' = and a; = |.

Diophantos is guided in his choice of signs in the ex-

pression + aa;'+A;a; + e by the necessity for obtaining a "rational"

result.

But far more difficult to solve are those equations in which

(the left expression being bi-quadratic) the odd powers of x are

wanting, i.e. the equations Ax' + Cx'' + E = y\ and Ax* + E = y',
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even when ^ or ^ is a square, or both are so. These cases

Diophantos treats more imperfectly.

3. Equation Ax'^+Gx' + E^f.
Of this form we find only very special cases. The type is

aV-cV^-e==2/^
which is written

Here y is assumed to be ax or - , and in either case we

have a rational value of x.

25
Exx. V. 30 : 25ic'* ~^ "^ TJi- V^-

'^^^^ ^^ assumed to be

equal to 25a^.

V. 31 : -r x' — 25 + —-„ = w". «" assumed to be = -7-5 •

4 4a; ^ 4a;

4. Equation Ax" + E = y\

The case occurring in Diophantos is a;* + 97 = 2/^ Diophantos

tries one assumption, y = x^ — 10, and finds that this gives

a? = ^, which leads to no rational result. Instead however

of investigating in what cases this equation can be solved, he

simply shirks the equation and seeks by altering his original

assumptions to obtain an equation in the place of the one first

found, which can be solved in rational numbers. The result is

that by altering his assumptions and working out the question

by their aid he replaces the refractory equation, x" + 97 = y^, by

the equation x" + 337 = y', and is able to find a suitable sub-

stitution for y, namely cc" — 25. This gives as the required

solution a;= 1^. For this case of Diophantos' characteristic

artifice of retracing his steps ^—
" back-reckoning," as Nessel-

mann calls it, see Appendix v. 32.

5. Equation of sixth degree in the special form

a;° - Ax^ + Bx + c'' = y\

1 "Methode der Zuriiokrechnung und Nebenaufgabe.

"
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It is only necessary to put y = a?+c, whence - Ax^ +B= 2cx^

and x' = . . This gives Diophantos a rational solution

.„ B .

if j-^j-g-^isasquare.

6. If however this last condition does not hold, as in the

case occurring IV. 19, x" — IGa;" + 03 + 64 = 2/^ Diophantos

employs his usual artifice of " back-reckoning," by which he is

enabled to replace this equation by oo^ — 128a;° + a; + 4096 = y^,

which satisfies the condition, and (assuming y = x^ -y 64) x is

found to be ^.

Second Glass. Equation of the form

Ax'' + Baf-^ + + Kx + L = f.

Except for such simple cases as Ax^ = y^, Ax* = y^, where it is

only necessary to assume y = mx, the only cases which occur in

Diophantos are Aaf + Bx+ C= y\ Ax" + Bx" + Gx+D = f.

1. Equation Ax^ + Bx+C = y\

There are of this form only two examples. First, in vi. 1

a;' — 4a; + 4 is to be made a cube, being at the same time already

a square. Diophantos therefore naturally assumes a; — 2 = a

cube number, say 8, whence x = 10.

Secondly, in vi. 19 a peculiar case occurs. A cube is to be

found which exceeds a square by 2. Diophantos assumes

(x —If for the cube, and {x + ly for the square, obtaining

x" — 3x'' + Sx-l=x^+2x + S, or the equation

a;' + a; = 4a!'' + 4,

previously mentioned (pp. 36, 93), which is satisfied by a; = 4.

The question here arises : Was it accidentally or not that this

cubic took so special and easy a form ? Were x — \,x + l

assumed with the knowledge and intention of finding such an

equation ? Since 27 and 25 are so near each other and are, as

Fermat observes', the only integral numbers which satisfy the

1 Note to VI. 19. Fermatii Opera Math. p. 192.
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conditions, it seems most likely that it was in view of these

numbers that Diophantos hit upon the assumptions x + 1, x—\,
and employed them to lead back to a known result with all the

air of a general proof. Had this not been so, we should probably

have found, as elsewhere in the work, Diophantos first leading

us on a false tack and then showing us how we can in all cases

correct our assumptions. The very fact that he takes the right

assumptions to begin with makes us suspect that the solution is

not based upon a general principle, but is empirical merely.

2. The equation

Ax'+Bx' + Gx-\-D = y\

If ^ or Z) is a cube number this equation is easy of solution.

For, first, if A = a^ we have only to write y = ax + ^—j , and we

arrive in Diophantos' manner at a simple equation.

(J
Secondly, if Z) = tf , we put y = -^ x+ d.

If the equation is aV + Bx' + Gx + cP = y^, we can use either

assumption, or put y=ax + d, obtaining as before a simple

equation.

Apparently Diophantos only used the last assumption ; for

he rejects as impossible the equation y''=8x^ — x^+8x-l
because y = 2x — l gives a negative value x = — ^, whereas

either of the other assumptions give rational values'.

(2) Double-equation.

There are a few examples in which of two functions of x one
is to be made a square, the other a cube, by one and the same
rational value of x. The cases are for the most part very
simple, e.g. in vi. 21 we have to solve

4a; + 2 = f\
2a; + 1 =4 '

therefore y' = 2/, and z is assumed to be 2.

1 There is a special case in which C and D vanish, Ax^+ Bx^=yK Here y

is put =mx and x =^—~. Of. iv. 6, 30.
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A rather more complicated case is vi. 23, where we have
the double equation

2a;'' + 2a; = y'^ )

2
Diophantos assumes y = mx, whence x = —=—- , and we havem — 2

to solve the single equation

2 \' f 2 V 2

(^;?^2) + ^ t̂'-2; ^ m^-2 = ^,

2m* „

K^27 = ^-

To make 2m* a cube, we need only make 2m a cube, or put

?n = 4. This gives for x the value \.

The general case

hx^ + ex =.^^

would, of course, be much more difficult ; for, putting y = mx,

we find X = —5

—

r ,m'-b'
and we have to solve

or Gem* + c(Bc- 26 C) m' + hc{bC- Be) + Ac' = u\

of which equation the above corresponding one is a very parti-

cular case.

§ 3. Summary of the preceding investigation.

We may sum up briefly the results of our investigation of

Diophantos' methods of dealing with equations thus.

1. Diophantos solves completely equations of the first

degree, but takes pains beforehand to secure that the solution

shall be positive. He shows remarkable address in reducing a

number of simultaneous equations of the first degree to a single

equation in owe variable.

H. D. 8
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2. For determinate equations of the second degree Dio-

phantos.has a general method or rule of solution. He takes

however in the Arithmetics no account of more than one root,

even when both roots are positive rational numbers. But his

object is always to secure a solution in rational numbers, and

therefore we need not be surprised at his ignoring one root of a

quadratic, even though he knew of its existence.

8. No equations of a higher degree than the second are

found in the book except a particular case of a cubic.

4. Indeterminate equations of the first degree are not

treated in the work as we have it, and indeterminate equations

of the second degree, e.g. Ax' + Bx + C =^ y\ are only fully treated

in the case where .4 or C vanishes, in the more general cases

more imperfectly.

5. For " double-equations " of the second degree he has a

definite method when the coefiicient of x' in both expressions

vanishes ; this however is not of quite general application, and is

supplemented in one or two cases by another artifice of particular

application. Of more complicated cases we have only a few

examples under conditions favourable for solution by his

method.

6. Diophantos' treatment of indeterminate equations of

higher degrees than the second depends upon the particular

conditions of the problems, and his methods lack generality.

7. After all, more wonderful than his actual treatment of

equations are the extraordinary artifices by which he contrives

to avoid such equations as he cannot theoretically solve, e.g. by

his device of " Back-reckoning," instances of which, however,

would have been out of place in this chapter, and can only

be studied in the problems themselves.

§ 4. I shall, as I said before, not attempt to class as methods
what Nesselmann has tried so to describe, e.g. "Solution by mere
reflection," "solution in general expressions," of which there

are few instances definitely described as such by Diophantos,

and " arbitrary determinations and assumptions." It is clear that

the most that can be done to formulate these " methods " is the
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enumeration of a few instances. This is what Nesselmann

has done, and he himself regrets at the end of his chapter on

"Methods of solution" that it must of necessity be so incomplete.

To understand and appreciate these artifices of Diophantos it is

necessary to read the problems themselves singly, and for these

I refer to the abstract of them in the Appendix. As for the

" Use of the right-angled triangle," all that can be said of a

general character is that rational right-angled triangles (whose

sides are all rational numbers) are alone used in Diophantos,

and that accordingly the introduction of such a right-angled

triangle is merely a convenient device to express the problem of

finding two square numbers whose sum is also a square number.

The general forms for- the sides of a right-angled triangle are

a^ + ¥, a' — If, 2ab, which clearly satisfy the condition

The expression of the sides in this form Diophantos calls "form-

ing a right-angled triangle from the numbers a and b." It is

by this time unnecessary to observe that Diophantos does not

use general numbers such as a, b but particular ones. " Forming

a right-angled triangle from 7, 2 " means taking a right-angled

triangle whose sides are 7' + 2', 7' - 2^ 2 . 7 . 2, or 53, 45, 28.

§ 5. Method of Limits.

As Diophantos often has to find a series of numbers in

ascending or descending order of magnitude : as also he does

not admit negative solutions, it is often necessary for him to

reject a solution which he has found by a straightforward method,

in order to satisfy such conditions; he is then very frequently

obliged to find solutions of problems which lie within certain

limits in order to replace the ones rejected.

1. A very simple case is the following : Required to find a

value of X such that some power of it, x", shall lie between two

assigned limits, given numbers. Let the given numbers be a, b.

Then Diophantos' method is : Multiply a and b both successively

by 2", 3", and so on until some (n)*'^ power is seen which lies be-

tween the two products. Thus suppose c" lies between ap" and bp"
;

8—2
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c
then we can put a? = - , in which case the condition is satisfied,

P

for (- I lies between a and b.

\pJ

Exx. In IV. 34 Diophantos finds a square between | and 2

thus : he multiplies by a square, 64 ; thus we have the limits 80

and 128 ; 100 is clearly a square lying between these limits

;

hence (i^°)' or || satisfies the condition of lying between | and 2.

Here of course Diophantos might have multiplied by any

other square, as 16, and the limits would then have become 20

and 32, between which there lies the square 25, and so we

should have f| again as the square required.

In VI. 23 a sixth power (a " cube-cube ") is required which

lies between 8 and 16. Now the sixth powers of the first

natural numbers are 1, 64, 729, 4096... Multiply 8 and 16 (as

in rule) by 2^ or 64 and we have as limits 512 and 1024, and

729 lies between them ; therefore ''^^ is a sixth power such as

was required. To multiply by 729 in this case would not give

us a result.

2. Other problems of finding values of x agreeably to

certain limits cannot be reduced to a general rule. By giving,

however, a few instances, we may give an idea of Diophantos'

methods in general.

8
Ex. 1. In IV. 26 it is necessary to find x so that -„

—

x' + x
lies between x and a; + 1. The first condition gives 8 > x' + x'.

Diophantos accordingly assumes

s^ix+^y^x^+x-'+^ + i^,

which is >x' + x\ Thus a; = | satisfies one condition. It also

8
is seen to satisfy the second, or -^—- < a; + 1 ; but Diophantos

CD "p X
practically neglects this condition, though it turns out to be
satisfied. The method is, therefore, here imperfect.

Ex. 2. Find a value of x such that

x>i(x^-60)<i(,T^-60),

or x'-m>bx, a;'-60<8a;.
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Hence, says Diophantos, x is -4: H nor > 12. We have
already spoken (pp. 90, 91) of the reasoning by which he
arrives at this result (by taking only one root of the quadratic,

and taking the nearest integral limits). It is also required
that a;" — 60 shall be a square. Assuming then

1 en I \2 m^ + GO
a;" - 60 = (a; - m)^ x =—-^ ,

2m
which must be > 11 < 12, whence

m' + 60 > 22m, m' + 60 < 24m,

and (says Diophantos) m must therefore lie between 19 and 21.

Accordingly he writes «= - 60 = (« - 20)', and x = 11^, which is

a value of x satisfying the conditions.

§ 6. Method of Approximation to Limits.

We come now to a very distinctive method called by Dio-

phantos TraptcroTTy? or TraptcroTTyTO? ar^w^rj. The object of this

is to find two or three square numbers whose sum is a given

number, and each of which approximates as closely as possible

to one and the same number and therefore to each other.

This method can be best explained by giving Diophantos'

two instances, in the first of which two such squares, and in the

second tliree are required. In cases like this the principles

cannot be so well described with general symbols as with con-

crete numbers, whose properties are immediately obvious, and

render separate expression of conditions unnecessary.

Ex. 1. Divide 13 into two squares each of which > 6.

Take ^ or 6| and find what small fraction —^ added to it

1 1
makes it a square : thus 6^ + -5 must be a square, or 26 -I- -2

X y
is a square. Diophantos puts

y
26 -I- r^ = ( 5 +- 1

, or 262/' -t- 1 = (Sy-F l)^

whence y = 10 and -^ = ^, or -, = ^, and 6^ + ^^ = a
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square = (f^)". [The assumption of (5^/ + 1)* is not arbitrary,

for assume 26y^ + 1 = {py + 1)^ therefore y = ^ y and, since

- should be a small proper fraction, therefore 5 is the most

suitable and the smallest possible value for ^, 26 —p^ being < 2^
or p^ +'2,p + \> 27.] It is now necessary (says Diophantos)

to divide 13 into two squares whose sides are each as near

as possible to |^.

Now the sides of the two squares of which 13 is by nature

compounded are 3 and 2, and

3 is > M by ^1
2 is <|^by nr

Now if 3 — ^, 2 +^ were taken as the sides of two squares

their sum would be

2^2601

which is > 13.

Accordingly Diophantos puts

3 - 9a;, 2 + 11a;,

for the sides of the required squares, where x is therefore not

exactly -^ but near it.

Thus, assuming

(3 -9a;)'' + (2 + 11a;)'' = 13,

Diophantos obtains x = ^.
Thus the sides of the required squares are ^\, ^.

Ex. 2. Divide 10 into three squares such that each square
is > 3.

Take y or ^ and find what fraction of the form — added
x^

to it will make it a square, i.e. make 30 + -, a square or ZW + 1,

where - = -

.

X y
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Diophantos writes 30^ + 1 = (03/ + 1)', whence y = 2 and

And 3^ +^ = a square = ^-^

.

[As before, if we assume 30/ + l = (py + ly^ y = ^^—^ ,

and since - must be a small proper fraction, 30 —p' should < 2p

or p''+2p + l> 31, and 5 is the smallest possible value of p.

For this reason Diophantos chooses it
.J

We have now (says Diophantos) to make the sides of the

required squares as near as may be to Y-

Now 10=9+l = 3'' + (f)'+(f)^

and 3, f, | are the sides of three squares whose sum =10.
Bringing (3, f, |) and y to a common denominator, we have

m> U> U) and U.

Now 3 is >|^ bye,

f is<|§by |i,

|is<Mby U.

If then we took 3 — f§, f + 1^, | + 1^ for the sides, the sum
oftheir squares would be 3 (''^y or ^^^, which is > 10. Diophantos

accordingly assumes as the sides of the three required squares

3 - 35a;, f + 37a;, f + 31a;,

where x must therefore be not exactly ^, but near it.

Solving (3 - 35a;)' + (| + 37a')' + (| + Sla;/ = 10,

or 10-116a;+3555a;'=10,

we have « = f^-|6;

the required sides are therefore found to be

1821 128 5 12 8 8
7Tl • Til ' 711 '

nnrl thp qnnarpq 174 6041 1 661225 1658944anu lue bqudreb 5 6 s 5 2 1 > 606521 ' 50662 1
•

The two instances here given, though only instances, serve

perfectly to illustrate the method of Diophantos. To have put

them generally with the use of algebraical symbols, instead of
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concrete numbers, would have rendered necessary the intro-

duction of a large number of such symbols, and the number of

conditions (e.g. that such and such an expression shall be a

square) which it would have been necessary to express would

have nullified all the advantages of this general treatment.

As it only lies within my scope to explain what we actually

find in Diophantos' work, I shall not here introduce certain

investigations embodied by Poselger in his article " Beitrage zur

Unbestimmten Analysis," published in the Abhandlungen

der Koniglichen Akademie der Wissenschaften zu Berlin Aus dem
Jahre 1832, Berlin, 1834. One section of this paper Poselger

entitles "Annaherungs-methoden nach Diophantus," and obtains

in it, upon Diophantos' principles \ a method of approximation

to the value of a surd which will furnish the same results as the

method by means of continued fractions, except that the approxi-

mation by what he calls the " Diophantine method " is quicker

than the method of continued fractions, so that it may serve to

expedite the latter^.

^ "Wenn wir den Weg des Diophantos verfolgen."

" "Die Diophantisclie Methode kann also dazu dienen, die Convergenz der

PartiaJbruche des Eetteubruohs zu beschleunigen."



CHAPTER VI.

§ 1. THE PORISMS OF DIOPHANTOS.

We have already spoken (in the Historical Introduction)

of the Porisms of Diophantos as having probably formed a

distinct part of the work of our author. We also discussed the

question as to whether the Porisms now lost formed an

integral portion of the Arithmetics or whether it was a com-

pletely separate treatise. What remains for us to do under the

head of Diophantos' Porisms is to collect such references to

them and such enunciations of definite porisms as are directly

given by Diophantos. If we confine our list of Porisms to those

given under that name by Diophantos, it does not therefore

follow that many other theorems enunciated, assumed or implied

in the extant work, but not distinctly called Porisms, may not

with equal propriety be supposed to have been actually pro-

pounded in the Porisms. For distinctness, however, and in

order to make our assumptions perfectly safe, it will be better

to separate what are actually called porisms from other theorems

implied and assumed in Diophantos' problems.

First then with regard to the actual Porisms. I shall not

attempt to discuss here the nature of the proposition which was

called a porism, for such a discussion would be irrelevant to

my purpose. The Porisms themselves too 'have been well

enumerated and explained by Nesselmann in his tenth chapter;

he has also given, with few omissions, the chief of the other

theorems assumed by Diophantos as known. Of necessity,

therefore, in this section and the next I shall have to cover

very much the same ground, and shall accordingly be as brief as

may be.
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Porism 1. The first porism enunciated by Diophantos

occurs in v. 3. He says "We have from the Porisms that if

each of two numbers and their product when severally added to

the same number produce squares, the numbers are the squares

of two consecutive numbers'." This theorem is not correctly

enunciated, for two consecutive squares are not the only two

numbers which will satisfy the condition. For suppose

a; + 0. = m^ y + a = n^, a)y+a= p^.

Now by help of the first two equations we find

xy + a =mV — a (m° + »" — 1) + aj^,

and this is equal to p'. In order that

mV - a {m" + tv' - 1) + a"

may be a square certain conditions must be satisfied. One
sufficient condition is

m' + if — 1 = 2mn,

or m — n = + 1,

and this is Diophantos' condition.

But we may also regard

mV -a(m'+ n^ - 1) + a' =p'

as an indeterminate equation in in of which we know one

solution, namely m = n ± 1.

Other solutions are then found by substituting ^ + (w + 1)

for m, whence we have the equation

{n^-a)!^ + 2{n\n ±l)-a{n± \)]z + (n'-a) {n±iy
- a(n^ — l) + a' = p',

or {n'-a)z' + 2 {n' -a) (n ±1) z + {n(n±l)- af = p\
which is easy to solve in Diophantos' manner, the absolute term
being a square.

But in the problem v. 3 three numbers are required such

that each of them, and the product of each pair, severally added

^ Kal ^Trei (x°f>-^^ ^'' ''"''s 'roplff/iaaiv, on iav Sio dpiB/xol (KdrepSs re Kai

airruv /iera toD aiJToD SoBhTos iroij TeTpayoivov, ye^kva.oi.v i,Trh hio Tcrpayiii/av

VTT

TUV
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to a given number produce squares. Thus, if the third number
be s, three more conditions must be added, namely, z + a, zx + a,

yz + a should be squares. The two last conditions are satisfied,

if m + 1 = w, by putting

z = 2(x + y) — 1 = 4!m^ + 4m + 1 — 4a,

when xz + a= {m (2m + 1) - 2aY,

yz + a = {m (2m + 3) - (2a - 1)}',

and this means of satisfying the conditions may have affected the

formulating of the Porism.

V. 4 gives another case of the Porism with — a for + a.

Porism 2. In v. 5 Diophantos says' ,
" We have in the

Porisms that in addition to any two consecutive squares we can

find another number which, being double of the sum of both

and increased by 2, makes up three numbers, the product of

any pair of which plus the sum of that pair or the third

number produces a square," i.e.

??^^ m'' + 2m + 1, 4 (m^ + m + 1),

are three numbers which satisfy the conditions.

The same poiism is assumed and made use of in the follow-

ing problem, v. 6.

Porism 3 occurs in v. 19. Unfortunately the text of the

enunciation is corrupt, but there can be no doubt that the

correct statement of the porism is " The difference of two cubes

can be transformed into the sum of two cubes." Diophantos

contents himself with the mere enunciation and does not pro-

ceed to effect the actual transformation. Thus we do not know

his method, or how far he was able to prove the porism as

a perfectly general theorem. The theorems upon the trans-

formation of sums and differences of cubes were investigated by

Vieta, Bachet and Format.

^ Kal ^xoM^" 'rdXii' iv Tois ivoplaixatnv on iracc Bio Terpa-yiivon tois Kara rb e|^s

irpoa-evplaKeTai. (repos dpid/jLos Ss uv Bnr\aalai' avvaix(poTipov Kal dviSc fiei^uv, rpeis

ipidfiois iroul iZv 6 virh oiroioivouv iivre ir/jotrXd/Sr; (TvvaiJ,<t>tn-€pov, iavTC Xourbv wotei

jeTpd/yiavov.
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Vieta gives three problems on the subject ^ (Zetetica IV.).

1. Given two cubes, to find in rational numbers two others

whose sum equals the difference of the two given ones. As

a solution of a^ — b^=x' + y^, he finds

a (a' - 26') _ h (2a» - ¥)
^ — „3 _L ^s » y

a' + b' ' ^ a' + b'

2. Given two cubes, to find in rational numbers two others,

whose difference equals the sum of the given ones

;

3 ,, 3 3 a (a' +26') 6 (2a' + 6')

3. Given two cubes, to find in rational numbers two

others, whose difference equals the difference of the given ones;

a b X y, X- ^3^^3 ,
y- ^,^^, .

In 1 clearly x is negative if 26' > a'; therefore, to secure a

"rational" result, f^j > 2. But for a "rational" result in 3 we

must have exactly the opposite condition, ts < 2. Fermat, who

apparently was the first to notice this, remarked that in con-

sequence the processes 1 and 3 exactly supplement each other,

' Poselger {Berlin Abhandlungen, 1832) has obtained these results. He gets,

e.g. the first as follows:

Assume two cuhes (a -re)', {mx-p)^, which are to be taken so that their

sum = a* - j33.

Now {a-x)^ = a^-Sa'x+ Sax^-x^,

(Tmr - (3)3= - (33 + 3mp^x - drn^^x^ + nfix^.

If then

3K^-a)_ 3a(35

m3-l ~a3+ ^3'

(o - a;)3 + (ma; - (3)3= a3 - (3»,

, a(a3-2(3S)\

,. ;3(2a3-p3)

o-' + z!

™^-^- _3 , «3-
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SO that by employing them successively we can effect the trans-

formation of 1, even when

Process 2 is always possible, therefore by the suitable com-
bination of processes the transformation of a sum of two cubes

into a difference, or a difference of two cubes into a sum of two

others, is always practicable.

Besides the Porisms, there are many other propositions

assumed or implied by Diophantos which are not definitely

called porisms, though some of them are very similar to the

porisms just described.

§ 2. Theoeems assumed oe implied by Diophantos.

Of these Nesselmann rightly distinguishes two classes, the

first being of the nature of identical formulae, the second

theorems relating to the sums of two or more square num-

bers, &c.

1. The first class do not require enumeration in detail. We
may mention one or two examples, e.g. that the expressions

( J

— ah and a^ (a + If + a^ + {a+ If are squares, and that

a{a' — d)+a + (a' — a) is always a cube.

Again, Nesselmann thinks that Diophantos made use of the

separatiop of a' — b" into factors in the solution of v. 8, in

which he gives the result without clearly showing his mode

of procedure in obtaining it ; though its separability into

factors is nowhere expressly mentioned, and is not made use of

in certain places where we should most naturally expect to find

it, e.g. in IV. 12.

2. But far more important than these identical formulae

are the numerous propositions in the Theory of Numbers which

we find stated or assumed as known in the Arithmetics. It is,

in general, in explanation or extension of these that Fermat

wrote his famous notes. So far as Diophantos is concerned it

is extremely difficult, or rather impossible, to say how far these
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propositions rested for him upon rigorous mathematical demon-

stration, and how far, on the other hand, his knowledge of them

was merely empirical and derived only from trial in particular

cases, whereas he enunciates them or assumes them to hold

in all possible cases. But the objection to assuming that

Diophantos had a completely scientific system of investigating

these propositions, as opposed to a merely empirical knowledge

of them, on the ground that he does not prove them in the

present treatise, would seem to apply equally to Fermat's own

theorems set forth in these notes, except in so far as we might

be inclined to argue that Diophantos could not, in the period

to which he belongs, have possessed such machinery of demon-

stration as Format. Even supposing this to be true, we should

be very careful in making assertions as to what the ancients

could or could not prove, when we consider how much they

did actually accomplish. A-ud, secondly, as regards machinery

of proof, we have seen that up to Fermat's time there had

been very little advance upon Diophantos in the matter of

notation.

It will be best to enumerate here in order the principal

propositions of this kind which we find in Diophantos, observing

in each case any indication, which is perceptible, of the extent

which we may suppose Diophantos' knowledge of the Theory of

Numbers to have reached. It will be necessary and useful

to refer to Fermat's notes occasionally.

The question of the merits of Fermat's notes themselves

this is not the place to inquire into. It is well known
that he almost universally enunciates the theorems contained

in these notes without proof, and gives as his reason for not

inserting the proofs that his margin was too small, and so on.

It is considered, however, that as his theorems are always true,

he must necessarily have proved them rigorously. Concerning

this statement I will only remark that in the note to v. 25

Fermat addresses himself to the solution of a problem which

was " most difficult and had troubled him a long time," and

says that he has at last found a general solution. Of this

he gives a demonstration which is hopelessly wrong, and which

vitiates the solution completely.
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{a) Theorems in Diophantos respecting the composition of

numbers as the sum of two squares.

1. Any square number can be resolved into two squares in

any number of ways, II. 8, 9.

2. Any number which is the sum of two squares can be

resolved into two other squares in any number of ways, il. 10.

N.B. It is implied throughout that the squares may be

fractional, as well as integral.

3. If there are two whole numbers each of which is the

sum of two squares, their product can be resolved into the sum of

two squares in two ways, iii. 22.

The object of ill. 22 is to find four rational right-angled

triangles having the same hypotenuse. The method is this.

Form two right-angled triangles from (a, b), (c, d) respectively,

viz.

a^ + b\ a'-b\ 2ab,

c'+d\ &-d^, 2cd.

Multiplying all the sides of each by the hypotenuse of the

other, we have two triangles having the same hypotenuse,

{a' + h'){c' + d'), {a' -b') {c' + d% 2ab(c' + d^),

{a' + V) {c'+ d% (a' + F) {c' - d'), 2cd (a' + V).

Two other triangles having the same hypotenuse are got by

using the theorem enunciated, viz.

(a' + ¥) (c'' + d') = (ac ± bdy + {ad + bey,

and the triangles are formed from ac ± bd, ad + be, being

(a' + b') (c' + d% 4>abcd + (a= - b') (c' - d"), 2 (ac + bd) (ad - be),

ia' + V) (c^ + d?), iabcd - (a' - b') {c' - d"), 2 (ac - bd) {ad + be).

In Diophantos' case

a' + b' = r + 2' = 5,

c^-Kf= 2^ + 3^ = 13;

and the triangles are

(65, 52, 39), (65, 60, 25), (65, 63, 16), (65, 56, 33).
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[If certain relations hold between a, b, c, d this method

fails. Diophantos has provided against them by taking two right-

angled triangles viro e\a')(l(na)v dpid/jbdov (3, 4, 5), (5, 12, 13)].

Upon this problem Fermat remarks that (1) a prime number

of the form 4<n+l can only be the hypotenuse of a right-angled

triangle in one way, the square of it in two ways, &c.

(2) If a prime number made up of two squares be multiplied

by another prime also made up of two squares, the product can

be divided into two squares in two ways ; if the first is mul-

tiplied by the square of the second, in three ways, &c.

Now we observe that Diophantos has taken for the hypotenuse

of the first two right-angled triangles thefirst two prime numbers

of the form in + 1, viz. 5 and 13, both of which numbers are the

sum of two squares, and, in accordance with Format's remark,

they can each be the hypotenuse of one single right-angled

triangle only. It does not, of course, follow from this selection

of 5 and 13 that Diophantos was acquainted with the theorem

that every prime number of the form 4>n + 1 is the sum of two

squares. But, when we remark that he multiplies 5 and 13

together and observes that the product can form the hypotenuse

of a right-angled triangle in four ways, it is very hard to resist

,

the conclusion that he was acquainted with the mathematical'

facts stated in Format's second remark on this problem. For

clearly 65 is the smallest number which can be the hypotenuse

of four rational right-angled triangles ; also Diophantos did not

find out this fact simply by trying all numbers up to 65 ; on

the contrary he obtained it by multiplying together the first

two prime numbers of the form 4n -t- 1, in a perfectly scientific

manner.

This remarkable problem, then, serves to show pretty con-

clusively that Diophantos had considerable knowledge of the

properties of numbers which are the sum of two squares.

4. Still more remarkable is a condition of possibility of

solution prefixed to the problem v. 12. The object of this

problem is "to divide 1 into two parts such that, if a given

number is added to either part, the result will be a square."

Unfortunately the text of the added condition is very much
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corrupted. There is no doubt, however, about the first few

words, " The given nimiber must not he odd"
i.e. No number of theform 4ra+ 3 [or ^n—\] can he the sum

of two squares.

The text, however, of the latter half of the condition is, in

Bachet's edition, in a hopeless state, and the point cannot be

settled without a fresh consultation of the MSS.' The true con-

dition is given by Fermat thus. " The given number must not

he odd, and the double of it increased by one, when divided by the

greatest square which measures it, must not he divisible by a

prime number of theform 4?i— 1." (Note upon v. 12; also in a

letter to Roberval). There is, of course, room for any number
of conjectures as to what may have been Diophantos' words''.

There would seem to be no doubt that in Diophantos' condition

there was something about "double the number" (i.e. a number

of the form 4n), also about "greater by unity" and "a prime

number." From our data, then, it would appear that, if Dio-

phantos did not succeed in giving the complete sufficient and

necessary condition stated by Fermat, he must at all events have

made a close approximation to it.

^ Bacliet's text has 5ei S-q t6v Sidi/ievov /i-fire TnpitTHov etvat, nrfre 6 SiirXair/aiv

OMTOV \\ /i°a. /xeffoca ixr\ /i^pos 5 . fl
/leTpeiTai ujrd Toi" d°". s°".

He also says that a Vatican ms. reads fi'rjTe 6 diTrXao-lojv aiiTov o^pidfiov fiovaha

a. fxel^ova ^t; liipos rirapTov, ^ nerpeiTai iiro Tou irpdiTov ap(.8p.ov.

Neither does Xylander help us much. He frankly tells us that he cannot

understand the passage. '

' Imitari statueram bonos grammaticos hoc loco, quorum

(ut aiunt) est multa nescire. Ego vero nesoio lieic non multa, sed paene omnia.

Quid enim (ut reliqua taoeam) est /x^re 6 di.ir\a(Tloii' alrroO ap ix6 u., &o. quae

causae huius wpoadiopio-pLov, quae processus? immo qui processus, quae operatic,

quae solutio?"

^ Nesselmann discusses an attempt made by Schulz to correct the text, and

himself suggests /jtrfre rbv diirXaalova avToO apiBjiov p.oi'adi /ielt^oua ^eiv, os /le-

TpetTat V7r6 tluos irpdiTov dptdpLov. But this ignores pjpos r^raprov and is not

satisfactory.

Hankel, however (Gescli.d. Math. p. 169), says; "Ich zweifele nicht, dass die

von den Msscr. arg entstellte Determination so zu lesen ist: Aei 5ri rhv 5ibbp.evov

fi'^re irepurabi' e&ai, OTre Tov SnrXaatova airoO apiBpi>v p-ovaSi a fxil^opa fieTpe'icrdai

uTTo TOU TpiiiTov ipLd/JiOv, Ss av /lovddi a pLelt^ai' Sxv P-^pos Tiraprov." Now this cor-

rection, which exactly gives Fermat's condition, seems a decidedly probable one.

Here the words ij-ipos Tiraprov find a place; and, secondly, the repetition of

fjLovdSi. d jxel^av might well confuse a copyist, tov for tou is of course natural

enough ; Nesselmann reads tivos for tov.

H. D. y
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We thus see (a) that Diophantos certainly knew that no

number of the form 4w + 3 could be the sum of two squares,

and (b) that he had, at least, advanced a considerable way to-

wards the discovery of the true condition of this problem, as

quoted above from Fermat.

(6) On numbers which are the sum of three squares.

In the problem v. 14 a condition is stated by Diophantos

respecting the form of a number which added to three parts of

unity makes each of them a square. If a be this number,

clearly 3a + 1 must be divisible into three squares.

Eespecting the number a Diophantos says "It must not be

2 or any multiple of 8 increased by 2."

i. e. a number of the form 24)1 + 7 cannot be the sum of three

squares. Now the factor 3 of 24 is irrelevant here, for with

respect to three this number is of the form 3m + 1, and this so

far as 3 is concerned might be a square or the sum of two or

three squares. Hence we may neglect the factor 3 in 24<n.

We must therefore credit Diophantos with the knowledge of

the fact that no number of the form 8n + 7 can be the sum of

three squares.

This condition is true, but does not include all the numbers

which cannot be the sum of three squares, for it is not true

that all numbers which are not of the form 8n + 7 are made up

of three squares. Even Bachet remarked that the number a

might not be of the form 32?i + 9, or a number of the form

96n + 28 cannot be the sum of three squares.

Fermat gives the conditions to which a must be subject

thus

:

Write down two geometrical series (common ratio of each 4),

the first and second series beginning respectively with 1, 8,

1 4 16 64 256 1024 4096

8 32 128 512 2048 8192 32768

then a must not be (1) any number obtained by taking twice

any term of the upper series and adding all the preceding terms.
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or (2) the number found by adding to the numbers so obtained

any multiple of the corresponding term of the second series.

Thus (a) must not be,

Sw + 2.1 = 8n + 2,

32ji + 2.4 + 1 = S2n + 9,

128n + 2.16 + 4 + 1 = 128n + 37,

5l2n + 2.64 + 16 + 4 + 1 = 512w + 149,

&c.

Again there are other problems, e. g. V. 22, in which, though

conditions are necessary for the possibility of solution, none are

mentioned; but suitable assumptions are tacitly made, without

rules by which they must be guided. It does not follow from

the omission to state such rules that Diophantos was ignorant

of even the minutest points connected with them ; as however

we have no definite statements, it is best to desist from specula-

tion in cases of doubt.

(c) Composition of numbers as the sum offour squares.

Every number is either a square or the sum of two, three or

four squares. This well-known theorem, enunciated by Fermat

in his note to Diophantos IV. 31, shows at once that any number

can be divided into four squares either integral or fractional,

since any square number can be divided into two other squares,

integral or fractional. We have now to look for indications in

the Arithmetics as to how far Diophantos was acquainted with

the properties of numbers as the sum of four squares. Un-

fortunately it is impossible to decide this question with any-

thing like certainty. There are three problems [iv. 31, 32 and

V. 17] in which it is required to divide a number into four

squares, and from the absence of mention of any condition to

which the number must conform, considering that in both cases

where a number is to be divided into three or two squares [v. 14

and 12] he does state a condition, we should probably be right

in inferring that Diophantos was aware, at least empirically, if

not scientifically, that any number could be divided into four

squares. That he was able to prove the theorem scientifically

it would be rash to assert, though it is not impossible. But we

9—2
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may at least be certain that Diophantos came as near to the

proof of it as did Bachet, who takes all the natural numbers up

to 120 and finds by trial that all of them can actually be ex-

pressed as squares, or as the sum of two, three or four squares

in whole numbers. So much we may be sure that Diophantos

could do, and hence he might have empirically satisfied himself

that in any case occurring in practice it is possible to divide

any number into four squares, integral or fractional, even if he

could not give a rigorous mathematical demonstration of the

general theorem. Here again we must be content, at least in

our present state of knowledge of Greek mathematics, to remain

in doubt.



CHAPTER VII.

HOW FAR WAS DIOPHANTOS ORIGINAL ?

§ 1. Of the many vexed questions relating to Diophantos

none is more diflScult to pronounce upon than that which we
propose to discuss in the present chapter. Here, as in so many
other cases, diametrically opposite views have been taken by au-

thorities equally capable ofjudging as to the merits of the case.

Thus Bachet calls Diophantos "optimum praeclarissimumque Lo-

gisticae parentem," though possibly he means no more by this

than what he afterwards says, "that he was the first algebraist of

whom we know." Cossali quotes "1' abate Andres" as the most

thoroughgoing upholder of the originality of Diophantos. M.

Tannery, however, whom we have before had occasion to men-

tion, takes a completely opposite view, being entirely unwilling

to credit Diophantos with being anything more than a learned

compiler. Views intermediate between these extremes are

those of Nicholas Saunderson, Cossali, Colebrooke and Nessel-

mann; and we shall find that, so far as we are able to judge

from the data before us, Saunderson's estimate is singularly

good. He says in his Elements of Algebra (1740), "Diophantos

is the first writer on Algebra we meet with among the ancients

;

not that the invention of the art is particularly to be ascribed

to him, for he has nowhere taught the fundamental rules and

principles of Algebra; he treats it everywhere as an art already

known, and seems to intend, not so much to teach, as to culti-

vate and improve it, by applying it to certain indeterminate

problems concerning square and cube numbers, right-angled

triangles, &c., which till that time seemed to have been either

not at all considered, or at least not regularly treated of. These
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problems are very curious and entertaining; but yet in tbe

resolution of them there frequently occur difficulties, which

nothing less than the nicest and most refined Algebra, applied

with the utmost skill and judgment, could ever surmount: and

most certain it is that, in this way, no man ever extended the

limits of analytic art further than Diophantos has done, or dis-

covered greater penetration and judgment; whether we consider

his wonderful sagacity and peculiar artifice in forming such

proper positions as the nature of the questions under considera-

tion required, or the more than ordinary subtilty of his reason-

ing upon them. Every particular problem puts us upon a new

way of thinking, and furnishes a fresh vein of analytical treasure,

which, considering the vast variety there is of them, cannot but

be very instructive to the mind in conducting itself through

almost all difficulties of this kind, wherever they occur."

§ 2. We will now, without anticipating our results further,

proceed to consider the arguments for and against Diophantos'

originality. But first we may dispose of the supposition that

Greek algebra may have been derived from Arabia. This is

rendered inconceivable by what we know of the state of learning

in Arabia at different periods. Algebra cannot have been

developed in Arabia at the time when Diophantos wrote

;

the claim of Mohammed ibn Musa to be considered the first

important Arabian algebraist, if not actually the first, is ap-

parently not disputed. On the other hand Rodet has shown

that Mohammed ibn Miisa was largely indebted to Greece.

There is moreover great dissimilarity between Greek and Indian

algebra ; this would seem to indicate that the two were evolved

independently. We may also here dispose of Bombelli's strange

statement that he found that Diophantos very often quoted

Indian authors'. We do not find in Diophantos, as we have

him, a single reference to any Indian author whatever. There

is therefore some difficulty in understanding Bombelli's positive

statement. It is at first sight a tempting hypothesis to suppose

that the " frequent quotations " occurred in parts of Diophantos'

1 "Ed in detta opera abbiamo ritrovato, ch' egli assai volte cita gli autori

indiani, col ohe mi ha fatto conoBoere, che questa disciplina appo gl' indiani

prima fu ohe agU arabi."
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work contained only in the MS. which Bombelli used. But we
know that not a single Indian author is mentioned in that MS.

We can only explain the remark by supposing that Bombelli

confused the text and the scholia of Maximus Planudes ; for in

the latter mention is made of an " Indian method of multiplica-

tion." Such must be considered the meagre foundation for

Bombelli's statement.

There is not, then, much doubt that, if we are to find any
writers on algebra earlier than Diophantos to whom he was
indebted, we must seek for them among his own countrymen.

§ 3. Let us now consider the indications bearing upon the

present question which are to be found in Diophantos' own work.

Distinct allusions to previous writers there are none with the

sole exception of the two references to Hypsikles which occur

in the fragment on Polygonal Numbers. These references, how-

ever, are of little or no importance as affecting the question of

Diophantos' originality; for, so far as they show anything, they

show that Diophantos was far in advance of Hypsikles in his

treatment of polygonal numbers. And, so far as we can judge

of the progress which had been made in their theoretical treat-

ment by writers anterior to Diophantos from what we know of

such arithmeticians as Nikomachos and Theon of Smyrna, we
must conclude that (even if we assume that the missing part of

Diophantos' tract on this subject was insignificant as compared

with the portion which has survived) Diophantos made a great

step in advance of his predecessors. His method of dealing

with polygonal numbers is new; and we look in vain among

his precursors for equally general propositions with regard to

such numbers or for equally scientific proofs of known pro-

perties. Not that previous arithmeticians were unacquainted

with Diophantos' propositions as applied to particular polygonal

numbers, and even as applicable generally ; but of their general

application they convinced themselves only empirically, and by

the successive evolution of higher and higher orders of such

numbers.

We may here remark, with respect to the term "arithmetic"

which Diophantos applies to his whole work, that he is making

a new use of the term. According to the previously accepted
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distinction of dpiO/jLTjTiKrj and Xoyia-riKij the former treats of the

abstract properties of numbers, considered apart from their

mutual relations, XoyoariKt^ of problems involving the relations

of concrete numbers. XoytariKij, then, includes algebra. Ac-

cording to the distinction previously in vogue the term dpid-

fiTjTiKrj would properly apply only to Diophantos' tract on

Polygonal Numbers ; but, as in the six books of Diophantos the

numbers are treated as abstract, he drops the distinction.

§ 4. Next to direct references to the names of predecessors,

we must look to the language of Diophantos, in order to see

whether there is any implication that anything which he teaches

is new. And in this regard we might naturally expect that

the preface or dedication to Dionysios would be important. It

is as follows : Tr)v evpecnv tcov ev toI<; apidfiOK Trpo/SXrjfidTtov,

Ti/jtfiWTaTe iMOi Aiovvaie, 'yivaxTKCuv ere airovhaiw^ '^^(ovra ixadelv,

opyavwaai rrjv /j,e6oSov etreipdB'qv, dp^dfievo'; dxp' &v crwearTjKe

rd Trpayfiara 6e/J.e\L(ov, viroaTrjaaL r-qv ev rot? dpiOfiol^ (pvcriv

re Koi Bvvafji,iv. laa<; fiev ovv SoKei to Trpdyfia Sva'y^epeaTepov,

eTreiBr) fnjTra yvoopifiov ean, BvaeXTrcaToi yap eis Karopdwalv

elaiv at rdov dp'^oixevcov •ylrvy^al, o/xo)? B' evKardXTjTTTOv aoi yevij-

aerai Bid rrjv crrjv 7rpo6vfx,iav koi ttjv e/u,rjv d-TToBei^iv' rayeia

yap et? fidGrjaiv eTnOvfJkia 7rpoa\a/3ovaa BiBa-)(r}v. The first

expression which would seem to carry with it an indication of

the nature of the work as conceived by Diophantos himself is

opyavwaai rrjv /u.edoB6v. The word opyavwaat has of itself been

enough to convince some that the whole matter and method of

the Arithmetics were originaP. Cossali and Colebrooke are of

opinion that the language of the preface implies that some part

of what Diophantos is about to teach is new I But Montucla

1 Of. the view of "1" abate Andres'' as stated by Cossali: "Diofanto stesso

parla in guisa, che sembra mostrare assai chiaramente d' essere stata sua inven-

zione la dottrina da lui proposta, e spiegata uella sua opera."

^ "A me par troppo il dire, che da quelle espressioni non ne esca aloun
lume ; mi pare troppo il restingere la novita, che annunziano, al metodo, che nell'

opera di Diofanto regnas si mira-, ma parmi anohe troppo il dedurne essere stato

Diofanto in assoluto senso inventor dell' anaJisi." Cossali.

"He certainly intimates that some part of what he proposes to teach is new;
f(ru! nkv otv BoKei rd irpay/ia SvaxepiaTepoy iirei.Sri fi-qirw yvwpijiov i<TTi. : while in

other places (Def. lOj he expects the student to be previously exercised in the
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does not go too far when he says that the preface does not give
us any clue. The word op'yavaxrai, is translated by Bachet as
" fabricari," but this can hardly be right. It means " to set forth
in order", to "systematise"; and such an expression may per-
fectly well apply if there were absolutely nothing new in the
work, and Diophantos were merely writing a text-book simply
giving in a compact and systematic form the sum and substance
of previous labours. The words eVetS?} /lij^Trm <^vwpt,(i,6v la-riv

have also been made use of by advocates of Diophantos' claim
to originality; but, looked at closely, they clearly imply no
more than that the methods were unknown to Dionysios. The
phrase is subjective, as is shown by the following words, Suo-eX-

in,(TTOL ryap ei'i KaTopdaiaiv eiaiv at raiv dp-^ofievav yjrvyaL

The language of the definitions also has been variously

understood. "L' abate Andres" concluded from their very

presence at the beginning of the book that Diophantos is

minutely explaining preliminary matter as if he were speaking

of a new science as yet unknown to others. But the fact is

that he does not minutely explain preliminary matter ; he gives

an extremely curt summary of the necessary preliminaries.

Moreover he makes no stipulations as to what he will choose to

call by a certain name. Thus a square KaXetrai Svva/Mi,';

:

the unknown quantity is called dpi,dfi6<;, and its sign is ?".

Again, he says Xeti|ri? eVt \eh^t,v Tj-oWaifKaaiaaQelcra TroieX

vTrap^Lv, Minus multiplied by minus gives plus^. In the 10th

algorithm of Algebra. The seeming contradiction is reconciled by conceiving the

principles to have been known, but the application of them to a certain class of

problems concerning numbers to have been new." Colebrooke.

1 I adhere to this translation of the Greek because, though not quite literal,

it serves to convey the meaning intended better than any other version. It is

not easy to translate it literally. Mr James Gow (History of Greek Mathematics,

p. 108), says that it should properly be translated "A difference multiplied by

a difference makes an addition." This translation seems unfortunate, because

(1) it is diflScult, if not impossible, to attach any meaning to it, (2) Xet^I/is and

iiirap^is are correlatives, whereas "difference" and "addition" are not. If

either of these words are used at all, we should surely say either "A difference

multiplied by a difference makes a sum", or "A subtraction multiplied by a

subtraction makes an addition." The true meaning of Xei^is must be " a falling-

short " or " a wanting ", and that of virap^is " a presence '' or " a forthcoming ".

If, therefore, a literal translation is desired, I would suggest " A wanting multi-
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Definition he says how important it is that the beginner should

be familiar with the operations of Addition, Subtraction, &c.;

and in the 11th Definition the rules for reducing a quadratic to

its simplest form are given in a dogmatic authoritative manner

which would only be appropriate if the operation were generally

known : in fine, the definitions, in so far as they have any bear-

ing on the present question, seem to show that Diophantos does

not wish it to be understood that they contain anything new.

He gives them as a short but necessary resumd of known prin-

ciples, more for the purpose of a reminder than as laying any

new foundation.

To assert, then, that Diophantos invented algebra is, to say

the least, an exaggeration, as we can even now see from the

indications above mentioned. His notation, so far as it is a nota-

tion, is apparently new ; but, as it is merely in the nature of

abbreviations for complete words, it cannot be said to constitute

any great advance in algebra.

§ 5. I may here mention a curious theory propounded by

Wallis, that algebra was not a late invention at all, but that it

was in common use by the Greeks from the time of their earliest

discoveries in the field of geometry, that in fact they disco-

vered their geometrical theorems by algebra, but were extremely

careful to conceal the fact. But to believe that the great Greek

geometers were capable of this systematic imposition is scarcely

possible^.

plied by a wanting makes a forthcoming ". But, though this wotild be correct,

it loses by obscurity more than it gains by accuracy.

1 "De Algebra, prout apud Eucliden Pappum Diophantum et scriptores

habetur. Mihi quidem extra omne dubium est, veteribue oognitam fuisse et

usu comprobatam istiusmodi artem aliquam Investigandi, quaUs est ea quam
nos Algebram dicimus : Indeque derivatas esse quae apud eos eonspiciuntur

prolixiores et intrioatae Demonstrationes. Aliosque ex recentioribus meoum
hae in re sentire comperio. ...Hano autem artem Investigandi Veteres ocou-

luerunt sedulo: oontenti, per demonstrationes Apagogicas (ad absurdum seu

impossibile duoentes si quod asserunt negetur) assensum cogere; potius quam
directum methodum indicare, qua fuerint inventae propositiones illae quas ipsi

aliter et per ambages demonstrant." (Wallis, Opera, Vol. ii.)

Bossut is certainly right in his criticism of this theory. " Si oette opinion

6tait vraie, elle inculperait oes grands hommes d'une charlatanerie syst^matique

et traditioneUe, ce qui est invraisemblable en soi-m^me et ne pourrait tee admis

sans les preuves les plus ^videntes. Or, sur quoi une telle opinion est-elle
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§ 6. What remains to be said may, perhaps, be best arranged

under the principal of Diophantos' methods as headings ; and it

will be advisable to take them in order, and consider in each
case whether anything is anticipated by Greek authors whose
works we know. For it would seem useless to speculate on
what they might have written. If we once leave the safe

ground of positive proveable fact, such an investigation as the

present could lead to no useful result. It is this fact which

makes so much of what M. Tannery has written on this subject

seem unsatisfactory. He states that Diophantos was no more

than a learned compiler, like Pappos : though it may be ob-

served that this is a comparison by no means discreditable to

the former ; he does not think it necessary to explain the com-

plete want of any other works on the same subject previous to

Diophantos. The scarcity of information respecting similar

previous labours, says M. Tannery, is easily explicable on other

grounds which do not concern us here\ The nature of the

work joined to what we know of Diophantos would seem to

prove his statement, thinks M. Tannery ; thus the work is very

unequal, some operations being even clumsy^ But we are not

likely to admit that inequality in a work is any evidence against

originality; for what great genius always equalled himself?

Certainly, if we cannot find any certain traces of anticipation of

Diophantos by his predecessors, he is entitled to the benefit of

any doubt. Besides, given that Diophantos was not the in-

ventor of any considerable portion of his science, the merit of

having made it known and arranged it scientifically is little less

than that of the discoverer of the whole, and very much greater

than that of the discoverer of a small fraction of it.

First with regard to the use of the unknown quantity by

fondle? Sur quelques ancienues propositions, tiroes principalement du trei-

zi6me livre d'Euclide, oil Ton a cru reoonnaltre I'alglbre, mais qui ne supposent

r^ellement que I'analyse gfiom^trique, dans laquelle les anciens fitaient fort ezer-

o6s, comme je I'ai d§ja marqu^. II paralt certain que les Greos n'ont commence

a oonnaitre I'algSbre qu'au temps de Diophante." {Histoire Generale des MathS-

matiques par Charles Bosaut, Paris, 1810.) The truth of the last sentence is not

so clear.

' Bulletin des Sciences mathematiques et astronomiques, 1879, p. 261.

2 Ibid.
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Diophantos. There is apparently no indication that dpid/j,6<;, in

the irestricted sense appropriated to it by Diophantos, was em-

ployed by any other extant writer without an epithet to mark

the use, and certainly Bvvafii<! as restricted to the square of the

unknown is Diophantine. But the employment of an unknown
quantity and calculations in terms of it are found before Dio-

phantos' time. To find a thing in general expressions is, with

Diophantos, to find it ev dopiarm. Cf. the problem IV. 20.

But the same word is used in the same sense by Thymaridas in

his Epanihema. We know of him only through lamblichos,

but he probably belongs to the same period as Theon of Smyrna.

Not only does Thymaridas distinguish between numbers which

are uipLaixevoi (known) and dopiaTot (unknown), but the Epan-

ihema gives a rule for solving a particular set of simultaneous

equations of the first degree with any number of variables.

The artifice employed is the same as in i. 16, 17, of Diophantos.

This account which lamblichos gives of the Epanthema of Thy-

maridas is important for the history of algebra. For the essence

of algebra is present here as much as in Diophantos, the " nota-

tion" employed by him showing only a very slight advance.

Thus we have here another proof, if one were needed, that

Diophantos did not invent algebra.

Diophantos was acquainted with the solution of a mixed or

complete quadratic. This solution he promises in the 11th

Definition to explain later on. But, as we have before remarked,

the promised exposition never comes, at least in the part of his

work which we possess. He shows, however, sufficiently plainly

in a number of problems the exact rule which he followed in

the solution of such equations. The question therefore arises

:

Did Diophantos himself discover and formulate his purely

arithmetical rule for solving complete determinate quadratics,

or was the method in use before his time ? Cossali points out

that the propositions 58, -59, 84 and 85 of Euclid's SeBo/j,eva

give in a geometrical form the solution of the equations

ax — a^— b, ax + x' = b, and of ,

xy = h

It was only necessary to transform the geometry into algebra, in
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order to obtain Diophantos' rule ; and this might have been

done by some mathematician intermediate between Euclid and

Diophantos, or by Diophantos himself. It is quite possible that

it may have been in this manner that the rule arose ; and, if

that is the case, it is probable that the transformation referred

to was accomplished by some mathematician not much later than

Euclid himself; for Heron of Alexandria {circa 100 B.C.) already

used a similar rule'. We hear moreover of a work on quadratic

equations by Hipparchos (probably circa 161—126 B.C.)'. Thus

we may conclude that Diophantos' rule for solving complete

quadratics was not his discovery.

§ 7. But it is not upon Diophantos' solution of determinate

equations that the supporters of his claim to originality rely

;

it is rather that part of his work which forms its main subject,

namely, Indeterminate or Semi-determinate Analysis. Accord-

ingly it is to that that the term Diophantine analysis is applied.

We should therefore look more especially for anticipations of

Diophantine analysis, if we would be in a position to judge as to

Diophantos' originality.

The foundation of semi-determinate analysis was laid by

Pythagoras. Not only did he propound the geometrical theorem

that in a right-angled triangle the square on the hypotenuse is

equal to the sum of the squares on the other two sides, but he

applied it to numbers and gave a rule—of somewhat narrow

application, it is true—for finding an infinite number of right-

angled triangles whose sides are all rational numbers. His

rule, expressed in algebraical form, asserts that if there are

three numbers of the form 2to' - 2m -I- 1, 2m^ - 2m, and 2m - 1,

they form a right-angled triangle. This rule applies clearly to

that particular case only in which two of the numbers differ by

unity, i.e. that particular case of Diophantos' general form for

a right-angled triangle {m^-\-n\ rti^-r?, 2mw) in which m-r2= l.

But Pythagoras' rule is an attempt to deal with the general

problem of Diophantos, II. 8, 9. Plato gives another form for a

1 Cf. Cantor, pp. 341, 342. The solution of a quadratic was for Heron no

more than a matter of arithmetical calculation. He solved such equations by

making both sides complete squares.

2 Cf. Cantor, p. 313.
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rational right-angled triangle, namely (ni'+ l, m°— 1, 2m), which

is that particular case of the form used by Diophantos in which

«= 1. Euclid, Book x. prop. 29 is the same problem as Dioph.

II. 8, 9, Diophantos improving upon Euclid's solution. In compar-

ing, however, Euclid's arithmetic with that of Diophantos we

should remember that with Euclid arithmetic is still geometry:

a fact which accounts for his marvellously-developed doctrine of

irrational and incommensurable numbers. In Diophantos the

connection with arithmetic and geometry is severed, and irrational

numbers are studiously avoided throughout his work.

There is another certain case of the solution of an indeter-

minate equation of the second degree in rational numbers before

Diophantos. Theon of Smyrna, in his work TtSv Kara iua07jfji,a-

TiKrjv ')(^p7jaifx,a)v ei? Trjv rod Tl\dTa>vo<; dvdyvcocrtv [sc. expositio,

say the editors], gives a theorem -rrepl -rfK.svpiKwv Kal Bia/j,erpi,Kwv

dpi,6fjbmv. From this theorem we derive immediately any number

of solutions of the equations

provided that we can find, by trial or otherwise, one solution of

either. Theon does not make this application of his theorem :

he solved a somewhat important problem of the second degree

in indeterminate analysis without knowing it. There is an

allusion to the doctrine of Side- and Diagonal-numbers in

Proclus, Comment, on Euclid IV. p. 111.

§ 8. Such are the data upon which Nesselmann founded his

view as to the originality of our author. But M. Tannery has

tried to show, by reference to a famous problem, that still more
difificult questions in indeterminate analysis had been propounded

before the time of Diophantos. This problem is known by the

name of the " Oattle-problem "
; it is an epigram, and is com-

monly attributed to Archimedes. It was discovered by Lessing,

and his discussion of it may be found in Zur Geschichte und
Litteratur (Braunschweig, 1773), p. 421 seqq. I have quoted it

below according to the text given by Lessing'. The title does

' I have unfortunately not been able to consult the critical work on this

epigram by Dr J. Struve and Dr K. L. Struve, father and son (."Utona, 1821).
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not actually imply that Archimedes was the author. Of the

two divisions into which it falls the second leads to an indeter-

My information about it is derived at second-hand from Nesselmann. Lessing's

text can hardly be perfect, but it seems better to give it as it is without emen-

dation.

nPOBAHMA
Strep 'APXIMHAH2) iv inypiiitiaaiv eJpOiv

Tois iv 'AXe^avSpeiqi irepl raOra Trpayfiarovfi^vois ^rfreiv dir^ffxetXei'

iv tS trpbs "&paT0(T6h'i)v rbv "KvprivaXoy

^XrjQiiv i7eXfoto ^owv^ w Velvet lUrjyqaov^

^povriS' ^7rt£rrTj(ras, el fier^xet-s ao<pl7]Sf

ir6(r<rri Sip' in weSlois Si/ceX% ttot' i^SaKero v/i<rov

QpivuKlris, rerpaxv rrtipea da<T<rafUv'ri

Xpo^V" iWi<T<Tojrra' ri iiiv \evKoio -yiXaKTOt,

Kvaviif S' irepov XP'^/*"''' \afnr6p.evov,

iJXXoye p.^v ^av6bv, t6 5^ ttolkIXov. 'Ev Si iKdarip

arifpei ^trav raupoi Tr\-^6e(r(. Ppid6p,€V0i,

avu/ierplr)! ToiijirSe Terevxi^ef ipydrpiX"'^ i"^

Kvap4it}p Taupuv 'r)fd<yei ^S^ Tpinpf

Kal JocSois <TiiiTa<nv tcrovs, w (eive, vbriaov.

AiiTcLp Kvaviovs t^ TeTpirip nipeX

fUKToxpt"^" Kal viixTTtf, In ^avdoijl re Traat.

Toiis 5' viroKei,vop.ivovi iroiKi.\6xp<'>Tas i8pei

ipyemuv Taipwv SktijI p^ipei, e§5op.i.TH re

Kal ^avBots airois ira(nv Iffat^ofUvovs,

GijXeiai<ri 5^ /Souffl rdS' lirXero' XeiiKOTpix«s p-h

7l<rav (TvpLwdcrris Kvaviris dy^Xijs

T^ TpirdTip re p^pei Kal Terp&Tif drpexh Xtrai.

Aura/) Kviveat, rip Terpdrip re waXiv

lUKToxpooiv Kal iriiiVTip 6p.ov p^pei lad^ovro

aiv raipoi.! Trdffijs els v6p,ov ipxop^vris.

SavdoTplx<^v iyiXris irip.irTip p.ipei. iidi Kal (KTip

TToi/ciXat IffapiSp-ov irXTJffos (x""' TerpaXH

^avBal S' i/piBfievvTO fiipom rpirov ripiaei, laai,

apyevvfis 07^X7)5 i^Sop,aTip re piipei.

Seive, ai S' ^eX(oio jSo'es v6(rai drpeKii elwuiv

Xwpis Z*^" Taipuiv ^aTpe(t>iav dpt.6p.6i',

Xwpis d' aS SriXeTai. Saai Kari, XP'"''"' ^Kacrai,

oiK SXSpU Ke X^yoi, oiS' dpi8p.u>v dSaris,

oi5 p.'qi' iTibye aoipoh iv dpi8piois' dXX' Wi <ppa^ev

Kal raSe vdvra p'oiiiv iieXloio waSri.

'ApySrptx^s ravpoi. piv iirel p.i.^alaTO vXriOip

Kvaviois taravr' Ip.ireSoj' la6p.eTpoi

els pdBos els evpos re' ra 5' av irepip.-liKea irdvTri

irlpirKavTO vklvBov QpivadTIS ireSia.

SavSol S' av t' els iv Kal ttoikIXoi d9poi.a6ivTes
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tninate equation of the second degree. In view of this fact it is

important for us to discuss briefly the matter and probable date

of this epigram. Struve does not admit that it can pretend to

that antiquity which is claimed for it in the title. This we

may allow without going so far as Kliigel, who makes it as late

as the introduction of the present decimal system of numeration.

Nesselmann's view is that the heterogeneous conditions, which

are thrown together to render the problem difficult, show that

the author (if the whole is due to one author) could have had

no idea how to solve it. Nesselmann is of opinion that the

editors of the anthology were justified in refusing a place to this

epigram, that the most one could do would be to admit the

first part and condemn the latter part as corrupt, and that we

might fairly regard the whole as unauthentic because even the

first part could not belong to the age of Archimedes. The first

part, which falls into two divisions, gives seven equations of the

first degree for determining eight unknown quantities, namely

the number of bulls and cows of each of four colours. The
solution of the first part gives, if {X YZW) are the numbers of the

bulls, (xyzvS) the corresponding numbers of cows,

X= 10366482 w, a; = 7206360 n,

y= 7460514 n, j/ = 4893246 w,

Z= 7358060 w, z =3515820??,

W= 4149387 «, w = 5439213 w,

where n is an integer. If we take the smallest possible value

the number of cattle is suSiciently enormous. The Scholiast's

solution corresponds to the value 80 of n, the result being
" truly," as Lessing observes, " a tolerably large herd for Sicily."

The same might be said of the solution arising from putting

n = \ above. This is surely a curious commentary on M.
Tannery's theory above alluded to (pp. 6, 7), that the price of

the wine in vi. 33 of Diophantos is a sufficient evidence of the

axTj^a TeKeiovvTGS rh TpiKpdffTeSov oihe irpoaovTOiv

aXXoxpouv ra6po3v, oUt^ iTTiKenro/jJvwv.

TaOro (Xvix^ivpHv Kal ivl irpairlStaai.v aOpol<ras

Kal TXtjd^ijyv dirodous, w ^ive, irdvTa pJrpa

^PX^O KvSLOOiV ViKTJ(p6pOS' tffdl T€ TCWTWS

KeKpLixhos TavTTj Sp.irvws iv iro^/j;.
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date of the epigram. If the " Cattle-problem " of which we are

now speaking were really due to Archimedes, we should, sup-

posing M. Tannery's theory to hold good, scarcely have found

the result in such glaring contradiction to what cannot but
have been the facts of the case. Nesselmann further argues in

favour of his view by pointing out (1) that the problem is

clearly at an end, when it is said that he who solves the

problem must be not unskilled in numbers, i.e. where I have

shown the division; and the addition of two new conditions

with the preface "And yet he could not pretend to proficiency

in wise calculations" unless he could solve the rest, shows

the marks of the interpolator on the face of it, and, moreover,

of a clumsy interpolator who could neither solve the complete

problem itself, nor even conceal his patchwork. (2) The lan-

guage and versification are against the authenticity. (3) The

Scholiast's solution does not, as it claims, satisfy the whole

problem, but only the first part. (4) The impossibility of

solution with the Greek numeral notation and the absurdly

large numbers show that the author, or authors, could not

have seen what the effect of the many heterogeneous conditions

would be. Nesselmann draws the conclusion above stated ; and

we may safely assume, as he says, that this epigram is from the

historical point of view worthless, and could not, even if it

were shown to be earlier than the date of Diophantos, be held

to prove anything against his originality.

M. Tannery takes the opposite view and uses the epigram

for the express purpose of proving his assumption that Dio-

phantos was not an original writer. M. Tannery takes a passage

attributed to Geminos in which he is describing the distinction

between XoyiariKT] and apidfir}Ti,Krj. XoyiaTiKij according to

Geminos Oewpel to fj-kv KXrjOev vir 'kp^^jMrihovi ^oIkov irpo-

^Xrjfia, ToiiTo ' Se /j,rj'\lTa<i Kal (piaXcra^ dpi.d/JLov';- Of the two

1 I do not read tovs as M. Tannery does. He alters toOto, the original

reading, into roiis, simply remarking that touto is an "inadmissible reading."

TovTo Si is certainly a reading which needs no defence, being exactly what we

should expect to have. The passage appears to be taken from the SchoHa to

Plato's Charmides, where, however, StaUbaum and Heiberg read «ew/)et otv tovto

(ih TO K\rieei/ iiTv' 'Apx^/J-^^ovs ^oukov irpo^Xruia, toDto Se prjKiTai Kal ^loKiras

H. D. 10
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kinds of problems whicli are here distinguished as falling

within . the province of Xojia-riKri M. Tannery understands

the first to be indeterminate problems, the type taken {lekrjdev

vir 'Ap'x^t/j.rjBov; j3oIk6v jrpo^XtjfJLa) being nothing more or less

than the very problem we have been speaking of. He states

that Nesselmann has not appreciated the problem properly,

and finally that we have here an indubitable reference to an

indeterminate problem of the second degree (viz. the equation

SAx^ + 1=2/", where ^ is a very large number) more difficult

than those of Diophautos. But this statement would seem

simply to beg the question. For, if the expression of Geminos

refers to the problem which we are speaking of, it may even

then only refer to the first part, that is, an indeterminate

problem of the first degree : M. Tannery has still to show that

the whole problem is one, and a genuine product of antiquity.

But I have not found that M. Tannery makes any attempt

to answer Nesselmann's arguments; and, unless they are an-

swered, the conclusion which the latter draws from them cannot

be said to be invalidated.

But Nesselmann's view is also opposed by Heiberg {Quae-

stiones Archimedeae, 1879). I do not think, however, that his

arguments in favour of the authenticity are conclusive; and,

though answering some, he does not answer all of Nesselmann's
objections. With regard to the language Heiberg observes that
the dialect need not surprise us, for the use by Archimedes of

the Ionic instead of the Doric dialect for this epigram would
easily be explained by the common use of the Ionic dialect for

epic and elegiac poetry'. And he further suggests that, even if

ipiBiiois, which seems better than the reading quoted by M. Tannery from
Hultsch, Heronis Reliquiae, and given above.

1 Heiberg admits that the language of the title is not satisfactory. He
points out that iy inypafi/ia^iv should go, not with eipi,i>, but with aTr^iTTeiXe,

though so far separated from it, and that the use of the plural inypd/M/Maiv ia
unsatisfactory. Upon the reading ttoi/cIXoi lirapie/iov t\v»os ^xo" rcrpaxv (!• 24)
he observes that by symmetry z should not be equal to four times (i + i) (W+ w),
but to ii + i) (W+w) itself, and, even if that were the case, we should require
rerpim. Hence he suggests for this line roidXai la6.pi.ep.ov irX^^os Ixo^o-' itpirq.
(Apparently, to judge from his punctuation, Lessing understood Terpaxv in
the sense of "fourthly.") Heiberg explains irXi^Sou (1. 36) as " quadrangulum
eoUdum," by which is meant simply " a square," as is clearly indicated by 1. 34.
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the difficulties as to the language are considered too great, we
may suppose the problem itself to have been the work of

Archimedes, the language of it that of some later author. But,
if Heiberg will go so far as to admit that the language may be
the work of a later author than Archimedes, it would be no
more unnatural to suppose that the matter itself of the latter

part of the problem was also of later date. The suggestion that

Archimedes could not have solved the whole problem (as com-
pleted by the two last conditions) Heiberg meets with argu-

ments which appear to be extremely unsafe. He says that

Archimedes' approximations to the value of ^3, although we
cannot see by what process he arrived at them, show plainly

that his arithmetic was Httle behind our modern arithmetic,

and that, e.g., he possessed means of approximation little in-

ferior to the modern method by continued fractions. Heiberg

further observes that Archimedes possessed machinery for deal-

ing, with very large numbers. But we are not justified in

assuming on these two grounds that Archimedes could solve

the indeterminate equation 8Ax' +l = 't/', where (Nesselmann,

p. 488) ^=51285802909803, for the solution of which we
should use continued fractions. I do not think, therefore, that

Heiberg has made out his case. Hence I should hesitate to

assume that the problem before us is an indubitable case,

previous to Diophantos, of an indeterminate equation of the

second degree more difficult than those treated by him.

The discussion of the " Cattle-problem " as possibly throwing

some light on the present question would seem to have added

nothing to the arguments previously stated ; and the question

of Diophantos' originality may be considered to be unaffected by

anything that has been said about the epigram.

We may therefore adopt, with little or no variation, Nessel-

mann's final result, that he is far from believing that Diophantos

merely worked up the materials of others. On the contrary he

is convinced that the greater part of his propositions and his

ingenious methods are his own. There is moreover an " Indivi-

duum" running through the whole work which strongly confirms

this conclusion.

10—2



CHAPTER VIII.

DIOPHANTOS AND THE EARLY ARABIAN ALGEBRAISTS.

§ 1. I propose in this chapter to examine briefly the indica-

tions which are to be found in certain Arabian algebraists of in-

debtedness to, or points of contact with, Diophantos. And in

doing so I shall leave out of consideration the Arabic translations

of his work or commentaries thereupon. These are, so far as

we know, all lost, and such notices of them as we have I have

given in Chapter iii. of this Essay (pp. 39—42). Our histori-

cal knowledge of the time and manner in which Diophantos

became known to the Arabs is so very scantj' as to amount

almost to nothing: hence the importance of careful comparison

of the matter, methods, and mode of expression of Diophantos

with those of the important representatives of early Arabian

algebra. Now it has been argued that, since the first transla-

tion of Diophantos into Arabic that we know of was made by
Abu'1-Wafa, who lived A.D. 940—998, while Mohammed ibn

Musa's algebraical work belongs to the beginning of the 9th

century, Arabian algebra must have been developed inde-

pendently of that of the Greeks. This conclusion, however, is

not warranted by this evidence. It does not follow from the

want of historical proof of connection between Greek and
Arabian algebra that there was no such connection; and it is to

internal evidence that we must look for the correction of this

misconception. I shall accordingly enumerate a number of

points of similarity between the Arabian algebraists and Dio-

phantos which would seem to indicate that the Arabs were

acquainted with Diophantos and Greek algebra before the time

of Mohammed ibn Musa, and that in Arabian algebra generally,
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at least in its beginnings, the Greek element greatly predomi-
nated, though other elements were not wanting.

§ 2. JThe first Arabian who concerns us here is Mohammed
ibn Musa Al-Kharizmi. He wrote a work which he called
Aljabr walmukabala, and which is, so far as we know, not only the
first book which bore such a title, but (if we can trust Arabian
notices) was the first book which dealt with the subject indi-
cated thereby. Mohammed ibn Musa uses the words aljabr and
almukabala without explanation, and, curiously enough, there
is no application of the processes indicated by the words in the
theoretical part of the treatise: facts which must be held to
show that these processes were known, to some extent at least,

even before his time, and were known by those names. A mere
translation of the two terms jabr and mukdbala does not of itself

give us any light as to their significance. Jabr has been trans-
lated in Latin by the words restauratio and restitutio, and in

German by "Wiederherstellung"; mukabala by oppositio, or

"comparison," and in German by "Gegeniiberstellung." Fortu-
nately, however, we have explanations of the two terms given
by later Arabians, who all agree as to the meaning conveyed by
them'. When we have an algebraical equation in which terms
affected with a negative sign occur on either side or on both

sides, the process by which we make all the terms positive, i.e.

adding to both sides of the equation such positive terms as will

make up the deficiencies, or absorb the negative ones, is jabr or

restauratio. When, again, we have by jabr transformed our

equation into one in which all the terms are positive, the

process by which we strike out such terms as occur on both

sides, with the result that there is, finally, only one term con-

' Eosen gives, in his edition of The Algebra of Mohammed ben Musa, a

number of passages from various authors explaining aljabr and almukabala.

I shall give only one, as an example. Eosen says " In the Kholaset al Hisab, a

compendium of arithmetic and geometry by Baha-Eddin Mohammed ben Al

Hosain, who died a.h. 1031, i.e. 1575 a.d. , the Arabic text of which, together

with a Persian commentary by Eoshan Ali, was printed at Calcutta (1812, 8vo),

the following explanation is given :
' The side (of the equation) on which some-

thing is to be subtracted, is made complete, and as much is to be added to the

other side ; this is jebr ; again those cognate quantities which are equal on both

sides are removed, and this is mokabalah '."



150 DIOPHANTOS OF ALEXANDRIA.

taining each power of the unknown, i.e. subtracting equals from

equals, is mukdhala, oppositio or "comparison." Such was the

meaning of the terms _^"a6r and muk'dbala; and the use of these

words together as the title of Mohammed ibn Musa's treatise is

due to the continual occurrence in the science there expounded

of the processes so named. It is tme that in the theoretical

part of it he assumes that the operations have been already

completed, and accordingly divides quadratic equations at once

into six classes, viz.

ax' = hx, ax' = c, bx = c,

x' + bx = c, x^ + c = hx, x' = bx + c,

but the operations are nevertheless an essential preliminary.

Now what does Diophantos say of the necessary preliminaries

in dealing with an equation? "If the same powers of the un-

known with positive but different coefficients occur on both

sides, we must take like from like until we have one single ex-

pression equal to another. If there are on both sides, or on

either side, negative terms, the defects must be added on both

sides, until the different powers occur on both sides with posi-

tive coefficients, when we must take like from like as before.

We must contrive always, if possible, to reduce our equations so

that they may contain one single term equated to one other.

But afterwards we will explain to you how, when two terms are

left equal to a third, such an equation is solved." (Def. 11.)

Here we have an exact description of the operations called by

the Arabian algebraists aljabr and almukabala. And, as we
said, these operations must have been familiar in Arabia before

the date of Mohammed ibn Musa's treatise. This comparison

would, therefore, seem to suggest that Diophantos was well

known in Arabia at an early date.

Next, with regard to the names used by Mohammed ibn

Musa for the unknown quantity and its powers, we observe that

the known quantity is called the "Number"; hence it is no

matter for surprise that he has not used the word corresponding

to dpiO/j,6<; for his unknown quantity. He uses shai ("thing")

for this purpose or jidr ("root"). This last word may be a

translation of the Indian mula, or it may be a recollection of the
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pl^rj of Nikomachos. But we can say nothing with certainty

as to the connection of the three words. For the square of the

unknown he uses mal (translated by Cantor as "Vermogen,"
" Besitz," equivalent to "power"), which may very well be a

translation of the Sv^a/it? of Diophantos.

M. Rodet comments in his article L'algebre d'Al-Khdrizmi
{Journal Asiatique, 1878) upon the expression used by Moham-
med ibn Miisa for minus, with the view of proving that it is as

likely to be a reminiscence of Diophantos as a term derived

from India\

The most important point, however, for us to examine here

is the solution of the complete quadratic equation as given by
Diophantos and as given by Mohammed ibn Musa. The latter

gives rules for the solution of each of the forms of the quadratic

according to his distinction ; and each of these forms we find in

Diophantos. After the rules for the three forms of the complete

quadratic Mohammed ibn Musa gives geometrical proofs of

them. Now in Greece it was the practice to work out theorems

' He says (pp. 31, 32) " Le mot dont il se sert pour designer lestermes d'une

Equation affeot^s du sigae -est ndqis, qui signifie, eomme on le sait, ' manquant

de, priv6 de '
: un amput^, par exemple, est naqis de son bras ou de sa jambe

;

c'est done trSs-improprement qu'Al-Kharizmi emploie cette expression pour

designer ' la partie enlev^e '...Aussi le mot en question n'a-t-il plus 4ti employe

par ses successeurs, et BehS. ed-Dtn qui, au moment d'exposer la regie dcs signes

dans la multiplication alg^brique, avait dit : ' s'il y a soustraction, ou appelle

ce dont on soustrait za'id (additif), et ce que Ton soustrait naqis (manquant

de), ne nomme plus dans la suite les termes ndgatifs que 'les s6par6s, mis a

part, retranchSs.'

D'oii vient ce mot ndqis? II r^pond, si Ton veut, au Sanscrit Unas ou au

pr^fixe vi- au moyen desquels on indique la soustraction : vyekas ou ekonas veut

dire 'dont on a retranoh^,' mais I'adjectit unas se rapporte iei au ' ce dont on

a retranoW ' de BebS, ed-Din, et non a la quantity retrancbfie. Or, le grec

possfide et emploie en langage alg^brique une expression tout a fait ana-

logue, c'est I'adjectif iWiTTjs, dont Diopbaut se sert, par exemple, pour

d^finir le signe de la soustraction ^ : ij/ iXKiwii k6.tu vevov, ' un ^ incomplet

incline vers le bas.' L'arabe, j'en prends d tgmoin tons les arabisants, tra-

duirait iXKiinjs par en-naqis. Dans I'lndioation des operations alg^briques

Diopbant Ut, k, la place de son signe /71, ev Xeltf/ei : ij.ovd5es /3 iv Xeii/'ei ipiBixov

Ms, dit-il; mot-^-mot; '2 unites manquant d'une inoonnue,' pour exprimer

2-x. Done, s'il est possible qu'Al-Kbarizmi ait emprunt^, sauf I'emploi qu'il

en fait, son ndqis au Sanscrit unas, il pourrait tout aussi bien se faire qu'il

I'eAt pris au grec in Xdij/ei.."
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concerned with numbers by the aid of geometry; even in Dio-

phantos we find the geometrical method employed for the

treatise on Polygonal Numbers and a trace of it even in the Arith-

metics, although the separation between geometry and algebra

is there complete. On the other hand, the Indian method was

to employ algebra for working out geometrical propositions, and

algebra reached a far higher degree of development in India

than in Greece, though it is probable that even India was in-

debted to Greece for the first principles. Hence we should

naturally consider the geometrical basis of early Arabian algebra

as a sign of obligation to Greece. This supposition is supported

by a very remarkable piece of evidence adduced by Cantor. It

is based on the letters used by Mohammed ibn Musa to mark
the points in the geometrical figures used to prove his rules.

The very use of letters in a geometrical figure is Greek, not

Indian; and the letters which are used are chosen in what

appears to be, at first sight, a strange manner. The Arabic

letters here used do not follow the order of the later Arabian

alphabet, an order depending on the form of the letters and the

mode of writing them, nor is their order quite explained by the

original arrangement of the Arabian alphabet which corresponds

to the order in the other Semitic languages. If however we

take the Arabic letters used in the figures and change them

respectively into those Greek letters which have the same nu-

merical value, the series follows the Greek order exactly, and

not only so, but agrees with it in excluding r and i. But what

reason could an Arab have had for refusing to use the particular

letters which denoted 6 and 10 for geometrical figures? None,

so far as we can see. The Greek, however, had a reason for

omitting the two letters S" and t, the former because it was

really no longer regarded as a letter, the latter because it was a

mere stroke, I, which might have led to confusion. We can

hardly refuse to admit Cantor's conclusion from this evidence

that Mohammed ibn Musa's geometrical proofs of his rules for

solving the different forms of the complete quadratic are Greek.

And it is, moreover, a reasonable inference that the Greeks

themselves discovered the rules for the solution of a complete

quadratic by means of geometry. We thus have a confirmation
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of the supposition as to the origin of the rules used by Diophan-
tos, which was mentioned above (pp. 140, 141), and we may pro-

perly conclude that algebra, as we find it in Diophantos, was the

result of a continuous development which extended from the

time of Euclid to that of Heron and of Diophantos, and was
independent of external influences.

I now pass to the consideration of the actual rules which
Mohammed ibn Musa gives for the solution of the complete

quadratic, as compared with those of Diophantos. We remarked
above (p. 91) that Diophantos would appear, when solving the

equation a:^ + bx = c, to have first multiplied by a throughout,

so as to make the first term a square, and that he would, with

b

vl
our notation, have given the root in the form ——

.

a

Mohammed ibn Musa, however, first divides by a throughout

:

" The solution is the same when two squares or three, or more

or less, be specified
;
you reduce them to one single square and

in the same proportion you reduce also the roots and simple

numbers which are connected therewith \" This discrepancy

between the Greek and the Arabian algebraist is not a very

striking or important one; but it is worth while to observe that

Mohammed ibn Musa's rule is not the early Indian one ; for

Brahmagupta (born 598) sometimes multiplies throughout by a

like Diophantos, sometimes by 4a, which was also the regular

practice of (Jrldhara, who thus obtained the root in the form

-—^ . This rule of (pridhara's is quoted and followed

by Bhaskara. Another apparent discrepancy between Moham-

med ibn Musa and Diophantos lies in the fact that Diophantos

never shows any sign, in his book as we have it, of recognising

two roots of a quadratic, even where both roots are positive and

real, and not only when one of them is negative : a negative or

irrational value he would, of course, not recognise ; unless an

equation has a real positive root it is for Diophantos "impossible.''

Negative and irrational roots appear to be tacitly put aside by

' Rosen, Tlie Algebra of Mohammed ben Musa, p. 9.
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Mohammed ibn Musa and the earliest Indian algebraists, though

both Mohammed ibn Musa and the Indians recognise the exist-

ence of two roots. The former undoubtedly recognises two roots,

at least in the case where both are real and positive. His most

definite statement on this subject is given in his rule for the

solution of the equation a;^ + c = bx, or the case of the quadratic

in which we have "Squares and Numbers equal to Boots; for

instance, ' a square and twenty-one in numbers are equal to ten

roots of the same square.' That is to say, what must be the

amount of a square, which when twenty-one dirhems are added

to it, becomes equal to the equivalent of ten roots of that square?

Solution : Halve the number of the roots ; the moiety is five.

Multiply this by itself; the product is twenty-five. Subtract

from this the twenty-one which are connected with the square

;

the remainder is four. Extract its root ; it is two. Subtract this

from the moiety of the roots, which is five ; the remainder is

three. This is the root of the square which you required, and

the square is nine. Or you may add the root to the moiety of

the roots; the sum is seven; this is the root of the square which

you sought for, and the square itself is forty-nine. When you

meet with an instance which refers you, to this case, try its solu-

tion by addition, and if that do not serve, then subtraction cer-

tainly mil. For in this case both addition and subtraction may
be employed, which will not answer in any other of the three

cases in which the number of the roots must be halved. And
know that, when in a question belonging to this case you have

halved the number of roots and multiplied the moiety by itself,

if the product be less than the number of dirhems connected

with the square, then the instance is impossible; but if the pro-

duct be equal to the dirhems by themselves, then the root of

the square is equal to the moiety of the roots alone, without

either addition or subtraction. In every instance where you

have two squares, or more or less, reduce them to one entire

square, as I have explained under the first case'." This defi-

nite recognition of the existence of two roots, if Diophantos

could be proved not to have known of it, would seem to show

> Quoted from The Algebra of Mohammed ben Musa (ed. Kosen), pp. 11, 12.
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that Mohammed ibn Musa could here have been indebted to

India only. Rodet, however, remarks that we are not justified

in concluding from the evidence that Diophantos did not know
of the existence of two roots : in the cases where one is negative

we should not expect him to mention it, for a negative root is

for him "impossible," and in certain cases mentioned above (p.

92) one of the positive roots is irrelevant. Rodet further ob-

serves that Mohammed ibn Musa, while recognising in theory

two roots of the equation x' + c = hx, uses in practice only one,

and that (curiously enough) in all instances the root correspond-

ing to the sign minus of the radical. This statement however

is not quite accurate, for in some examples of the rule which

we quoted above he gives two possible values'.

Mohammed ibn Musa, being the first writer of a treatise

on algebra, so far as we know, is for obvious reasons the most

important for the purposes of this chapter. If the influence of

Diophantos and Greek algebra upon the earliest Arabian algebra

is once established, it is clearly unnecessary to search so carefully

in the works of later Arabians for points of connection with our

author. For, his influence having once for all exerted itself,

the later developments would naturally be the result of other

and later influences, and direct reminiscences of Diophantos

would disappear or be obscured. I shall, therefore, mention

only a few other Arabian authors, and those with greater

brevity.

§ 3. Abu'1-WafS Al-Buzjani we have already had occasion

to mention (pp. 40, 41) as a translator of Diophantos and a

commentator on his work. As then he studied our author so

thoroughly it would be only natural to expect that his works

would abound in reminiscences of Diophantos. On Abu'1-Wafa

perhaps the most important authority is Wopcke. It must suffice

to refer for details to his articles ^

§ 4. An Arabic MS. bearing the date 972 is concerned with

the theory of numbers throughout and particularly with the

formation of rational right-angled triangles. Unfortunately the

1 Cf. Eosen's edition, p. 42.

2 Cf. in particular the articles on Mathematiques chez Us Arabes (Journal

Asiatique for 1855).
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beginning of it is lost, and with the beginning the name of the

author. In the fragment we find the problem To find a square

which, when increased or diminished hy a given number, is again

a square proposed and solved. The author of the fragment

was undoubtedly an Arabian, and it would probably not be rash

to say that much of it was based on Diophantos.

§ 5. Again, Abu Ja'far Mohammed ibn Alhusain wrote

a treatise on rational right-angled triangles at a date probably

not much later than 992. He gives as the object of the whole

the investigation of the problem just mentioned. It is note-

worthy (says Cantor) that a geometrical explanation of the

solution of this problem makes use of similar principles to those

which we could trace in Mohammed ibn Musa's geometrical

proofs of the solution of the complete quadratic, and he further

definitely alludes to Euclid ii. 7. If we consider the use of

right-angled triangles as a means of finding solutions of this

problem, and q, c^ be the two sides of a right-angled triangle

which contain the right angle, then Cj" + c/ is the square of the

hypotenuse, and c^^ + c/ + 20^0^ is a square. Hence, says Ibn Al-

husain, c^' + c^ is a square which, when increased or diminished

by the same number ^CjC^, is still a square. Diophantos says

similarly that " in every right-angled triangle the square of the

hypotenuse remains a square when double the product of the

other two sides is added to, or subtracted from, it." (iii. 22.)

I 6. Lastly, we must consider in this connection the work of

Alkarkhi, already mentioned (pp. 24, 25). We possess two

treatises of his, of which the second is a continuation of the

first. The first is called Al-Kafl fll hisab and is arithmetical,

the second is the Fakhrl, an algebraic treatise. Cantor points

out that, when we compare Alkarkhi's arithmetic with that of

certain Arabian contemporaries and predecessors of his, we see

a marked contrast, in that, while others used Indian numeral

signs and methods of calculation, Alkarkhi writes out all his

numbers as words, and draws generally from Greek sources

rather than Indian. The advantages of the Indian notation as

compared with Greek in securing clearness and compactness of

work were so great that we might naturally be surprised to see

Alkarkhi ignoring them, and might wonder that he could have
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been unaware of them or have undervalued them so much.
Cantor, however, thinks that the true explanation is, not that he
was ignorant of the Indian arithmetical methods and notation or

underestimated their advantages, but that Alkarkhi was a repre-

sentative of one of two mathematical schools in Arabia, the

Greek and the Indian. Alkarkhi was not the solitary repre-

sentative of the Greek arithmetic; he was not merely an excep-

tion to an otherwise universal acceptation of the Indian method.

He was rather, as we said, a representative of one of two schools

standing in contrast to each other. Another representative of

the Greek school was Abu'1-Wafa, who also makes no use of

ciphers in his arithmetic. Even in Alkarkhi's arithmetical

treatise, as in the works of Abu'1-Wafa, there are not wanting

certain Indian elements. These could hardly by any means

have been avoided, at any rate as regards the matter of their

treatises; but the Greek element was so predominant that, prac-

tically, the other may be neglected.

But the real importance of Alkarkhi in this connection centres

in his second treatise, the Fakhn. Here again he appears as

an admiring pupil of the Greeks, and especially of Diophantos,

whom he often mentions by name in his book. The Fahhrl

consists of two parts, the first of which may be said to contain

the theory of algebra, the second the practice of it, or the

application to particular problems. In both parts we find

Diophantos largely made use of Alkarkhi solves in this treatise

not only determinate but indeterminate equations, so that he

may be taken as the representative of the Arabian indeter-

minate analysis. In his solutions of indeterminate equations

of the first and second degrees we find no trace of Indian methods.

Diophantos is the basis upon which he builds, but he has also

extended the Greek algebraist. If we refer to the account

which the Italian algebraists give of the evolution of the

successive powers of the unknown quantity in the Arabian

system, we shall see (as already remarked, p. 71, n. 1) that

Alkarkhi is an exception to the adoption of the Indian system

of generation of powers by the multiplication of indices. He

uses the additive system, like Diophantos. The square of the un-

known being mal, and the cube ka'l, the succeeding powers are
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mal mal, Trial ka'b, ka'b ka'b, mal mat ka'b, mdl ka'b ka'b, ka^b ka'b

ka'b, &c. Alkarkhi speaks of the six forms of the quadratic which

Mohammed ibn Musi, distinguished and explains at the same

time what he understands hy jabr and mukabala. He appears

to incUide both processes under jabr, understanding rather hy

mukabala the resulting equation written in one of the six

forms. Among the examples given by Alkarkhi are «''+10a;=39,

and a;°+ 21 = lOx, both of which occur in Mohammed ibn Musa.

Alkarkhi has two solutions of both, the first geometrical, the

second (as he expresses it) " after Diophantos' manner." The

second of the two equations which we have mentioned he

reduces to ao^ — 10a; + 25 = 4, and then, remarking that the first

member may be either {x — 5f or (5 — xf, he gives the two

solutions x = 7, and x = S. The remarkable point about his

treatment of this equation is his use of the expression " after

Diophantos' manner" applied to it. We spoke above (p. 92)

of the doubt as to whether Diophantos knew or did not know
of the existence of two roots of a quadratic. But Alkarkhi's

expression " after Diophantos' manner '' would seem to settle

this question beyond the possibility of a doubt; and perhaps

it would not be going too far to take his words quite literally

and to suppose that the two examples of the quadratic of which

we are speaking were taken directly from Diophantos. If so,

we should have still more direct proof of the Greek origin of

Mohammed ibn Musa's algebra. On the other hand, however,

it must be mentioned that of two geometrical explanations of

the equation a;" + 1Ox =39 which Alkarkhi gives one cannot

be Greek. In the first of the two he derives the solution directly

from Euclid, ii. 6 ; and this method is therefore solely Greek.

But in the second geometrical solution he employs one line to

represent a;", another to represent lOx, and a third to represent

100. This confusion of dimensions is alien from the Greek
manner; we must therefore suppose that this geometrical

solution is an Arabian product, and probably a discovery of

Alkarkhi himself.

As an instance of an indeterminate equation treated by
Alkarkhi we may give the equation ma^ + nx + p = y\ He
gives as a condition for the solution that either m or p must be
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a square. He then puts for y a binomial expression, of which

one term is either Jmx' or Jp. This is, as we have seen,

exactly Diophantos' procedure.

With regard to the collection of problems, which forms the

second part of the Fakhrl, we observe that Alkarkhi only

admits rational and positive solutions, excluding even the value

0. In other cases the solution is for Alkarkhi as for Diophantos
" impossible." Many of the problems in indeterminate analysis

are taken directly from Diophantos, and are placed in the order

in which they are there found. Of a marginal note by Alsiraj

at the end of the fourth section of the second part of the treatise

we have already spoken (p. 25).



ADDENDUM.

In the note beginning on p. 64 I discussed three objections urged by

Mr James Gow in his History of Greek Mathematics against my suggestion

as to the origin of the symbol c^ for dpi9fi.6s. The second of these objections

asserted that it is of very rare occurrence, and is not found in the mss. of

NikoniachoB and Pappos, where it might most naturally be expected. In reply

to this, I pointed out that it was not in the least necessary for my theory that

it should occur anywhere except in Diophantos ; and accordingly I did not

raise the question whether the symbol was found in Mss. so rarely as Mr Gow
appears to suppose. Since then I have thought that it would be interesting to

inquire into this point a little further, without, however, going too far afield.

While reading Heiberg's Qtiaestiones Archimedeae in connection with the Cattle-

problem discussed in chapter vni. it occurred to me that the symbol for aptSnos

would be likely to be found, if anywhere, in the mss. of the De arenae rvumero

libelhis of Archimedes, which Heiberg gives at the end of the book, and that, if

it did so occur, Heiberg's textual criticisms would place the matter beyond

doubt, without the necessity of actually collating the mss. My expectation

proved to be fully justified ; for it is quite clear that the symbol occurred in the

MSS. of this work of Archimedes rather frequently, and that its form had given

rise to exactly the same confusion and doubt as in the case of Diophantos. I

will here give references to the places where it undoubtedly occurred. See the

following pages in Heiberg's book.

p. 172.

p. 174. Heiberg reads dpiff/jjiv, with the remark "/cai omnes." But the

similarity of the signs for apiSfids and xal is well known, and it

could hardly be anything else than this similarity which could

cause such a difference of readings.

• p. 187. Heiberg's remark " apidfiwv om. codd. Bas. E ; excidit ante s (koI)"

speaks for itself. Also on the same page "dpiBiiuiv] s? FBC."

p. 188. ss three times for dpiB/uHi'.

p. 191. Here there is a confusion between r (six) and api.8p.bs, where
Heiberg remarks, "Error ortus est ex oompendio Ulo uerbi api^yiw's,

de quo dixi ad I, 3."

p. 192. i\6.TTav and dpi6p.c!s given as alternative readings, with the obser-

vation, " Confusa sunt compendia."

Thus it is clear that the symbol in question occurs tolerably often in the mss.

of another arithmetical treatise, and that the only one which I have investigated

in this connection : a fact which certainly does not support Mr Gow's statement
that it is very rarely found.
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DIOPHANTOS. ARITHMETICS.

BOOK I.

Introduction addressed to Dionysios.

Definitions.

1. " Square" and "side," "cube," "square-square," &c.

2. " Power." Notation 8", k', 8S", 8k", kk", fiy, c^.

3. Corresponding fractions, the reciprocals of the former ; names
used corresponding to the " numbers."

4. "Number"x" Number"= square. Square x square = "square

-

square," &c.

5. " Number " x corresponding fraction = unit (ju.oi'as).

6. "Species " not changed by multiplication with monads.

I Reciprocal x reciprocal = reciprocal square, iSjc.

9. Minus multiplied by minus givesplus. Notation for minus, /p.

10. Division. Remark on familiarity with processes.

11. Simplification of equations.

Problems.

1. Divide a given number into two havmg a given difiference.

Given number 100, given difference -10.

Lesser number required x. Therefore

2a;+40=100,

a; =30.

The required numbers are 70, 30.

2. To divide a given number into two having a given ratio.

Given number 60, given ratio 3:1.

Two numbers x, 3x. Therefore a;= 15.

The numbers are 45, 15.

11—2



164 DIOPHANTOS OF ALEXANDRIA.

3. To divide a given number into two having a given ratio and

difference '.

Given number 80 ; ratio 3:1; difference 4.

Smaller number x. Therefore the larger is 3a + 4, a;= 19.

The numbers are 61, 19.

4. Find two numbers in a given ratio, their difference also being

given.

Given ratio 5:1. Difference 20.

Numbers 5x, x. Therefore x=5, and the numbers are 25, 5.

5. To divide a given number into two such that the sum of

given fractions (not the same) of each is a given number.

Necessary condition. The latter given number must lie between

the numbers arising when the given fractions are taken of the first

given number.

First given number 100, given fractions ^ and =, given

sum 30.

Second part 5.r. Therefore first part = 3 (30 — x).

Therefore 90 + 2a; =100, x = b.

The required parts are 75, 25.

6. To divide a given number into two parts, such that a given

fraction of one exceeds a given fraction of the other by a given

difference.

Necessary condition. The latter number must be less than that

which arises when that fraction of the first number is taken which

exceeds the other fraction.

Given number 100 ; fractions - and ^respectively; excess 20.

Second part 6a;. Therefore 10a;+80=100, x=2, and the

parts are 88, 12.

7. From the same (required) number to take away two given

numbers, so that the remainders are in a given ratio.

Given numbers 100, 20 ; ratio 3 : 1.

X required number. Therefore

a;-100 : a;-20 = l : 3, a;=140.

8. To two given numbers to add the same (required) number, so

that the sums are in a given ratio.

' By this Diophantos means " such that one is so many times the other plus

a given number."
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Condition. This ratio must be less than that of the greater given

number to the smaller.

Given numbers 100, 20, given ratio 3:1.
X required number. Therefore

3a; + 60 = 0! +100, and a; =20.

9. From two given numbers to subtract the same (required) one

so that the two remainders are in a given ratio.

Condition. This ratio must be greater than that of the greater

given number to the smaller.

Given numbers 20, 100, ratio 6 : 1.

X required number. Therefore

120 -Qx= 100 - X, and a; = 4.

10. Given two numbers, to add the same (required) number to

the smaller, and subtract it from the larger, so that the sum in

the first case may have to the difference in the second a given

ratio.

Given numbers 20, 100, given ratio 4:1.
X required number. Therefore

20 + a; : 100-a;=4 : 1, and a; = 76.

11. Of two given numbers to add the first to, and subtract the

second from, the same (required) number, so that the numbers which

arise may have a given ratio.

Given numbers 20, 100 respectively, ratio 3:1.

X required number. Therefore

3a; - 300 = a; + 20, and x = 160.

12. To divide a given number twice into two parts, such that

the first of the first pair may have to the first of the second a given

ratio, and also the second of the first pair to the second of the second

another given ratio.

Given number 100, ratio of greater of first parts to less of

second 2:1, ratio of greater of second parts to less of

first 3 : 1.

X smaller of second parts. The parts then are

^^
I and

^^^ " ^""1
. Therefore 300 - 5a; = 1 00, a; = 40,

100 - 2a;J a; j

and the parts are (80, 20), (60, 40).

13. To divide a given number thrice into two parts, such that one

of the first parts and one of the second parts, the other of the second
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parts and one of the tliird parts, the other of the third parts and the

remaining one of the first parts, are respectively in given ratios.

Given number 100, ratio of greater of first parts to less of

second 3 : 1, of greater of second to less of third 2:1,
and of greater of third to less of first 4:1.

X smaller of third parts. Therefore greater of second = 2x,

less of second = 100 — 2a;, greater of first =300 -6a;.

Therefore less of first = 6x- 200.

Hence greater of third = 24a; - 800.

Therefore 25a; - 800 = 100, a; =36,

and the respective divisions are (84, 16), (72, 28), (64, 36).

14. To find two numbers such that their product has to their

sum a given ratio. [One is arbitrarily assumed subject to the]

Condition. The assumed value of one of the two must be greater

than the numerator of the ratio [the denominator being 1].

Ratio 3:1. x one number, the other 12 ( > 3). Therefore

12a; = 3a;+36, a; = 4,

and the numbers are 4, 12.

15. To find two numbers such that each after receiving from the

other a given number may bear to the remainder a given ratio.

Let the first receive 30 from the second, ratio being then 2:1,
and the second 50 from the first, ratio being then 3:1.
a; + 30 the second. Therefore the first = 2a; - 30,

and a;+80 : 2a;-80=3 : 1.

Therefore x = 64, and the numbers are 98, 94.

16. To find three numbers such that the sums of each pair are

given numbers.

Condition. Half the sum of all must be greater than any one singly.

Let (1) + (2) = 20, (2) + (3) = 30, (3) + (l) = 40.

X the sum of the three. Therefore the numbers are

a; -30, a; -40, a; -20.

Hence the sum x=?ix- 90. Therefore x = 45,

and the numbers are 15, 5, 25.

-17. To find four numbers such that the sums of all sets of three

are given.

Condition. One third of the sum of all must be greater than

any one singly.

Sums of threes 22, 24, 27, 20.
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X the sum of all four. Therefore the numbers are

83-22, 03-24, a;- 27, a;- 20.

Therefore 4a;-93 = a3, a;=31,

and the numbers are 9, 7, 4, 11.

18. To find three numbers such that the sum of any pair
exceeds the third by a given number.

Given excesses 20, 30, 40.

2x sum of all, a3= 45. The numbers are 25, 35, 30.

19. [A different solution of the foregoing problem.]

20. To find four numbers such that the sum of any three exceeds

the fourth by a given number.

Condition. Half the sum of the four given differences must be

greater than any one of them.

Given differences 20, 30, 40, 50.

2a3 the sum of the four required numbers. Therefore the

numbers are

a;- 10, a;- 15, .-k-20, a;- 25.

Therefore 4x - 70 = 2a3, and x = 35.

Therefore the numbers are 25, 20, 15, 10.

21. [Another solution of the foregoing.]

22. To divide a given number into three, such that the sum
of each extreme and the mean has to the remaining extreme a given

ratio.

Given number 100
; (1) + (2) = 3 . (3), (2) + (3) = 4 . (1).

X the third. Hence the sum of first and second = 3a;. There-

fore 4«=100.

X = 25, and the sum of the first two = 75.

y the first '. Therefore (2) + (3) = 4y. Therefore 5y = 100,

y =20. The required parts are 20, 55, 25.

23. To find three numbers such that the greatest exceeds the

middle number by a given fraction of the least, the middle exceeds

the least by the same given fraction of the greatest, but the least

exceeds the same given fraction of the middle number by a given

number.

' As already remarked on pp. 80, 81, Diophantos does not use a second

syllable for the unknown, but uses dp^/nos for the second operation as well as

for the first.
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Condition. The middle number must exceed the least by such a

fraction of the greatest, that if its denominator be multiplied into

the excess of the middle number over the least, the result is greater

than the middle number.

Greatest exceeds middle by ^ of least, middle exceeds least by

-_ of greatest, least exceeds = of middle by 10.
o

a; -1-10 the least. Therefore middle = 3x, greatest = 6a; -30.

Therefore x= 12^,

and the numbers are 45, 37|, 22J.

24. [Another solution of the foregoing.]

25. To find three numbers such that, if each give to the next

following a given fraction of itself, in order, the results after each has

given and taken may be equal.

Let first give = of itself to second, second j of itself to third,

third -= of itself to first.
5

Assume the second to be a number divisible by 4, say 4.

3x the first, and x = 2. The numbers are 6, 4, 5.

26. Find four numbers such that, if each give to the next

following a given fraction of itself, the results may all be equal.

Let first give ^ of itself to second, -i, -^, ^ being the other
o 4

fractions.

Assume the second to be a multiple of 4, say 4.

3x the first. The second after giving and taking becomes x + 3.

Therefore first after giving x to second and receiving ^ of

fourth =x + 3.

Therefore fourth =18 -6a;. And fourth after giving 3-x
1

5

= 30a; - 60.

Lastly the third after giving 6a; - 1 2 to fourth and receiving

1 from second = a; + 3. Therefore

24a;-47=a: + 3, x =^.

to first and receiving ^ of third = a; + 3. Therefore third



ARITHMETICS. BOOK I. 169

rri, f ^i, u 150 , 120 114
Ineretore the numbers are -=q-, 4, -^ , -n^-,

or, multiplying by the common denominator, 150, 92, 120, 114.

27. To find three numbers such that, if each receives a given

fraction of the sum of the other two, the results are all equal.

The fractions being =, -r, =, the sum of the second and third
O 4

is assumed to be 3, and x put for the first.

The numbers are, after multiplying by a common denominator,

13, 17, 19.

28. To find four numbers such that, if each receives a given

fraction of the sum of the remaining three, the four results are

equal.

The given fractions being ^ , -r
, ^ , ^ , we assume the sum of

O 4

the last three numbers to be 3.

Putting X for the first, Diophantos finds in like manner that

numbers are 47, 77, 92, 101.

29. Given two numbers, to find a third which, when multiplied

by each successively, makes one product a square and the other the

side of that square.

Given numbers 200, 5.

X required number, 200a; = {5xy, x=B.

30. To find two numbers whose sum and whose product are

given.

Condition. The square of half the sum must exceed tlie product

by a square number, ecrri Bk tovto TrXacriMiTLKOv '.

Given sum 20, product 96.

2x the difierence of the required numbers.

Therefore numbers are 10 + a;, 10 —as.

Hence 100 -a;" =96.

Therefore a; = 2, and the difierence = 4. The required numbers

are 12, 8.

1 There has been much controversy as to the meaning of this difficult

phrase. Xylander, the author of the Scholia, Baohet, Cossali, Schulz, Nessel-

mann, all discuss it. As I do not profess here to be commenting on the

text I shall not criticise their respective views, but only remark that I think

it is best to take n-'KaaiiaTi.Kav in a passive sense. "And this condition can

(easily) be formed," i.e. can be investigated (and shown to be true), or dis-

covered.
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31. To find two oiumbers, having given their sum and the sum

of their squares.

Condition. Double the sum of the squares must exceed the square

of their sum by a square, eori 8e koL tovto TrXacr/xartKoi'.

Sum 20, sum of squares 208.

2x the difference.

Therefore the numbers are 10 + a;, 10 - a;.

Thus 200 + 2x' = 208. Hence x = 2,

and the numbers are 12, 8.

32. To find two numbers, having given their sum and the

difference of their squares.

Sum 20, difference of squares 80.

2x difference of the numbers,

and we find the numbers 12, 8.

33. To find two numbers whose difference and product are given.

Condition. Four times the product together with square of differ-

ence must produce a complete square, 1<jti 8c Ka.\ tovto Trkacr/xaTiKov.

Difference 4, product 96.

2a! the sum. Therefore the numbers are found to be 12, 8.

34. Find two numbers in a given ratio such that the sum of

their squares is to their sum also in a given ratio.

Ratios 3 : 1 and 5 : 1 respectively.

X lesser number, a; = 2 ; the numbers are 2, 6.

35. Find two numbers in a given ratio such that the sum of

their squares is to their difference in a given ratio.

Ratios being 3 : 1, 10 : 1, the numbers are 2, 6.

36. Fiad two numbers in a given ratio such that the difference

of their squares is to their sum in a given ratio.

Ratios being 3 : 1 and 6:1, the numbers are 3, 9.

37. Find two numbers in a given ratio such that the difference

of their squares is to their difference in a given ratio.

Ratios being 3 : 1 and 12 : 1, the numbers are 3, 9.

Similarly by this method can be found two numbers in a given

ratio (1) such that their product is to their sum in a given ratio, or

(2) such that their product is to their difference ia a given ratio.

38. To find two numbers in a given ratio such that the square

of the smaller is to the larger in a given ratio.

Ratios 3 : 1 and 6:1. Numbers 54, 18.
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39. To find two numbers in a given ratio such that the square

of the smaller is to the smaller itself in a given ratio.

Ratios 3 : 1 and 6:1. Numbers 18, 6.

40. To find two numbers in a given ratio such that the square

of the less has a given ratio to the sum of both.

Ratios 3:1,2:1. Numbers 24, 8.

41. To find two numbers in a given ratio such that the square

of the smaller has a given ratio to their difierence.

Ratios 3 : 1 and 6 : 1. Numbers 36, 12.

42. Similarly can be found two numbers in a given ratio,

(1) such that square of larger has a given ratio to the smaller.

(2) such that square of larger has to larger itself a given ratio.

(3) such that square of larger has a given ratio to the sum or

difierence of the two.

43. Given two numbers, to find a third such that the sums of

the several pairs multiplied by the corresponding third give three

numbers in A. P.

Given numbers 3, 5.

X the required number. Therefore the three expressions are

3x + 15, 5a; + 15, 8x.

Now 3a3 + 15 must be either the middle or the least of the

three, 5a; + 15 either the greatest or the middle.

15
(1) 5a3+ 15 greatest, 3a;+ 15 least. Therefore x=-^-

15
(2) 5a;+ 15 greatest, 3a; + 15 middle. Therefore a3= =- •

(3) 8a; greatest, 3a; + 15 least. Therefore a; = 15.
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BOOK 11.

[The first five questions of this Book are identical with questions in

Book I. In each case the ratio of one required number to the

other is assumed to be 2 : 1. The enunciations only are here

given.]

1. To find two numbers whose sum is to the sum of their

squares in a given ratio.

2. Find two numbers whose difierence is to the difierence of

their squares in a given ratio.

3. Find two numbers whose product is to their sum or difierence

in a given ratio.

4. Find two numbers such that the sum of their squares is to

the difierence of the numbers in a given ratio.

5. Find two numbers such that the difierence of their squares is

to the sum of the numbers in a given ratio.

6. Find two numbers having a given difference, and such that

the difierence of their squares exceeds the difference of the numbers

themselves by a given number.

Condition. The square of their difference must be less than the

sum of the two given differences.

Difference of numbers 2, the other given number 20.

a; the smaller number. Therefore x + 2 is the larger and

4:x + i = 22.

X = 4^, and the numbers are 4^, G^.

7. Find two numbers such that the difference of their squares

may be greater than their difference by a given number and in a

given ratio (to it)'. [Difference assumed.]

Condition. The ratio being 3:1, the square of the difference

of the numbers must be < sum of three times that difference and the

given number.

' By this Diophantos means "may exceed a given proportion or fraction of

it by a given number."
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Given number 10, difference of numbers required 2.

X the smaller number. Therefore the larger = a; + 2,

and 4a;+4 = 3 . 2+10.
Therefore a; = 3,

and the numbers are 3, 5.

8. To divide a square number into two squares.

Let the square number be 16.

x' one of the required squares. Therefore 16-a3° must be

equal to a square.

Take a square of the form' {riix - if, 4 being taken as the

absolute term because the square of 4 = 16.

i.e. take (say) (2a; -4)' and equate it to IQ-x'.

Therefore 4a3^ - 1 6a; = - a;^

1 {\

Therefore x= -^ ,
'

., 256 144
and the squares required are -^ ,

-„=- .

9. [Another solution of the foregoing, practically equivalent.]

10. 2'o divide a number which is the sum of two squares into two

other squares.

Given number 13 = 3' + 2^

As the roots of these squares are 2, 3, take (a; + 2)^ as the first

square and {mx - 3)' as the second required, say (2a; - 3)".

Therefore (a;+ 2)V (2a;- 3/ = 13.

8

324 1
Therefore the lequired squares are -^ , ^g .

11. To find two square numbers differing by a given number.

Given difference 60.

Side of one number a;, side of the other x plus any number

whose square < 60, say 3.

Therefore (x + 3)^ - a;' = 60,

and the required squares are 72|, 132^.

1 Diophantos' words are: "I form the square from any number of api,0iiol

minus as many units as are contained in the side of 16." The precaution im-

plied throughout in the choice of m is that we must assume it so that the result

may be rational in Diophantos' sense, i.e. rational and positive.
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12. To add such a number to each of two given numbers that

the results shall both be squares.

(1) Given numbers 2, 3, required number x.

Therefore „> must each be squares.

This is called a double-equation.

To solve it, take the difference between them, and resolve it into

two factors'- : in this case say 4 and ^ •

Then tahe either

(a) the square of half the difference between these factors

and equate it to the smaller expression,

or (b) the square of half the sum and equate it to the larger.

225
In this case (a) the square of half the difference = -^ .

rri, ^ o 225 , 97
Iheretore x+ 2= -prr , and x = -;rr <

64 64

while the squares are f,^^
(2) In order to avoid a double-equation,

First find a number which added to 2 gives a square, say x' — 2.

Therefore, since the same number added to 3 gives a square,

a;^ + 1 = square = (x- 4)^ say,

the absolute term (in this case 4) being so chosen that the

solution may give 35°> 2.

15
Therefore x=-^

,

97
and the required number is ^ , as before.

13. From two given numbers to take tlie same (required) number

so that both the remainders are squares.

Given numbers 9, 21.

Assuming 9 - a;' as the required number we satisfy one condi-

tion, and it remains that 1 2 -i- x^ = a square.

Assume as the side of this square x minus some number whose

square> 12, say 4.

1 We must, as usual, choose suitable factors, Le. such as wiU give a "ra-

tional" result. This must always be premised.
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Therefore (a; - 4)" = 1 2 + x".

1
'*' — £))

and the required number is 8|.

14. From the same {required) number to subtract successively two

given numbers so that the remainders may both be squares.

6, 7 the given numbers. Then

(1) let a: be required number.

Therefore a; - 6"|

7J

The difference = 1, which is the product of 2 and ^ ;

and, by the rule for solving a double-equation,

121
^ = -16-

(2) To avoid a double-equation seek a number which exceeds

a square by 6,

i. e. let a;^ -I- 6 be the required number.

Therefore also x' - 1 = square = (x- 2)^ say.

Hence x = -r

,

4

and the number required = -y^ .

15. To divide a given number into two parts, and to find a square

nuniber which when added to either of the two jmrts gives a square

numher.

Given number 20. Take two numbers the sum of whose

squares < 20, say 2, 3. Add x to each and square.

We then have a;'' -f- 4a; -I-
4")

a;' -I- 6a; •

and if 4a; -I- 4~j

6a;-f 9J

are respectively subtracted the remainders are the same square.

Let then x^ be the square required,

and therefore 4a; -1- 4"|

6a; -1-9/

the required parts of 20.

Then 10a;-t-13 = 20,

7
and ^^ ~ To

i-i-4\

; + 9j
'
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(68 132\
In' TfT/'

49
and the required square =^ .

16. To divide a given number into two parts and find a square

which exceeds either part by a square.

Giv^en number 20.

Take (a; + m)' for the required square, where m' < 20,

i. e. let (x + 2y be the required square (say).

This leaves a square if either ix + i) . , , . ,

„ „ > IS subtracted,
or 2x+ 3)

Let these be the parts of 20,

and x=-^ .

b

/76 44\
Therefore the parts required are ( -p- , r" ) j

^.v -A -625
and trie required square is -^^

.

ub

17. Find two numbers in a given ratio such that either together

with an assigned square produces a square.

Assigned square 9, ratio 3:1.

If we take a square whose side is nix + 3 and subtract 9 from

it, the remainder will be one of the numbers required.

Take e. g. (a; + 3)^ — 9 = a;^ + 6x for the smaller number.

Therefore 3x' + 18a; = the larger number,

and Soi^ + 18a; + 9 must be made a square = (2a; — 3)° say.

Therefore x = 30,

and the required numbers are 1080, 3240.

18. To find three numbers such that, if each give to the next

following a given fraction of itself and a given number besides, the

results after each has given and taken may be equal.

First gives to second ^ of itself + 6, second to third ;; of itself
6

+ 7, third to first =r of itself + 8.

Assume that the first two are 5x, 6x [equivalent to one con-

dition], and we find the numbers to be - . — —
7 ' 7 ' 7
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19. Divide a number into three parts satisfying the conditions

of the preceding problem.

Given number 80. First gives to second ^ of itself + 6 &c.,

and results are equal.

[Diophantos assumes 5x, 12 for the first two numbers, and his

,, . 170 228 217 , , , . ,

result IS -j^ , j^ , -^^ ; but the solution does not cor-

respond to the question.] (See p. 25.)

20. To find three squares such that the difference of the great-

est and the second is to the difference of the second and the least in

a given ratio.

Given ratio 3:1.

Assume the least square = x", the middle = x^ +'2iX + \.

Therefore the greatest = x^ +^x ¥ i = square = (.r -t- 3)'' say.

5
Therefore x= -

,

and the squares are 30J, 12^, 6|.

21. To find two numbers such that the square of either added

to the other number is a square.

X, 2x + 1 are assumed, which by their form satisfy one con-

dition. The other condition gives

4iif + 5x + 1 = square = (2x — 2)' say.

3
Therefore ^~ T^^

I o

3 19
and the numbers are =-q > Tq' •

22. To find two numbers such that the square of either viinus

the other number is a square.

x + \, 2x-i- 1 are assumed, satisfying one condition.

Therefore 4x' + Sx- square - 9x' say.

3
Therefore ''' = 5 >

5

8 11
and the numbers are -^ , -^ .

23. To find two numbers such that the sum of the square of

either and the sum of both is a square.

Assume x, x+ I for the numbers. These satisfy one condi-

tion.

H. D.
1^
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Also x^ + 4:X+ 2 must be a square = {x- 2)' say.

Therefore a; = 7 .

4

.. , ,
15

Hence the numbers are 7 , y .

24. To find two numbers such that the difference of the square

of either and the sum of both is a square.

Assume a; + 1, a; for the numbers, and we must have

a;^ - 2x - 1 a square = {x— 3)° say.

Therefore a; = 2i-,

and the numbers are 3^, 2|.

25. To find two numbers such that the sum of either and the

square of their sum is a square.

Since x^ + 3x', x^ + 8x^ are squares,

let the numbers be 3x^, 8x' and their sum x.

Therefore \\x^ = x and x = tt-

3 8
Therefore the numbers are j^ , y^t •

26. To find two numbers such that the difference of the square

of the sum of both and either number is a square.

If we subtract 7, 12 from 16 we get squares.

Assume then 12x^ Ix' for the numbers, 1 6a;'' = square of sum.

4
Therefore 1 9a;^ = 4a;, a; = r-^

,

192 112
and the numbers are 577=- , ^7^

.

ooi obi

27. To find two numbers such that the sum of either and their

product is a square, and the sum of the sides of the two squares

so arising equal to a given number, 6 suppose.

Since x (4af — 1) + a; = square, let x, 4a;- 1 be the numbers.

Therefore 4a;^ + 3a; — 1 is a square, whose side is 6 — 2a;.

Therefore x = -^

,

and the numbers are jr- ,
-^-=^ .

At 27

28. To find two numbers such that the difference of their pro-

duct and either is a square, and the sum of the sides of the two

squares so arising equal to a number, 5.
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Assume ix+ \, x for the numbers, which therefore satisfy one

condition.

9fi

Also 4a;» - Sx - 1 = (5 - 2x)^ Therefore x=^,

andthenumbersaref|,f .

29. To find two square numbers such that the sum of the product

and either is a square.

Let the numbers ' be x', y'.

Therefore x'y'

xY-
To make the first a square we make a;" + 1 a square, putting

x^ + \={x- 2)'- Therefore x = j.

2 > are both squares.

9We have now to make j-^ (y^ + I) a square [and y must be

difierent from .r].

Put 9y' + 9 = (3y - 4)' say.

Therefore 2/ = 97 •

9 49
Therefore the numbers are ^ , r^jj;

.

Id O/o

30. To find two square numbers such that the difierence of their

product and either is a square.

Let of, y^ be the numbers.

Therefore a^w^ - '/") i_ ,i

„ „ '„y are both squares.
afy - a; j

25
A solution of k" - 1 = square is x^ = y^ ,

17
and a solution of y'-l = square is y = -g-

25 289
Therefore the numbers are y^ , -^ .

31. To find two numbers such that their product ± their sum

gives a square.

1 Diophantos does not use two unknowns, but assumes the numbers to be

a;' and 1 until he has found x. Then he uses the same unknown to find what he

had first caUed unity, as explained above, p. 81. The same remark appUes to the

next problem. *

12—2
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a' + 6' ± 2ab is a square. Put 2, 3 for a, 6, and 2= + 3'± 2 . 2 . 3

is a square. Assume then product = (2' + 3^) «'= 13a;^,

the numbers being x, 1 3x, and the sum 2.2. 3x' or 1 2x^.

7
Therefore 14a; = I2a^, and a; = tt .

6

Therefore the numbers are 0,-5-.
b b

32. To find two numbers whose sum is a square and having the

same property as the numbers in the preceding problem.

2 . 2m . m = square, and 2»i|^ + m\^ ± 2 . 2m . m = square.

Ifm=2, 4'+2'±2.4:.2=36or 4.

Let then the product of numbers be (4^ + 2^) a? or 20a;'' and

their sum 2.4. 2a;° or IGaj", and let the numbers be 2a;, lOx.

3
Therefore 12a;=16a;^, x = -r,

4

and the numbers are -r , -7-.

4 4

33. To find three numbers such that the sum of the square of

any one and the succeeding number is a square.

Let the first be x, the second 2x+ 1, the third 2 (2a; + 1) + 1

or 4a; + 3, so that two conditions are satisfied.

Lastly (4a; + 3)^ + a; = square = (4a; — 4)° say.

7
Therefore a; = ^^ ,

57

7 71 199
and the numbers are ^ , — , -==- .

34. To find three numbers such that the difference of the square

of any one and the succeeding number is a square.

Assume first a; + 1, second 2x + 1, third 4x + 1 . Therefore

two conditions are satisfied, and the third gives

16a;^ + 7a; = square = 25a;° say.

7
Therefore ^ ~

a >

1.1, 1,
16 23 37

and the numbers are -q- . -5-
, ir

y y 9

35. To find three numbers such that, if the square of any one be

added to the sum of all, the result is a square.

^ j +mn is a square. Take a number separable into
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two factors {m, n) in three ways, say 12, which is the pro-

duct of (1, 12), (2, 6), (3, 4).

The values then of —-— are 5|, 2, ^ .

Let now 5|a;, 2x, ^x be the numbers. Their sum is 12x^

2
Therefore 8a; = 1 2x^, x = -,

o

and the numbers are -y , ^ . s
i o o

36. To find three numbers such that, if the sum of all be sub-

tracted from the square of anj^ one, the result is a square.

(—=— J —inn is a square. Take 12 as before, and let Q\x,

ix, 3^x be the numbers, their sum being 12a;^

7
Therefore *•' =

v; >

6

, ,, , 91 28 49
and the numbers are s-i . — , ,—

.

12' 6 ' 12

BOOK III.

1. To find three numbers such that, if the square of any one be

subtracted from the sum of all, the remainder is a square.

Take two squares x", ix' whose sum = 5x'.

Let the sum of all three numbers be 5as', and two of the numbers

X, 2x. These assumptions satisfy two conditions.

4 121
Next divide 5 into the sum of two squares [ii. 10] n^, -^,

2
and assume that the third number is J^ x.

5

2 17
Therefore x+2x+ -^x = 5a;^. Therefore x--—

,

5 2o

17 34 34
and the numbers ^re —

, ^ , y^c

2. To find three numbers such that, if the square of the sum be

added to any one of them, the sum is a square.
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Let the square of the sum be a?, and the numbers 3x', 8a3°, 15a;'.

Hence 26a;' = a;, x--^,

and the numbers are
gyg, gyg, eTe"

3. To find three numbers such that, if any one be subtracted

from the square of their sum, the result is a square.

Sum of all 4a;, its square 16a;', the numbers 7a;', 12a;', 15a;'.

2
Therefore 34a;' = 4a;, « = tw >

^.v, K 28 48 60
and the numbers are

289 , 289 ' 289

'

4. To find three numbers such that, if the square of their sum be

subtracted from any one, the result is a square.

Sum X, the three numbei-s 2a;', 5a;', 10a;'.

Therefore a; = y= ,

and the numbers are J,, 4, J^„.
289' 289' 289

5. To find three numbers such that the sum of any pair exceeds

the third by a square, and the sum of all is a square.

Let the sum of the three be (a;+l)'; let first +second=third+l,

a?
so that third ~ -jr- + a; ; let second + third = first + a;',

A

1 a;' 1
so that first -x + -^. Therefore second = „ + „ .

But first + third = second + square, therefore 2x = square = 16,

suppose. Therefore a; = 8, and (8|, 32 J, 40) is a solution.

6. [The same otherwise.]

First find three squares whose sum is a square. Find e.g.

what square number + 4 + 9 gives a square, i.e. 36.

Therefore (4, 36, 9) are such squares.

Next find three numbers such that sum of a pair = third + given

number, say, first + second— third = 4, second + third - first

= 9, third + first - second = 36, by the previous problem.

7. To find three numbers whose sum is a square, and such that

the sum of any pair is a square.
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Let the sum be x' + 2x+ I, sum of first and second x', and
therefore the third 2a; + 1 ; let second + third = (x- 1)\

Therefore the first is 4x, and therefore the second a;" - 4a;.

But first + third = square, or 6a; + 1 = square =121 say.

Therefore x = 20,

and the numbers are (80, 320, 41).

8. [The same otherwise.]

9. To find three numbers in a. p. such that the sum of any pair

is a square.

First find three square numbers in a. p. any two of which are

together > the third. Let x', {x+iy be two of these;

therefore the third is x'^ + ix + 2 = (x- Sy say.

.31
Therefore a; = yv

>

or we may take as the squares 961, 1681, 2401.

We have now to find three numbers, the sums of pairs being

these numbers.

Sum of the three = ^-^ = 2521 1,

and we have all the three numbers.

10. Given one number, to find three others such that the sum of

any pair of them and the given number is a square, and also the sura

of the three and the given number is a square.

Given number 3. Suppose first + second = a;^ + 4a; + 1, second

+ third = a;^ + 6a; + 6, sum of all three = a;^ + 8a; + 13.

Therefore third = 4a; + 1 2, second = a;^ + 2a; - 6, first = 2a; + 7.

Also third + first + 3 = square, or 6a;+ 22 =square= ]?00 suppose.

Therefore a; = 1 3,

and the numbers are 33, 189, 64.

11. Given one number, to find three others such that, if the

given number be subtracted from the sum of any pair of them or

from the sum, the results are all squares.

Given number 3. Sum of first two x' + 3, of next pair

x' + 2x+ 4, and sum of the three a:^ + 4a! + 7. Therefore

third = 4a; + 4, second = x' - 2x, first = 2a; + 3. Therefore,

lastly, 6a3 + 4 = square = 64 say. Therefore a; =10, and

(23, 80, 44) is a solution.
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12. To find three numbers such that the sum, of the product of

any two and a given number is a square.

Let the given number be 12. Take a square (say 25) and sub-

tract 12. Take the difference (13) for the product of the

first and second numbers, and let these numbers be 13a3, - .

X

Again, subtract 12 from another square, say 16, and let the

difference 4 be the product of the second and third

numbers. Therefore the third number = 4a5.

Hence the third condition gives 52a;^+ 12 = square, but

52 = 4. 13, and 13 is not a square, therefore this equa-

tion cannot be solved by our method.

Thus we must find two numbers to replace 13 and 4 whose

product is a square, and such that either + 12 = square.

Now the product is a square if both are squares. Hence

we must find two squares such that either + 12 = square.

The squares 4 and - satisfy this condition.

1 X
Retracing our steps we put ix, -

,
- for the numbers, and we

have to solve the equation

a;^+ 12 = square = (a; + 3)^ say.

Therefore a: = -
,

and (2, 2, 5) is a solution.
o

1 3. To find three numbers such that, if a given number is sub-

tracted from the product of any pair, tlie result is a square.

Given number 10.

Put product of first and secoud =a square -1- 10= 4 4- 10 say,

and let first = 14,r, second = - . Also let product of second

andthird=19. Therefore third= 19a;. Whence 2 66a;'- 10

must be a square; but 266 is not a square.

Hence, as in the preceding problem, we must find two squares

each of which exceeds a square by 10.

Now
\—Y~j ~"^°"(~~^)' ^'le'^efore 30^ is one such

square. If m'' be another, «i'-10 must be a square

= [m - 2)' say, therefore m = 3|,
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Thus, putting 30\x, - , 1 2\x for the numbers, we have, from

the third coudition, 5929x°- 160=square=(77«- 2)^ say.

4]
Therefore x= ^^^

,

.^.
,

1240^ 77 502-^
and the numbers are —=~ , ^ ,

-==* .

14. To find three numbers such that the product of any two

added to the third gives a square.

Take a square and subtract part of it for the third number.

Let x' + 6x+ 9 be one of the sums, and let the third number

be 9. Therefore product of first and second = a;^ + G.«.

Let the first = x, therefore the second = x+ 6.

From tlie two remaining conditions

10a; + 541
„ , are both squares.

10a; + 6j

Therefore we have to find two squares differing by 48, which

are found to be 16, 64.

and (1, 7, 9) is a solution.

15. To find three numbers such that the product of any two

exceeds the third by a square.

First X, second a; + 4, therefore their product is x" + ix, and

we suppose the third to be 4a;.

Therefore by the other conditions

4a;^ + 15a; ) , ,,

, y are both squares.
4a;^ - a; - 4 j

The difi'erence = 16a; + 4 = 4 (4a; + 1),

and (^i^y = 4x' + 15a;.

Therefore x =^ , and the numbers are found.

16. To find three numbers such that the product of any two

added to the square of the third gives a square.

Let first be x, second 4a; + 4, third 1. Two conditions are

thus satisfied, and the remaining one gives

X + (4a; + 4)^ = a square = (4a; - 5)' say.

9
Therefore *^ ~ '^ '

and the numbers are 9, 328, 73.
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17. To find three number.s .such that the product of any two

added to the sum of those two gives a square.

Lemma. The squares of two consecutive numbers have this

property.

Let 4, 9 be two of the numbers, a; the third.

Therefore 10a; + 9) , , ,

, ! must both be squai'es,
5a! + 4 i

^

and the difference = 5a; + 5 = 5 (x + 1).

Therefore by Book ii.,

/a; +6
, -10a: +9 and a; = 28,1-

and (4, 9, 28) is a solution.

18. [Another solution of the foregoing prohlem.]

Assume the first to be x, the second 3.

Therefore 4a; + 3 = square = 25 say, whence x = 5^, and 5|, 3

satisfy one condition. Let the tliird be x, 5J and 3

being the first two.

Therefore 4a; + 3 ) , , ,, ,

_ , } must both be squares,
G}jx + 5^i

^

but, since the coefficients in one expressicti are both greater

than those in the other, but neither of the ratios of corre-

sponding ones is that of a square to a square, our method

will not solve them.

Hence (to replace 5i, 3) we must find two numbers such that

their product + their sum = square, and the ratio of the

numbers each increased by 1 is the ratio of a square to

a square.

Let them be y and 4y + 3, which satisfy the latter , con-

dition ; and so that product + sum = square we must have

iy^ + By + 3 = square = (2y — 3)'', say.

3
Therefore

^ = Io-

3
Assume now -t-k, ij, x for the numbers.

Therefore o^x + 4i \

13a; 3 y are both squares,

To"
*"

To)

or 130a;+105~|
, ,

1 o,^ o/^ f ai'C both squares.
130a; + 30 J

^
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the difference = 75, whicli has two factors 3 and 25,

and "^ ~
tT)

gi^6^ ^ solution,

3 7
the numbers being -, 4J, —

.

19. To find three numbers such that the product of any two
exceeds the sum of those two by a square.

Put first = X, second any number, and we fall into the same
difficulty as in the preceding. We have to find two
numbers such that their product minus their sum =
square, and when each is diminished by one they have
the ratio of squares. 4^ + 1, y+l satisfy the latter

condition, and iy^-\^ square = (2^/ - 2)^ say.

Therefore v = -
." 8

13 28
Assume then as the numbers -—

,
— x.

8 8

Therefore 2|a;-3|i

are both squares,5 isli

or 10a; -U~l ,
,

the difference =12 = 2.6, and a; = 3 is a solution.

13
The numbers are -^ , 3|, 3.

20. To find two numbers such that their product added to both

or to either gives a square.

Assume x, 4a;- 1,

since a; (4a;— 1) + a; = 43;" = square.

Therefore also 4a;^ + 3a: - 11

4a;^ + 4a;

1

4'

and X = 7-7—- gives a solution.

21. To find two numbers such that the product exceeds the

sum of both, and also either severally, by a square.

Assume a; + 1 , 4a;,

since 4a: (a; + 1 ) - 4a; = square.

^
V are both squares,

1

the difference = a; = 4a;

.
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Therefore also ix' + 3;c - 1 ) , ,

, y are both squares,
ix^-x- 1)

^

the difference = 4x = ix. 1

.

Therefore x=l^,

and (2j, 5) is a solution.

22. To find four numbers such that, if we take the square of tits

sum i any one singly, all the resulting numbers are squares.

Since in a rational right-angled triangle square on hypotenuse

= squares on sides, square on hypotenuse ± twice product

of sides = square.

Therefore we must find a square which will admit of division

into two squares in four ways.

Take the right-angled triangles (3, 4, 5), (5, 12, 13). Multiply

the sides of the first by the hypotenuse of the second and

vice versa.

Therefore we have the triangles (39, 52, 65), (25, 60, 65).

Thus 65^ is split up into two squares in two ways.

Also 65 = 7= + 4'" = 8=
-)- P.

Therefore 65' = (7= - 4^)^ -i- 4 . 7^ 4= = (8== - 1')' + 4 .
8'

. P

.

= 33^ + 56'' =63=
-I- 16',

which gives iivo more ways.

Thus 65' is split into two squares in four ways.

Assume now as the sum of the numbers 65a:,

first number = 2 . 39 . 52x' = 405Ga;'\

25 . 60a;' - 3000x'
, ,, _...

,

33.56.'=3696.'h"<^*^^^™
= 12768x'.

,16.63a;'=2016x'j

65

second „
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Therefore ^^ = « ,

and the parts are 6, 4, the square 6^.

24. To divide a given number into two parts, and to find a
square which added to either of the parts produces a square.

Given number 20. Let the square be k'' + 2a; + 1.

This is a square if we add 2a; + 3 or 4a; + 8.

Therefore, if these are the parts, the conditions are satisfied

when 6a; + 1 1 = 20, ox x-\\.

Therefore the numbers into which 20 is divided are (6, 14)

and the required square is 6i.

BOOK IV.

1. To divide a given number into two cubes, such that the sum
of their sides is a given number.

Given number 370, sum of sides 10.

Sides of cubes 5 + a;, 5 - a;. Therefore 30a;" + 250 = 370, a; = 2,

and the cubes are 7^, 3'.

2. To find two numbers whose difierence is given, and also the

difference of their cubes.

Difference 6. Difference of cubes 504. Let the numbers be

a; + 3, a; - 3. Therefore 18a:' + 54 = 504.

Therefore x^ = 25, x= 5,

and the sides of the cubes are 8, 2.

3. A number multiplied into a square and its side makes the

latter product a cube of which the former product is the side; to find

the square.

Let the square be x'. Therefore its side is x, and let the

number be - .

X

Hence the products are 8a;, 8, and (8.'c)' = 8.

Therefore x^= k^, a; = j .
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4. To add the same number to a square and its side and make

them the same, [i.e. make the first product a square of which the

second product is side]'-

Square a;^ whose side is x. Let the number added to a;" be

such as to make a square, say 3a;^

Therefore Sk" + a; = side of 4a;' = 1x and a; = ^
•

The square is „ and the number is -

.

5. To add the same number to a square and its side and make

them the opposite.

Square x^, the number 4a;° - x.

3
Hence ^v?-x = side of ^vf = 2a;, and a; = v .

6. To add the same square number to a square and a cube and

make them the same.

Let the cube be a;' and the square any square number of a;''s,

say 9x". Add to the square 16a;l (The 16 is arrived

at by taking two factors of 9, say 1 and 9, subtracting

them, halving the remainder and squaring.)

16
Therefore a;' + 1 6a;' = cube = 8a;' suppose and x = -=-

.

Whence the numbers are known.

7. Add to a cube and a square the same square and make them

the opposite.

[Call the cube (1), first square (2), and the added square (3)].

Now suppose (2) + (3) = (1) [since (2) + (3) = a cwSe].

Now a' + 6'±2a6 is a square. Suppose then (l)=a' + 6'',

(3) = lab. But (3) must be a square.

Therefore lab must be a square ; hence we put a = 1, 6 = 2.

Thus suppose (1) = 5a;', (3) = 4a;', (2) =a;'. Now (1) is a cube.

Therefore a; = 5,

and (1) = 125, (2) = 25, (3) = 100.

' In this and the following enunciations I have kept closely to the Greek,

partly for the purpose of showing Diophantos' mode of expression, and partly

for the brevity gained thereby.

"To make them the same" means in the case of 4 what I have put in

brackets; "to make them the opposite" means to make the first product a side

of which the second product is the square.
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8. [Another solution of the foregoing.]

Since (2) + (3) = (l), a cube, and (1) + (3) = square, I have

to find two squares whose sum + one of them = a square,

and whose sum = (1). Let the first square be a;^, the

second 4.

Therefore 2a;'' + 4 = a square = (2x - 2)' say. Therefore a; = 4,

and the squares are 16, 4.

Assume now (2) = 4a;^ (3) = 16a;^

Therefore 20a;^ = a cube, and x = 20,

thus (8000, 1600, 6400) is a solution.

9. To add the same number to a cube and Us side, and make

them the same.

Added number x, cube 8a;^, say. Therefore second sum = 3x,

and this must be the side of cube Sa;^ + x, or 8x' + a; = 27a;'.

Therefore 19x^ = a;.

But 19 ts not a square. Hence we must find a square to

replace it. Now the side 3a3 comes from the assumed 2a;.

Hence we must find two consecutive numbers whose cubes

differ by a square. Let them he y, y +\.

Therefore 3</^ + S*/ + 1 =square = (1 — 2?/)^ say, and y = 1.

Thus instead of 2 and 3 we must take 7 and 8.

Assuming now added number = x, side of cube = 7a;, side of

new cube = 8a;, we find 343a;° + x= 512x'\

Therefore x" = j^ , ^ = To-

/ 343 7 1 \
Therefore (^^^ > 13 .

13j
i« ^ solution.

10. To add the same number to a cube and its side and make

them the opposite.

Suppose the cube 8a;^, its side 2a;, the number 27a;' - 2a;.

Therefore 35a;' - 2a; = side of cube 27a;', therefore 35a;'- 5 = 0.

This gives no rational value. Now 35 = 27 + 8, 5 = 3 + 2.

Therefore we must find two numbers the sum of whose cubes

bears to the sum of the numbers the ratio of a square

to a square.

Let sum of sides = anything, 2 say, and side of first cube = z.

Therefore 8 - 12« + 6a' = twice a square.

Therefore 4-6s + 3a' = a square = (2 - 4s)= say, and x = one
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of the sides =
j^

, and the other side = j-g • Take for

them 5 and 8.

Assuming now as the cube 125a;', and as the number

512a;' - 5a;, we get 637a;' - 5a; = 8a;, and if = y

,

, /125 5 267\ . , ,.

11. To find two cubes whose sum equals the sum of their sides.

Let the sides be 2a;, 3a;. This gives 35x' = 5a;. This equation

gives no rational result. Finding as in the preceding

problem an equation to replace it, 637a;' = 13x, x = -

,

125 512
and the cubes are ^j^ , ^„

.

12. To find two cubes whose difference equals the difference of

their sides.

A ssume as sides 2x, 3x. This gives 1 9x' = x. Irrational ; and

their difference
we have to find two cubes such that -rrr;^ =—r-j

—

dinerence or sides

= ratio of squares. Jjct them be (s + 1)', z.

Therefore 3«^ + 3.3 + 1 = square = (1 - 2j)- say.

Therefore » = 7.

Now assume as sides 7a;, 8a;. Therefore 169x' = a;, and x=y^.

7 y / 8_y
<ii) ' Vis;

•

13. To find two numbers such that the cube of the greater + the

less = the cube of the less + the greater.

Assume 2a;, 3a;. Therefore 27a;' + 2x = 8a;' + 3a;.

Therefore 19a;' = a;, which gives an irrational result. Hence,

as in 12th problem, we must assume 7a;, 8,^;,

7 8
and the numbers are as there y^ , ys •

xo xO

14. To find two numbers such that either, or their sum, or their

different 'icreased by 1 gives a square.

1 . unity from any square for the first number ; let it be,

say, Qx" + Gx.

Therefore the two cubes are
( y^

)
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But the second+ 1 =a square. Therefore we must find a square

such that the square found + Daf + 6a; = a square. Take

factors of 9x' + Qx, viz. (9aj + 6, x). Square of half dif-

ference = 16a;^ + 24a; + 9.

Therefore, if we put the second number IGa;* + 24a; + 8, three

conditions are satisfied, and the remaining condition gives

difierence + 1 = square.

Hence 7of + 18a; + 9 = square = (3 - Sx)" say.

Therefore a; = 1 8,

and (3024, 5624) is a solution.

15. To find three square numbers such that their sum equals

the sum of their difierences.

Sumof difierences=.4-5+5-C+^-C = 2(^-C)=^-l-.B+C,

by the question.

Let least (G) = 1, greatest = x' + 2x +1. Therefore sum of the

three squares = 2a;^ + 4a; = a;^ + 2a; + 2 + the middle one.

Therefore the middle one {£) =x' + 2x-2. This is a

9
square, — (x- 4)^ saj'. Therefore x = -=,

and the squares are (-^, -hc^ , l) or (196, 121, 25).

16. To find three nunihers such that the sum of any two multi-

plied hy the third is a given number.

Let (first + second) . third = 35, (second + third) . first = 27, and

(third + first) . second = 32, and let the third = x.

35
Therefore first + second =
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17. To find three numbers whose sum, is a squa/re, and such that

the sum of the square of each and the succeeding number is a square.

Let the middle number be ix. Tterefore I must find wliat

square + 4a; gives a square. Take two numbers wbose

product is 4a;, say 2a3 and 2. Therefore (a; - 1)" is the

square. Thus the first number = a; - 1.

Again 1 6a;^ + third = square.

Therefore third = a square -16a;'=(4a; + l)^-16a;'say,=8a5+l.

Now the three together=square, therefore 13a;=square=169y''

say. Therefore a; = 1 Zif. Hence the numbers are

ISy^-l, 52if, 1042/'+ 1.

Lastly, (third)'' + first = square.

Therefore 108162/'+ 22iy = a square or 108162/" + 221 = a

square = ( 1 042/ + 1 )' say. Therefore 2/ = 208
"
52

'

^ /36621 157300 317304\ . , .

^"^•^
(^704 ' ^TOT ' -270r; ^ ^ ^°^''*^°'^-

1 8. To find three numbers whose sum is a square, and such that

the difierence of the square of any one and the succeeding number is

a square.

The solution is exactly similar to the last, the numbers being

in this case Ui/+\, 52y', 104y"-l. The resulting

equation is 108162/^ - 221 = square = {IQiy - If,

whence 2/ =
Jq|

.

^ /170989 640692 1270568\ . , .

^^•^
VT6816-' T0816 ^ ^0816- j ^ ^ ^°^'^*^°^-

19. To find two numbers such that the cube of the first + the

second = a cube, the square of the second + thefirst = a square.

Let the first be x, the second 8-a;^, therefore a;"— 16a;'+64+x=

a square = (x' + Sy say, whence 32a;^ = x. This gives an

irrational result since 32 is not a square. Now 32 = 4. 8.

Therefore we must put in our assumptions 4 . 64 instead.

Then the second number is 64 - x^, and we get, as an

equation for x,

256a;' =1. Therefore x = ^,

lb 4UUo
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20. To find three numbers indefinitely ' such that the product of

any two increased by 1 is a square.

Let the product of first and second be x' + 2x, whence one

condition is satisfied, if second = x, first = x + 2. Now the

product of second and third + 1 = a square ; let this pro-

duct be dx' + 6x, so that third number= 9a; + 6. Also the

product of third and first + 1 = square, i.e. 9a;' + 24x + 13 =

a square. I^ow, if IS were a square, and the coefficient of

X were 6 tim.es the side of this square, the problem would

be solved indefinitely as required.

Now 13 comes from 6.2 + 1, the 6 from 2 . 3, and the 2 from

2.1. Therefore we want a number to replace 3 . 1 such

that four times it + 1 = a square ; therefore we need only

take two numbers whose difference is 1, say 1 and 2

[and 4. 2.1+ (2 — 1)^ = square]. Then, beginning again,

we put product of first and second = a;^ + 2a5, second x,

first x+2, product of second and third = 4a;' + 4a;, and

third = 4a; + 4. [Then first x third + 1 = 4a;' + 1 2a; + 9.]

And (x + 2, X, 4x + 4) is a solution.

21. To find four numbers su/:h tJiat tlie product of any two,

increased by 1, becomes a square.

Assume that the product of first and second = a;' + 2a;, first = x,

second = 03+2, and similarly third = 4a; +4, fourth =9a;+ 6,

but (4a; + 4)(9a; + 6) + 1 = square = 36a,'' + 60a3 + 25.

Also for second and fourth,

9a;' + 24ai + 13 = square = (9a;' - 24a; + 16), say.

Therefore a; = r? •

16

All the conditions are now satisfied',

. ^ . /I 33 68 105\
the solution being (jg, jg, jg , ^ )

•

22. Find three numbers which are proportional and such that

the difference of any two is a square.

Assume a; to be the least, a; + 4 the middle, a; + 13 the greatest,

therefore if 13 were a square we should have an indefi-

nite solution satisfying three of the conditions. We must

' I e. in general expressions.

2 Product of second and third +l = (x + 2)(ix + i)+l = iz' + 12x + 9, which is

a square.

13—2
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therefore replace 13 by a square which is the sum of two

squares.

Thus if we assume x, x + 9, a +25, three conditions are

satisfied, and the fourth gives x(x + 25) = {x+ 9)^, there-

fore a; = -=-

,

/81 144 256y

V 7 ' 7 ' 1^/and ( -=- , -=-
, -=-

I is a solution.

23. To find three nunihers such that the sum of their solid content
'

and, any one of them is a square.

Let the product be a:^ + 2x, and the first number 1, the second

x^ + 2x
ix + d ; therefore the third = -. t- . This cannot be

'
4a; + 9

divided out generally unless x^: ix=2x : 9 or a;° : 2a;=4x : 9,

and it could be done if 4 were half of 9.

Now 4a; comes from 6x — 2x, and 9 from 3^, therefore we have

to find a number m to replace 3 such that 2m - 2 = -^ ,

therefore m° = 4ni - 4 or »i = 2.
^

We put therefore for the second number 2a; + 4, and the third

then becomes ^x. Therefoi'e also [third condition]

a;' + 2a: + |a; = square = 4a;'' say, whence x = ^,

and ( 1, -^ , -^ 1 is a solution.

24. To find three numbers such that the difference of their solid

content and any one of them is a square.

First x, solid content a;^ + a; ; therefore the product of second

and third = a; + 1 ; let the second = 1

.

Therefore the two remaining conditions give
/^^ + a; 1 ^

J _ V both squares [Double equation.]

1 rr

Difference = a; = |. 2a;, say; therefore {x + iy = a^+x-l, x = —-
,

and (-^ , 1, — j
is a solution.

1 I.e. the continued product of all three.

'' Observe the solution of a mixed quadratic.
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25. Divide a given number into two parts whose product is a
cube minus its side.

Given number 6. First part x ; therefore second = &-x, and
6a; - a;' = a cube minus its side = (2a: - 1)' - (2a; - 1) say,

so that 8x' - 1 2a;'' + 4a; = 6a; - x". This would reduce to a
simple equation if the coefficient of x were the same on
both sides. To make this so, since 6 is fixed, we must
put m for 2 in our assumption, where

3vi - m = 6, or m = 3.

Therefore, altering the assumption,

(3a;-l)^-(3a;-l)=6a;-a;\

, 26
whence «; = -=.,

27'

A^u , 26 136
and the parts are =^ ,

--=- .^
27 ' 27

26. To divide a given number into three parts such that their con-

tinued product equals a cube whose side is the sum of their differences.

Given number 4. Let the product be 8a:'' • now the sum of

diffei'ences = twice difference between third and first

;

therefore difference between third and first parts = x.

Let the first be a multiple of x, say 2a;. Therefore the

third = 3a;.

4
Hence the second = ^ x, and, if the second had lain between

the first and third, the problem would liave been solved.

Now the second came from dividing 8 by 2 . 3, so that we have

g
to find two consecutive numbers such that -.

—

i
,

—

their product
Q

lies between them. Assume m, m + 1 ; therefore —=

m' + m
lies between m and m+l.

8
Therefore —5 + 1 > m + 1.m + m

Therefore m' + m + 8>m^ + 2nf + m, or 8 > m^ + m'.

wi + 5 )
, which is > »i' + m, and equate it to 8.

1 o ,
5

Therefore wi + 5 = 2, and "i = g •
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Hence we assume for the numbers

5 9 8

3 ' 5 ' 3 '

or (25a;, 27a;, 40a;), multiplying throughout by 15.

Therefore the sum = 92a; = 4, and x = ^,

and (H ' H ' 2^)
^^^ ^'^^ *^''®® P^"^*^

required.

[N.B. The condition —5 <m + 1 is ignored in the work,
'- m +m

and is incidentally satisfied.]

27. To find two numbers whose product added to either gives a

cube.

Suppose the first number equals a cube number of a;'s, say 8a;.

Second a;^ - 1, (so that 8x^ - Sa: + 8a; = cube);

also 8a;'' - 8a; + a;^ - 1 must be a cube = (2a; — 1)" say.

14
Therefore 13a;''=14a;, x = ^,

/112 27 \ . - ^.
and ( -yg- ,

-[gg j
IS a solution.

28. To find two numbers such that the difierence between the

product and either is a cube.

Let the first be 8a;, the second a;^ + 1 (since 8a;''+ 8a; - 8a;= cube)

;

also 8a;' + 8a; - a;^ - 1 must be a cube, which is " im-

possible " [for to get rid of the third power and the abso-

lute term we can only put this equal to (2a; — 1)', which

gives an " irrational " result]. Assume then the first

= 8a; + 1, the second = x' (since 8a;^ + a;'' — a;^ = cube).

Therefore 8a;'' + a;'' - 8a; - 1 = a cube = (2a; - 1)' say.

14
Therefore a; =^ ,

and the numbers are -^^75- , =-57; .

16 lo9

29. To find two numbers such that their product ± their sum = a

cube.

Let the first cube be 64, the second 8. Therefore twice the

sum of the numbers = 64-8 = 5 6, and the sum of the

numbers = 28, but their product + their sum = 64.

Therefore their product = 36.
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Therefore we have to find two numbers whose sum = 28, and

whose product = 36. Assuming 14 +a;, 14 -a; for these

numbers, 196-a^=36 and a;* = 160, and if 160 were a

a square we could solve it rationally.

Now 160 arises from 14' -36, and 14=^.28=^.56

= 2 (diiFerence of cubes) ; 36 = ^ sum of cubes.

Therefore we have to find two cubes such that

/I . . X" 1 .

( 2 of their difference ) - ^ their sum = a square.

Let the sides of these cubes he z+ I, z-1.

1 3 1
Therefore -j of their difference = ^ «^ + tt, and the square of this

9,3,1
= 4^+2*n-

(1
\® 1 9 3 11

- .
differercej ^2-^'^°' = 4^*+ o*'"'' I ~ 9^^*' "*" ^^)-

Therefore

9z' + 62" + 1 - 4«' - 12« = a square = (3^= + 1 - Qz)' say,

9
whence 32»' = 36«', and « = 5 •

17 1 , , ^ 4913 1

Therefore sides of cubes are -g- , ^ , and the cubes -^^ , ^y^ •

, . 4913T
Now put product of numbers + their sum = -^y^

1
product - sum = -^^0

, .
2456

therefore their sum = -^vn-

,

2457
their product = -fto" •

1228
Then let the first number =x + half sum = a; + -^^y >

1228
second - "kT2" ~ ^'

1507984 , 2457
Therefore 262144

""^ = 512"

"

Therefore 262144a!' = 250000.
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Hence x = ^^o >

/1728 728\ . , ,.
^'^'^

("512 ' 512j
'' ^ '°^^''°^-

30. To find two numbers sucli that their product ± their

sum = a cube [same problem as the foregoing].

Every square divided into two parts, one of which is its side,

makes the product of these parts + their sum a cube.

[i.e. x{x' - x) + x^ — x + x= a cube.]

Let the square be a;^ ; the parts are x, x' — x,

and from the second part of the condition

x^-x'-x^^x" - 2x' = a cube =
( 5 )

say.

7 16
Therefore o «' = 2a;^ a; = -^ ,

8 (

and I
-=-

, —m 1 is a solution.
/16 144\

V7 ' 49;

31. To find four square numbers such that their sum + the sum

of their sides — a given number.

Given number 1 2. Now x" + x + j = & square.

Therefore the sum of four squares + the sum of their sides

+ 1 = 13.

Thus we have to divide 13 into i squares, and if from each of

their sides we subtract ^r we shall have the sides of the

required squares.

TQ . o 64 36 144 81
Now i3 = 4+9 = -+25+^ + 25'

and the sides of the required squares are

n 7^ 19 13

10' 10' 10' 10'

32. To find four squares such that their sum minus the sum of

their sides equals a given number.

Given number 4. Then similarly ( side of first — ^ )
-

... ,..,,., 9 16 64 36
and 5 IS divided into

25, 35 ' 25 ' 25 '

and the sides of the squares are
( ts > y^ , Tf. , =r(\

= 5.
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33. To divide unity into two parts such that, if given numbers
be added to each, the product of tlie resulting expressions may be a
square.

Let 3, 5 be the numbers to be added, and let the parts be ^ I

.

I -x)
Therefore (a; + 3) (6 - aj) = 18 + 3x - a^ = a square = 4af say.

Hence 18 + 3a; = 5a;^; but 5 comes from a square + 1, and
the roots cannot be rational unless

^ j
= a square.

^j =a square,

or 72™" + 81 = a square = (8m + 9)' say.

Therefore ?ra=18.

Hence we must put

(a; + 3) (6 - a;) = 18 + 3a; - a;' = 324a;^

Therefore 325a;' - 3a; - 1 8 = 0.

Therefore «'=^5=A'

and (^ , ^ ) is a solution.
/ 6 19\ .

(25 ' 25j
^^

34. [Another solution of the foregoing.]

Suppose the first a; — 3, the second 4 - a; ; therefore

a; (9 — a;) = square = 4a3' say,

9
and Sx" = 9x, whence a; = = , but I cannot take 3 from

9
= . and X must be > 3 < 4.
5

'

9
Now the value of x comes from ^ . Therefore, since

a square + 1

a; > 3, this square + 1 < 3, therefore the square < 2. It is

also > 7 .

4

5 , „ 80 J
128

Therefore I mustfind a square between j and 2, or^ and -—

.

And -yr-r or ^r^ will satisfy the conditions.
64 Id

25
Put now a; (9 - a;) = yg x'.
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144
Therefore x = -—r- ,

41

, /21 20\ . , ,.and TT , r^ IS a solution.
/21 20\ .

35. To divide a given number into three parts such that the pro-

duct of thefirst and second, with the third added or subtracted, may be

a square.

Given number 6, tte third part x, the second any number

less than 6, say 2. Therefore the first = 4 - sc.

Hence 8 — 2a3 ± a; = a square. [Double-equation.] And it cannot

be solved by our method since the ratio of the coefficients

of X is not a ratio of squares. Therefore we must find a

number y to replace 2, such that

«+ 1
r = a square = 4 say.

5
Therefore y + 1 = 4y - 4, and 2/ = ,

o

5 13
Put now the second part = ^ , therefore the first = -=- - ic.

Therefore -^— ^a3±a; = a square.

Thus „_ „ [ are both squares,

24a;)

n . j- are both squares : difierence = 195=15. 13.

Hence ( ^

—

j
= 65 - 24a;, and 24a; = 64, a;=^.

Therefore the parts are ( 5 , 5 , =
j

.

36. To find two numbers such that the first with a certain fraction

of the second is to the remainder of the second, and the second with the

same fraction of the first is to the remainder of the first, each in given

ratios.

Let the first with the fraction of the second = 3 times the

remainder of the second, and the second with the same

fraction of the first = 5 times the remainder of the first.

Let the second = a; + 1, and let the part of it received by the first

be 1. Therefore the first = 3a; - 1 [for 3x - 1 + 1 = 3a;].

65 - 24a;)

°'^260-
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Also first + second = ix, and first + second = sum of the numbers

first + second
after interchange, therefore

remainder of first

'

Therefore the remainder of the first = -^x, and hence the second

2 7
receivesfrom tlie first 3a;-l--£c = -a;-l.

^x—\ 1 7 4.

Hence |^--y =—^ , therefore ga;'' + -a;-l = 3x-l,

and » = » .

8 12
Therefore the first number = = , and the second =-^; and 1 is

7

Y^ of the second.

Multiply by 7 and the numbers are 8, 12; and the fraction is

7

Y^ ; but 8 is not divisible by 12, so multiply by 3,

and (24, 36) is a solution.

37. To find two numbers indefinitely such their product + their

sum = a given nmnber.

Given number 8. Assume the first to be x, the second 3.

Therefore 3a; + a; + 3 = given number = 8.

Therefore x = -^, and the numbers are ( j > ^ )
•

5 8 — 3
Now J arises from ^—=- . Therefore we may put mx + n for

, , „ ^ 8 — (inx + n)
the second number, and the nrst = ^ r-

.

mx + n+ i

38. To find three numbers such that (the product + the sum) of

any two equals a given number.

Condition. Each number must be 1 less than some square.

Let product + sum of first and second = 8, of second and third

= 15, of third and first = 24.

Then -^—-.
—= = the first : let the second = a: - 1.

second +

1

Therefore -^^ = first = - - 1 . Similarly third = 1

.

a; a; x
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Therefore f^
- iVl^ - iV -- 2 = 24, and li^ - 1 = 24,

\x J\x J X af

therefore x = -^

,

^33 7 68, /33 7 68\ .
, ^.and ( =-^ , -^ , Yn 1 IS a solution.

39. To find two numbers indefinitely such that their product

exceeds their sum by a given number.

Let the first number be x, the second 3. Therefore product

- sum = 3a;-a;-3 = 2a;-3 = 8 (say). Therefore x =— .

Thus the first = -^ , the second = 3. But -^ = ^—=

.

a;+ 9
Hence, putting the second = x+ \, the first = .

40. To find three numbers such that the product of any two

exceeds their sum by a given number.

Condition. Each of the given numbers must be 1 less than

some square.

Let them be 8, 15, 24.

rr-i. e £ i 1. 8 + second a; + 9 ^,iherefore first number = =—=-

=

.say. Therefore
second - 1 x

9 16
the first = - + 1, the second = a; + 1, and the third = h 1.

X X

Therefore ("- + 1V— + 1^ -^ _ 2 = 24.
\X J\X J X

Or -^-1 = 24, x = -,

, /57 17 92\ . . ^.and ( =-=
, -J- , Yn j IS a solution.

41. To find two numbers indefinitely whose product has to their

sum a given ratio.

Let the ratio be 3 : 1, the first number x, the second 5.

15
Therefore 5a; = 3 (5 + k), and a; = -^

.

15 5 3
But -^ =

'

, and, putting x for 5,

3a;
the indefinite solution is: first =— „ , second =x.

x-3
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42. To find three numbers such that for any two their product

bears to their sum a given ratio.

_ first and second multiplied^*
first + second = ^' ^""^ ^"* *^^ "^^^"^ ^^^^^^^ ^^

Q
4 and 5, the second number x. Therefore first=

—

— third
x-3'

ix

a; — 4
'

. , 3x ix _ / 3a; 4a; \ , „ „
Also -. -=5 -+ -) or Ux^ = 35af-120x.x—3 x—i \x—6 x — AJ

Therefore x = -^r^
,

- /360 120 480\ . ^, , ^.

43. To fitid three numbers such that tlie product of any two has

to the sum of the three a given ratio.

Let the ratios be 3, 4, 5. First seek three numbers such that

the product of any two has to an arbitrary number (say 5)

the given ratio. Of these, let the product of the first

and the second =15.

15
Therefore if a; = the second, the first =— .

X

But the second multiplied by the third = 20.

20 20 . 15
Therefore the third = — , and —'-^— = 25.

X X

Therefore 25a;^ = 20.15.

And, if 20 . 15 were a square, what is required would be done.

Now 15 = 3.5 and 20 = 4 . 5, and 15 is made up of the ratio

3 : 1 and the arbitrary number 5.

Therefore we must find a number ni such that —— = ratio of

a square to a square.

Thus 12wi^ . 5m = 60m!' = square = 900m', say. Therefore m = 15.

Let then the sum of the three =15,

and the product of the first and second = 45, therefore the

first =—

.

X

Similarly the third =— ; therefore—'-,— = 75 and a; = 6.
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45
Therefore the first number = -^ , the third = 10,

47
and the sum of the three = 2^ =—- . Now, if this were 15,

the problem would be solved.

Put therefore 15a;'' for the sum of the three, and for the

numbers 7^x, Gx, 10a;.

47
Therefore 23|a3 = 15a;^, and a; =^

,

/705 282 470\ .

whence (^-g^.^Q-.—j IS a solution.

44. Tojind three numbers such that the product of their sum and

thefirst is a triangular number, that of their sum and the second a

square, and that of their sum and the third a cube.

n 4. R
Let the sum be x^, and the first —. , the second -5 , the third -=

,

' X x' X

which will satisfy the three conditions.

But the sum =—s = a;' or 1 8 = a;\
X'

Therefore we must replace 18 by a fourth power.

But 18 = sum of a triangular number, a square and a cube;

let the fourth po-wer be x*, -which must be made up in the

same -way, and let the square be a;^ — 2a;''+ 1. Therefore

the triangular number + the cube = 2x' — 1 ; let the cube

be 8, therefore the triangular number = 2a;^ — 9. But 8

times a triangular number + 1 = a square.

Therefore 16a;^- 71 = a square = (4a;— 1)^ say; therefore a;= 9,

and the triangular number = 153, the square = 6400 and

the cube = 8.

Assume then as the first number —— , as the second
x'

'

of

as the third —=

.

ar

r,,, ^ 6561 , ,
Therefore —=— = x and x =

_ /153 6400 8 \ .

,
^.Thus ( -^ , p.. , ^ I IS a solution.
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45. To find three numhers such that the difference of the greatest

and the middle has to the difference of the middle and the least a given

ratio, and also the sum of any pair is a square.

Ratio 3. Since middle number + least = a square, let them = 4.

Therefore middle > 2 ; let it be as + 2, so that least =2 — x.

Therefore the interval of the greatest and the middle = 6a;,

•whence the greatest = 7a; + 2.

8a; + 4")

Therefore . , > are both squares [Bovhle equation^ : take

two numbers whose product = 2a;, say ^ and 4, and pro-

ceed by the rule. Therefore a;= 112, hut I cannot take

\12 from 2; therefore x must be found to be < 2, so

that 6a; + 4< 16.

Thus there are to be three squares 8a; + 4, 6a; + 4, 4; and

difference of greatest and middle = f of difference between

middle and least.

Therefore we must find three squares having this property,

such that the least = 4 and the middle one < 16.

Let side of middle one be a + 2, whence the greatest is equal to

f!±l%,^ + 4. + 4=|.^ + ^.= + 4.

Therefore this is a square, or 82" + 12« + 9 = a square; but the

middle of the required squares < 16, therefore z<2.

Put now 3»' + 1 22; + 9 = (m« - 3)' =mV - 6ma + 9.

Therefore z =—s—5- , which must be < 2.

m — o

Hence 6ot + 12 < 2m' - 6, or 2m' > 6ot + 18,

3 7
and 18 . 2 + 3' = 45 ; therefore we may put m = ^ + g

•

Thus we have Sz" + 12« + 9 = (3 - dz)'.

21 ^3
1

Hence « = rr , and the side of the middle square = yy ,
and

- 1^ 1849
the square itseli = ^-91- •

1849 „ ,

Turning to the original problem, we put
-j^F"^

"^

1365 , . , • o
Therefore x = -^rrrr . which u < Z.
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Hence the greatest of the required numbers

11007
7x + 2=-

and the second of them =x + 2 =

and the third = 2 —x =

726
'

2817

726
'

87

726"

46. To Jind three numbers such that the difference of the squares of

the greatest and the middle numbers has to the difference of the middle

and the least a given ratio, and the sums of all pairs are severally

squares.

Ratio 3. Let greatest + middle = the square IGaj". Therefore

greatest is > Sa^, say 8a;^ + 2. Hence middle = %a? - 2,

and greatest + middle > greatest + least, therefore great-

est + least < 16a;^ > S.*^ = 9a;^, say; therefore the least

number = a;^ — 2.

Now difference of squares of greatest and middle = 64a;^, and

difference of middle and least = 7a;*, but 64 =[= 21.

Now 64 comes from 32 . 2, so that I must find a number m
21

such that 32™ = 21. Therefore m= -^.

Assume now that the greatest of the numbers sought

21 21 ''1

= 8a;° + -^ , the middle = 8:r° - iTr,^ the least = a;' -^ .

On oZ o2i

[Therefore difference of squares of greatest and middle

= 21a;==3.7.T^]

The only condition left is

o . 21 ,21
8a; -7Tn+a;-:=^ = a square,

o2i Oil

21
or 9a;* -

Y^
= a square = (3a; - 6)^ say.

Therefore x = -^-^^ .

01 6

/3069000 2633544 138681\ .

^'"""^ Vrnffe ' -mm- - ssmej '' * '°^"*^°"-
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BOOK V.

1. To find three numbers in g. p. such that each exceeds a given
nvunber by a square.

Given number 12. Find a square which exceeds 12 by a
square [by ii. 11], say 421 Let the first number be 42J,
the third af, so that the middle one = &\x.

x^ — 12"!
Therefore , ! are both squares : their difference

= x'-Q^»: = x{x-Ql),

therefore as usual we find the value of x, viz. 77— ,

104

, /.„, 2346i 130321\ .

^^d (^2i-^, ^^gjgj
IS a solution.

2. To find three numbers in g. p. such tlhat each together with tlie

same given number equals a square.

Given number 20. Take a square which exceeds 20 by a

square, say 36, so that 16 + 20 = 36 = a square.

Put then one of the extremes 16, the other x', so that the

middle term = 4a;.

Therefore , „„ i are both squares : their difference
4a; + 20J

= a;^ - 4a; = a: (a; - 4),

whence we have 4a; + 20 = 4, which gives an irrational

result,

but the 4 = ^(16), and we should have in place of 4 some

number > 20. Therefore to replace 16 we must find

some square > 4 . 20, and such that with the addition of

20 it becomes a square.

Now 81 > 80; therefore, putting for the required square

(m + 9)", (m + 9)' + 20 = square = (m-Uf say. Therefore

m,= ^, and the square = (9^)" = 9O5.

H. D. 1*
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Assuming now for the numbers 90|, 9|a;, x^, we have,

j^
ofif

^i"6 t>oth squares: and the difference =a; (a;- 9|),

whence we derive x = ttft; >

152

/„„• 389| 1681 \ . , ^.
^<^ (^°i' T5# ' 23104J

'' ^ '°^''*'°^-

3. Civew one number, to find three others such that any om of

them or the product of any two, when added to the given number, pro-

duces a square.

Given number 5. Porism. If of two numbers each and their

product together with the same number make squares,

the two numbers arise from two consecutive squares.

Assume then {x + Zf, {x + if, and put for the first number

x'+Qx + i, and for the second a;^ + 8a;+ll, and let the

third equal twice their sum minus I, or ix' + 28a; + 29.

Therefore ix' + 28a; + 34 = a square = (2a; — 6)'' say.

Hence x^^-^,

/2861 7645 20336\ .

^^^
(676-' "676' -67rj

^' " '°^^*'°^

4. Given one number, to find three others such that each, and

the product of any two exceed the given number by some square.

Given number 6. Take two consecutive squares x', x' +2x+ 1,

add 6 to each, and let the first number = a:^ + 6, the

second number = as" + 2a; + 7, the third being equal to twice

the sum of first and second minus 1, or 4af + 4a; + 25.

Therefore third minus 6 =4a;° + ix+ 19 = square = (2a;— 6)'' say.

17
Therefore x = -^,

/4993 6729 22660N
and

/4993 6729 22660\ . , ^.

1^84 • T84' ^8rj^^^^°^"*^°^

[Observe in this problem the assumption of the Porism numbered

(1) above (pp. 122, 123).]

5. To find three squares such that the product of any two, added

to the sum of those two, or to the remaining one, gives a square.

Porism. If any two consecutive squares be taken, and a third

number which exceeds twice their sum by 2, these three
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numbers have the property of the numbers required by
the problem.

Assume as the first a;'' + 2* + 1, and as the second x' + ix + 4.

Therefore the third = 4a;^ + 12a! + 12.

Hence a;' + 3a; + 3 = a square = (a; - 3)^ say, and a; = -
.

o

Therefore
(j > ^ > ^) is a solution.

6. To find three numbers such that each exceeds 2 by a square,
and the product of any two minus both, or minus the remaining
one = a square.

Add 2 to numbers found as in 5th problem. Let the first be
x' + 2, the second a:' + 2a; + 3, the third 4a;^ + 4a; + 6, and
all the conditions are satisfied, except

ia;" + 4a; + 6 - 2 = a square = 4 (a; - 2)" say.

Therefore <"> = -}

, /59 114 246\ . , .

^"^^

V25' 25"' 25"j '' ^ '°^^*'°'''

7. To find two numbers such that the sum of their product and
the squares of both is a square. [Lemma to tJiefollowing problem.]

First number x, second any number (m), say 1.

Hence a;^ + a; + 1 = a square = (a; — 2)^ say, and x= -.

Therefore (-=, 1 j is a solution, or (3, 5).

8. To find three right-angled triangles ' whose areas are equal.

First find two numbers such that their product + sum of their

squares = a square, i.e. 3, 5, as in the preceding problem

[15 + 3^ + 5^ =7'].

Now form three right-angled triangles from

(7, 3), (7, 5), (7, 3 + 5),

respectively, i.e. the triangles

(7^+3^ 7^-3'', 2.7.3), <fec.

' I.e. rational right-angled triangles. As all the triangles which Diophantos

treats of are of this kind, I shall sometimes use simply the word "triangle" to

represent "rational right-angled triangle," for the purposes of brevity, where

the latter expression is of very frequent occurrence.

14—2
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and we have the triangles

(40, 42, 58), (24, 70, 74), (15, 112, 113)

and the area of each = 840.

[7"- 3") 7 . 3 = (7' - 5^) 7 . 5 = (8=- 7") 8 . 7].

[Tor if ab + a' + b' = c%

{c' - a') ca = (c^ - ¥) cb = {{a + bf - c-} {a + b) c,

since each = abc {a + 6)].

9. To find three numbers such that the square of any one * the

sum of the three = a square.

Since, in a right-angled triangle, (hypotenuse)^ ± twice product

of sides= a square, we make the three numbers hypotenuses,

and the sum of the three four times the area.

Therefore I must find three triangles having the same area, i.e.

as in the preceding problem,

(40, 42, 58), (24, 70, 74), (15, 112, 113).

Therefore, putting for the numbers 58a;, 74a;, 113a;, their sum
= 245a3 = four times the area of any one of the triangles

7
= 3360a;^ and a; =^

.

rrv, ^ /^O^ 518 791\ . . ^.
Therefore 1-^ , -^ , -^ \ is a solution.

10. Given three squares, it is possible to fijid three numbers

such that the products of the three pairs are respectively equal to

those squares.

4 9
Squares 4, 9, 16. One number x, the second -, the third -

,X X

and —5-= 16, and x = 1^.

' Nesselmann suggests that Diophantos discovered this as follows. Let

the triangles formed from (71 m), {q m), (r m) have their areas equal,

therefore n{m}-ri') = q(m'-q^) = r(r^-m-), thereioie mH-n^^iri'q-q^,

= n' + nqi-q'.
n — q

Again, given (q m n), to find r;

q{m'^-q^) = r(r''~m^), and m?-q'' = v? + nq

from above, therefore q(n'^ + nq] = r [r^ -n'-nq- g'),

or q(n'^ + nr) + q^(n + r)=r(r^-tfi).

Dividing by r + n, qn + q''=f'-rn,

therefore (q-i-r)n= r'^-q^,

and r= q + n.
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Therefore the numbers are (li,|,6).

We observe that as = j , where 6 = product of 2, 3, and

4 =side of 16.

Hence rule. Take the product of the sides, 2, 3, divide by the

side of the third square, and divide 4, 9 again by the

result.

11. To find three numbers such that the product of any two

± the sum of the three = a square.

As in 9th problem, find three right-angled triangles having

equal areas : the squares of the hypotenuses are 3364,

5476, 12769. Now find as Ln 10th problem th»ee num-

bers, the products of pairs of which equal these squares,

which we take because each ± (4. area) or 3360 = a square;

the three numbers then are

4292 3277 4181

JTS'^' 37
'^' 29 *'

It only remains that the sum = 3360a3".

m, ^ 32824806 „„„ ,

Therefore
^^^^^q

x= 3360a3^

32824806
Therefore «==

407396640'

whence the numbers are known.

12. To divide unity into two parts such that if tJie same given

number be added to either pa/rt the result will be a square.

Condition. The added number must not be odd [the text of

this condition is discussed on p. 129 and note.]

Given number 6. Therefore 13 must be divided into two

two squares so that each > 6. Thus if I divide 13 into

squares whose difference < 1, this condition is satisfied.

Take H = 6
J,

and I wish to add to 6^ a small fraction which13

2
''

will make it a square,

or, multiplying by 4, I wish to make -,+ 26 a square, or

26a;'' -i- 1 = a square = (5a; + 1)" say,

whence a; = 10.



214 DIOPHANTOS OF ALEXANDRIA.

Therefore to make 26 into a square I must add y^r-r

,

or to make 6^ into a square I must add

1 13 /51\

400'

siy
20/

Therefore I must divide 13 into two squares such that their sides

51
may be as nearly as possible equal to ^ . [irapto-oTTjTos

dyioyi], above described, pp. 117—120.]

Now 13 = 2^+3^ Therefore I seek two numbers such that

51 9
3 minus the first = j^ , or the first = -^ , and 2 plus

51 11
the second =^ , so that the second = — .

I write accordingly (lla;+2)^ (3 - 9a;)^ for the required

squares substituting x for -jr^r-

Therefore the sum = 202a:^ -10a; +13 = 1 3.

w 5^+1,-^ 257 258
Hence x = ^Tyr > and tne sides are =-^ , jj^-. ,

and, subtracting 6 from the squares of each, we find as the

parts of unity

/4843 5358 \

\10201 ' 10201/"

13. To divide unity into two parts such that, if we add given

numbers to each, the results are both squares.

Let the numbers be 2, 6, and let them be represented in the

figure. Suppose DA = 2, AS = l, BE=Q, G a point in

AB so chosen that DG, GE may both be squares. Now
DE^<d.

D AGB E

T/ierefore I have to divide 9 into two squares such that one of

them lies between 2 atid 3.

Let the latter square be a;^ Therefore the second square

= 9 - K^, where af > 2 < 3.

Take two squares, one > 2, the other < 3, [the former square
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1 • .

,

,1 T 289 361
being the smaller], say ^^ , _ . Therefore, if we can

make «? lie between these, what was required is done.

We must have x> — < —
12 12

Hence, in making 9 - aj' a square, we must find

17 19

^"T2"T2-

Put 9 - a:^= (3 _ mxY. Therefore x = —s—= , which must be

17 19

>I2"T2-
Thus l^m^nni'+n, and 36'- 17. 17= 1007 which' is

fi7 fifi

:^ 3P, hence m is :(> 3-=r. Similarly m is -|: ^^

.

17 19

Let m = 3J. Therefore 9 - a;' = ^3 - ^ ceV

,

and «;=_.

Hence «? = ^^, and the segments of 1 are (1|^ , ^J) .

14. To divide unity into three parts such that, if we add the same

number to the three parts severally, the results are all squares.

Condition. Given number must not be 2 [Condition remarked

upon above, pp. 130, 131.

J

Given number 3. Thus 10 is to be divided into three squares

such that each > 3.

Take ^ of 10, or 3|^, and find x so that ^—^ + 3^ may be a square,

or 30a3' + 1 = a square = {5x + If say.

Therefore x = 2,

121

36 '

"»"
36

Therefore we have to divide 10 into three squares each near to

121
r

> ' n

1 I.e. the integral part of the root is
:J-31.

The limits taken are a fortiori

limits as explained on p. 93, n. 3 and 4. Strictly speaking, we could only say,

taking integral limits, that v'l007<32, but this limit is not narrow enough to

secure a correct result in the work which follows,

and -^ + H =
-Qfi-

= a square.
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9 16
Now 10 = S'' + P = the sum of the three squares 9> 05' 25

'

3 4 11
Comparing the sides 3, ^, ^ -mth -g-, or (multiplying by 30)

90, 18, 24 with 55, we must make each side approach 55.

Put therefore for the sides

A ^

3-35a;, 31a; + g, 37a;+g

[35 = 90-55, 31 = 55-24, 37 = 55-18],

we have the sum of the squares

= 3555a;' -116a; + 10 = 10.

Therefore a; =^5,
and this solves the problem.

15. To divide unity into three parts such that, if three given

numbers be added, each to one of the parts, the results are all

squares.

Given numbers 2, 3, 4. Then I have to divide 10 into three

squares such that the first > 2, the second > 3, the third

> 4. Let us add jr unity to each, and find three squares
A

whose sum is 10, the first lying between 2, 2^, the

second between 3, 3^, and the third between 4, 4J.

Divide 10 into two squares, one of which lies between 2 and 2 J.

Then this square minus 1 will give one of the parts of unity.

Next divide the other square into two, one lying between

3, 3| ; this gives the second part, and therefore the third.

16. To divide a given number into three parts such that the

sums of all pairs are squares.

Number 10. Then since the greatest + the middle part

= a square, &c., the sum of any pair is a square < 10, but

twice the sum of the three = 20. Therefore 20 is to be

divided into three squares each of which < 10. Now
20=16 + 4. Therefore we must divide 16 into two

squares, one of which lies between 6 and 10 ; we then

have three squares each of which is < 10, and whose sum
= 20, and by subtracting each of these squares from 10

we get the parts required.

[16 must be divided into the two squares by v. 13.]
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17. To divide a given number into four parts such that the sum

of any three is a square.

Number 10. Then three times the sum = the sum of four

squares.

Hence 30 must be divided into four squares, each of which

< 10. If we use the method of irapio-o'n;s and make each

near 7|, and then subtract each square found from 10, we

have the required parts.

But, observing that 30 = 16 + 9 + 4 + 1, I take 4, 9 and divide

17 into two squares each of which < 10 > 7. Then sub-

tract each of the four squares from 10 and we have the

required parts.

18. To find three numbers such that, if we add any one of them

to the cube of their sum, the result is a cube.

Let the sum be x, the numbers 7a^, 26a;', 63a;'. Hence, for the

last condition, 96x' = a;. But 96 is not a square. There-

fore it must be replaced. Now it arises from 7 + 26 + 63.

Therefore I have to find three numbers, each 1 less than a cube,

whose sum is a square. Let the sides of the cubes be

m+l, 2 — m, 2, whence the numbers are

m'+Zm' + Zm, 7-l2m+6m'-m\ 7,

and the sum = 9m'' - 9m + 14 = a square = (3m - 4)^

2
Therefore m = y^ >

15.38 18577 ^
and the numbers are ^^ , goyg > ' •

Therefore, putting the sum = x, and the numbers of the problem

1538 , 18577
:X

3375 ' 3375

15
we find « = F7 J

therefore, &c.
54

19. To find three numbers such that, if we subtract any one of them

from the cube of the sum, the result is a cube.

, 7 3 26 3 63 ,

Let the sum be x, the numbers g a;
, 27

'^ ' 64
'

4877 3

Therefore ^y28 * '^

'

4-877
but ZzlL = 3 _ the sum of three cubes.

1728

X .
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Therefore we mnst find three cubes, each < 1, such that (3— their

sum) = a square =2^ say. Therefore we have tofind three

cubes whose sum is- =-ipr?,, or we have to divide 162

into three cubes. But 162= 125 + 64 - 27.

N'ow (Porism) the difference of two cubes cam be transformed

into the sum of two cubes. Having then found the three

cubes we start again,

2
and x = 2\x', so that a;=o, which, with the three cubes,

o

determines the result.

20. To find three numbers such that, if we subtract the cube of

their swnfrom any one of them, the result is a cube.

Sum =x, and let the numbers be 2a;', 9a;^ 28a3'. Therefore

39a;^ = 1, and we must replace 39, which = sum of three

cubes + 3.

Therefore we must find three cubes whose sum + 3 = a

square.

Let their sides be m, 3 -m, and any number, say 1.

Therefore 9m° + 31 -27wi= square = (3m - 7)^ say, so that

m= ^ , and the sides of the cubes are =, -=, 1.
D Do

Starting again, let the sum be x, and the numbers

341 3 854 3 250 3

125 '^' 125""' TM'^'

25 5
so that 1445a:^=l25, »^= ogg' '^ "

T? ^

thus the numbers are known.

21. To find three numbers, whose sum is a square, such that the

cube of their sum added to any one of them gives a square.

Let the sum be of, the numbers 3x', Sa;", 15a;°. Therefore

26a;*=l; and, if 26 were a fourth power, this would

give the result.

To replace it by a fourth power, we must find three squares

whose sum diminished by 3 = a fourth power, or three

numbers such that each increased by 1 = a square, and

the sum of the three = a fourth power. Let these be
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m* - 2m^ m° + 2»i, m* - 2m [sum = w^] ; then if we put m
anything, say 3,

the numbers are 63, 15, 3.

Thus, putting for the sum a;^, and for the numbers 3a;°, ISa;',

63a;°, a; = k , and the problem is solved.

22. To find three numbers whose sum equals a square, and such

that the cube of the sum exceeds any one of them by a square.

[Incomplete in the text.]

23. To divide a given fraction into three parts, such that each

exceeds the cube of the sum by a square.

Given fraction ^ Therefore each =^ + a- square. Therefore

3
the sum of the three = sum of three squares + ^ .

13
Therefore we have simply to divide ^ into three squares.

24. To find three squares such that their continued product

added to any one of them gives a square.

Let the " solid content" = a^, and we want three squares such

that each increased by 1 gives a square. They can be got

from right-angled triangles by dividing the square of

one of the sides about the right angle by the square of

the other. Let the squares then be

16*' 144 ''' 225^-

14400
Therefore the solid content = gjg^ «" This = a;".

120
s, ,

Therefore 729 * "
'

120. ,

but wnK IS not a square.

Thus we must find three right-angled triangles such that,

if 6's are their bases, p's are their perpendiculars,

PiPiPi^fifi^
= square, or assuming one triangle arbitrarily

3p,6,

(3, 4, 5), we have to make \2pj>fifi^ a square, or —y-
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a square. " This is easy" (Diophantos ') and the triangles

(3, 4, 5), (8, 15, 17), (9, 40, 41),

satisfy the condition,

and ^" = "3"'

.V .1, /25 256 9\
the squares then are ( -^ , -^ , Yr) •

25. Tofind three squares such tlial their continuedproduct exceeds

any one of them by a square.

Let the " solid content '' = a;', and let the numbers be got from

right-angled triangles, being namely

25^' 169 ' 289

„^ r 4.5.8 , ,
Therefore g—=-^

—

fn ^ = '^

and the first side ought to be a square.

As before, find three triangles, assuming one (3, 4, 5) such that

h,KK P1P2PS ~ ^ square ", [letters denoting hypotenuses

and bases], or such that 20 ^-^ = ^ square.

[For the rest the text is in a very unsatisfactory state.]

' Diophantos does not give the work here, but merely the results. Moreover

there is a mistake in the text of (5, 12, 13) for (8, 15, 17), and the problem is not

finished.

Sohulz works out this part of the problem thus

:

Find two right-angled triangles whose areas are in the ratio m : 1. Let the

sides of the first be formed from (2ni + l,m— 1), and of the second from (m+ 2,

m-1), so that two sides of the first are 4m2-2m-2, dm^+ Gm and the area

=6m*+9m3-9m2-6m.
Two sides of the second are 2m' + 2m-4, 6ot + 3, and m times the area

= 6m^ + 9m' - 9m- - 6m. Now put e.g. m= 3, therefore the first triangle is

formed from 7, 2, viz. (28, 45, 53); second from 5, 2, viz. (20, 21, 29).

2 Cossali remarks : "Construct the triangles (i, b, p) [i= ipotenusa],

/62+ 4p2 62-4p2 ibp , \

(iV + iip^ Z>.4j)p-j)(6'!-4p°) pAbp + h(V-ip^) _^^\
\ h • b

'

6 ~^;'and
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26. To find three squares such that each exceeds their continued
product by a square.

Let the "solid content " = x\ and the squares have to be found
by means of the same triangles as before. "We put 25a;',

62503=, U784a:' for them, &c.

[Text again corrupt.]

27. To find three squares such that the product of any two
increased by 1 is a square.

Product of first and second + 1 = a square, and the third is

a square.

Therefore soUd content + each = a square ; and the problem
reduces to the 24th above.

28. To find three squares such that the product of any two
diminished by 1 is a square.

[Same as 25th problem.]

or the Bolid content of the three hypotenuses has to that of the three perpen-
diculars the ratio of a square to a square.

It is in his note on this imperfect problem that Fermat makes the error

which I referred to above. He says on the problem of finding two triangles such
that the products of hypotenuse and one side of each have a given ratio "This
question troubled me for a long time, and any one on trying it will find it very
difficult : but I have at last discovered a general method of solving it.

"Let e.g. ratio be 2. Form triangles from (ab) and (ad). The rectangles

under the hypotenuses and the perpendiculars are respectively 2ba^ + 2b^a,

2da^ + d'a, therefore since the ratio is 2, ba^+ l^a= 2{da'+d^a), therefore by

transposition 2(P_ 53= ja2_2(j;a°; therefore, if

~
be made a square, the— iSU

problem will be solved. Therefore I have to find two cubes d', b^ such that

2d3-63 divided or multiplied by 6-2d= a square. Let x+ 1, 1 be the sides,

therefore

2d' - 63= 2^3+ fee'+ 6a;+ 1, 2b-d=l-x,
therefore

(l-x){l + 6x+ 6x'+ 23?) = l + 5x-ia?-2ai^=B(iua.Te=(^x+ l~i?Y,
and everything is clear."

[Now Fermat makes the mistake of taking 2b -d instead of J - 2d, and thus

he fails to solve the problem. Braasinne (author of a Precis of Diophantos and

Fermat) thinks to mend the matter by making (l + 6a; + 6a!' + 2a::')(l + 2a;) a

square, whereas, the quantity to be made a square is {l + 6x+6x^ + 2x']{-l-2x).

The solution is thus incurably wrong.]

Fermat seems afterwards to have discovered that his solution did not help to

solve this particular problem of Diophantos, but does not seem to have seen that

the solution is inconsistent with his own problem itself.
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29. To find three squares such that unity diminished by the

product of any two = a square.

[Same as (26).]

30. Given a number, Jind three squares such that the sum of any

two together with the given number produces a square.

Given number 15. Let one of the required squares = 9.

Therefore I must find two other squares, such that each

+ 24 = a square, and their sum + 15 = a square. Take

two pairs of numbers whose product = 24, and let them

be the sides of a righ1>angled triangle' which contain

4
the right angle, say -

, 6x ; let the side of one square be

2
half the difierence, or — 3x.

X

3
Again, take other factors - , 8a;, and half the difference

3
—

^
4a; = side of the other square, say.

(3
\^ /2 \^

^— 4xj +(— 3a; j + 15 = a square,

6J-

or -I + 25a;° — 9 = a square = 25a;^ say.

5
Therefore a; = ^ , and the problem is solved.

31. Given a number, to find three squares such that the sum of

amy pair exceeds the given number by a square.

Given number 1 3. Let one of the squares be 25. Therefore

we must seek two more such that each + 12 = a square, and

(sum of both) — 13 = a square. Divide 12 into products

(3a;, -J and (4a;, - j , and let the squares be

'

S'-S" (--£)

Therefore i-^x—
j +(2£c — ^J -13 = a square,

^Ji.'-25 = a'square = M3ay.
a; ixr

Therefore cb = 2, and the problem is solved.

1 I.e. corresponding factorB in the two pairs, in this case 6a;, 8x.
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32. To find three squares such that the sum of their squares is a
square.

Let one be «', the second 4, the third 9. Therefore

a;* + 97 = a square = (a;' - 10)" say.

3
Therefore ^ = -^, but 3.20 is not a square and must be

replaced.

Eeruie I have to find p^ q" cmd m such that
°^ ~P ~'^ =a

2m
square. Let p' = z\ (f = 4, and m = z' + 4:. Therefore
m'-p*-q' = {^ + iy-z*-l6 = 8z'. Hence we must

iiave, 2^r:jrg = * square, or -j—- = a square.

Put »" + 4 = («+l)''say.

Therefore « = - , and the squares are ^ = j , ^ = i, and

25
TO =

-J-
, or, taking 4 times each, p' = 9, q' = 16, m = 25.

Starting again, put the first square = «?, the second = 9, the

third = 16, whence the sum of the squares = a* + 337
= {x'-25y.

Therefore « = -=-,
o

(144 \
-^ ,9, 16 j is a solution.

33. [Upigrantrproblem].

'OxTaSpapyAOus Koi 7r£VTaSpd)Qj.ov'S ^(oeas Tis €|U,t^£,

Tois irpoiroXoiCTi irtetv )(prjaT aTrOTa^a/tevos.

Kal rifi.rjv aTriSwKev VTrkp TravTuiV Terpdytavov,

Tds £7nTap(6etcras St^a/JLevov juovaSas,

Koi iroiovj'TO TrdXiv irepov (re (jtipuv TtTpdycovov

lS.Tri(rdp,€Vov irXcvpav (r6v6ip.a TuJv p(oe<i)i'.

'Otrre 8iao"T£tAov tous 6KTaSpd)(fi,ovi irocroi rjaav,

Koi TraXt Tovs kripovi irat Xiye 7revT(Spd)(fJ,ovs.

Let the given number (€TnTa)^OeLa-ai. ft,ovdSes) be 60. The

meaning is : A man buys a certain number of ;)(d«s of

wine, some at 8 drachmas, the rest at 5 each. He pays

for them a square number of drachmas. And if we add

60 to this number the result is a square whose side = the
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whole number of ^o'cs. Required how many he bought

at each price.

Let X = the whole number of xo«s. Therefore of — 60 = the price

paid, which is a square, {x —my say. Now - of the price

of the five-drachma xoes + o of the price of the eight-

drachma xpe^ = as. We cannot have a rational solution

unless a; >
g

(a;' - 60) < g
(a;' - 60).

Therefore a;= > 5a; + 60 < 8a: + 60.

Hence a;° = 5a; + a number > 60, or a; is' -{: 11.

Also x' ^8x + 60.

Therefore a; is :f 12, so that x must lie between 11 and 12.

But a:'-60=(a;-OT)',

therefore x= —^— , which > 11, < 12,
zm '

whence to^ + 60 > 227?i < 24m.

From these we find, m is not > 21, and not < 19.

Hence we put a;' - 60 = {x - 20)",

and X = \\^.

Thus x'=U2\, a;='-60 = 72i

and 72i has to be divided into two numbers such that - of
5

the first + Q of the second =11^. Let the first = z.

Therefore | +
g (72^ -») = llj,

3« 111 Q 1 79
40 = ^^^-^^= 32'

and
5.79
12

79
Therefore the number of -^^ok at five-drachmas = -^ .

59
.1 ,> „ eight „ =j^.

[At the end of Book v. Bachet adds 45 Greek arithmetical epi-

grams collected by Salmasius, which however have nothing to do

with Diophantos.]

1 See pp. 90, 91 for an explanation of these limits.
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BOOK VI.

1. To find a rational right-angled triangle such that the hypote-

nuse exceeds each side by a cube.

Suppose a triangle formed from the two numbers x, 3.

Therefore hypotenuse =£c^+ 9, perpendicular = 6,t, base=a;'- 9.

Therefore by the question ai^ + 9 - (a;^ - 9) should be a cube, or

18 should be a cube, which it is not. Now 18 = 2. 3',

therefore we must replace the number 3 by m, where

2m'' = a cube ; i. e. to = 2.

Thus, forming the triangle from x, 2, viz. (a;^ + 4, 4a;, x" - 4),

we must have a;^ - 4a; + 4 a cube.

Therefore (x - 2)^ = a cube, or a; - 2 = a cube = 8 say.

Hence a; = 10,

and the triangle is (40, 96, 104).

2. To find a right-angled triangle such that the sum of the

hypotenuse and either side is a cube.

Form a triangle as before from two numbers, and one of them

must be a number twice whose square = a cube, i. e. 2.

Therefore, forming a triangle from x, 2, or {x^ + 4, 4a;, 4 - x')

we must have a;^ + 4a; + 4 a cube, and x' < 4.

27
Hence a; + 2 = a cube, which must be < 4 > 2 = -g- say.

11
Therefore ^^'R '

. , . /135 352 377\
and the triangle is (

-g^ , -^ ,

-^J

3. To find a right-angled triangle such that the sum of the area

and a given number is a square.

Let 5 be the given number, (3a;, 4a;, 5x) the triangle.

Therefore 6 k' + 5 = square = 9a;' say.

5
Hence 3a;'' = 5, and ^ i^ not a square ratio.

Hence I must find a triangle and a number such that the

difierence of the square of the number and the area of

1 ,

the triangle has to 5 a square ratio, i. e. =g ot a square.

1^
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Form a triangle from x, -
; then the area = 0?—5, and let the

, 2.5 ^, , , „ 101 1 .

number =x+ , so that 4.5+ —^ = ^ of a square,

-. OK 505 A. 5Vor, 4.25 + —J-= a square = ( 10 + - j say.

Whence « = -z- .

24 5
The triangle must therefore be formed from -^ > ni'

and the nujnber is -^ttt .

bu

Put now for the original triangle (hx, px, bx), where (hph) is

the triangle formed from ^, l^,
and ^-^ + 5=^ x%

and we have the solution.

4. To find a right-angled triangle such that its area exceeds a

given number by a square.

Number 6, triangle (3a;, ix, 5x).

Therefore Qx' - 6 = square = ix' say.

Hence, as before, we must find a triangle and a number such

that the area of the triangle - (number)' = ^ of a square.

Form the triangle from m, — .m
1 fi 1

Therefore its area = m' „ , and let the number be m - ^ • — .m" 2 m

Hence 6(6 i)=a square,

or, 36m' - 60 = a square = {6m - 2)'.

ft /ft ^\
Therefore m = ^ , and the triangle miLst be formed from ( ^ , ^ )

,

37
the number being ^

.

We now start again, and the rest is obvious.

5. To find a right-angled triangle such that a given number
exceeds the area by a square.

Number 10, triangle {'3x, ix, 5x). Therefore 10-6a:' = a

square.
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and a triangle and a number must be found such that (number)'

+ area of triangle =
j^

of a square. Form a triangle from

m, -
,
and let the number he- + 5m

Therefore 260m^ + 100 = a square,

or 65TO' + 25 = asquare=(8m + 5)^say.
Therefore ^ = gO.

The rest is obvious.

6. To find a right-angled triangle such that the sum of the area
and one side' about the right angle is a given number.

Given number 7. Triangle (3a;, 4x, 5x),

therefore 6*' + 3a:=7.

/3\^
To solve this,

(^-j
+6.7 7iot being a square, is not possible.

Hence we must substitute for (3, 4, 5) a right-angled triangle

1, ii. i /onesideX' ^ .

sucJi that ( —^
\ + 7 times the area = a square. Let

one side be x, the other 1.

7 1
Therefore ^x + -,=Si square,

or 14a;+l =a square)

Also, SLQce the triangle is rational, a;°+ 1 = a square/

'

Now the difference = x^ - 1 4a; = a; (a; - 14). Therefore, putting

24
7^ = 14a; + 1, we have x = —-. Therefore the triangle is

/24 , 25\
(

-y , 1, yj , or we may make it (24, 7, 25).

Going back, we take as the triangle (24a;, 7a;, 25a;).

Therefore 84a;^ + 7a; = 7, and x= j.

(7 25\
6, J , -t;].

7. To find a right-angled triangle such that its area exceeds one

of its sides by a given number.

' N.B. For brevity and distinctness I shall in future call the sides about

the right angle simply "sides," and not apply the term to the hypotenuse, which

will always be called "hypotenuse."

15—2
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Given number 7. Therefore, as before, we have to find a

right-angled triangle such that ( =
)
* '^ times area

= a square, i.e. the triangle (7, 24, 25).

Let the triangle of the problem be (7x, 24a;, 25a;).

Therefore 84a;' - 7a; = 7, and x= ^.
o

8. To find a right-angled triangle such that the sum of its area

and both sides = a given numher.

Number 6. Again I have to find a right-angled triangle such

/sum of sidesX' ^that ( ^ I -t- 6 times area = a square, liet m,

1 X, .1. -J XI, ^ (m+\V - m'' 7m 1
1 be the sides; therefore I —^ 1 -i- 3m=-T- + "9^ + 7 = ^

square, and m' -1- 1 = a square.

Therefore m' -i- 14to-i- 1) , ^,
, V are both squares,m+lj

and the difference = 2m . 7.

45
Therefore m =^ ,

(45 53\
^, 1, oQ ) or (45, 28, 53).

Assume now for the triangle of the problem (45a;, 28a;, 53a;).

Therefore 6 30a;' + 7 3a; = 6,

and X is rational.

9. To find a right-angled triangle such that its area exceeds

the sum of both sides by a given number.

Number 6. As before we find subsidiary triangle (28, 45, 53).

Therefore, taking for the required triangle (28a;, 45x, 53a;), we
find 630a;' - 73a; = 6,

and a; = =r= .

35

10. To find a right-angled triangle such that the sum of its area,

hypotenuse, and one side is a given number.

7}bx^
Given number 4. Assuming hx, px, bx, -^—i-hx + bx = 4:,

and in order that this equation may have a rational solu-

tion I must find a triangle such that

/hypotenuse + one sideN' , .

I
-"^-i =

)
"•" ^ times area= a square.
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Make a right-angled triangle from m,m+l. Therefore
/hypotenuse + one side \

' _ /2m' + 2m+ 1 + 2m + IN''

V 2 ; -(, 2 )
= m* + im" + 6to' + 4m + 1

and 4 times area = 4m (m + 1) (2m + 1)

which = 8nf + 12m' + 4m.

Therefore

m* + 12m' + 18m' + 8??i + 1 = a square = (m' + 6m - 1)' say.

Hence m = -

,

4

and the triangle must be formed from f-, -V or (5, 9).

Thus we must assume for the triangle of the problem the

similar triangle (28a;, 45a;, 53^), and 630a:' + 81a!=4.

Therefore x = .

105

11. To find a right-angled triangle such that its area exceeds the

sum of the hypotenuse and one side by a given number.

Number 4. As before, by means of the triangle (28, 45, 53)

we get 630x'-8l£c = 4.

Therefore x = z;

.

6

12. To find a right-angled triangle such that the difierenoe of

its sides is a square, and also the greater alone is a square, and,

thirdly, its area -I- the less side = a square.

Let the triangle be formed from two numbers, the greater side

being twice their product. Hence I must find two

numbers such that twice their product is a square and also

exceeds the difference of their squares by a square. This

is true for any two numbers of which the greater = twice

the less.

Form then the triangle from x, 2x, and two conditions are

fulfilled. The third condition gives 6x* + 3a;' = a square,

or 6a;' -I- 3 = a square. Therefore we must seek a number

such that six times its square with 3 produces a square,

i.e. 1, and an infinite number of others.

Hence the triangle required is formed from 1, 2.

Lemma. Given two numbers whose sum is a square, an infinite

number of squares can be found which by multiplication with one of
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the given ones and the addition of the other to this product give

squares.

Given numbers 3, 6. Let x' + 2x+\ be the square required,

which will satisfy

3 (a;^ + 2a; + 1) + 6 = a square, or 3a3° + 6a; + 9 = a square.

This indeterminate equation has an infinite number of

solutions.

13. To find a right-angled triangle such that the sum of its area

and either of its sides = a square.

Let the triangle be (5a;, 12a;, 13a;).

Therefore 30a;* + 12a; = a square = SGa;' say.

Therefore 6x = 12, and a; = 2.

But 30a!* + 5x is not a square when a; = 2. Therefore I must

find a square mV to replace 36a:* such that the value

12—;—
-777 of X is real and satisfies 30a;* + Sa; = a square.

mr - 30

mi,- • V- v.v .• 60to*+2520
This gives by substitution

„,4 _ gQ^ ^ ^qq
= a square.

Therefore 60m* + 2520= a square. If then [by Lemma\ we

had 60 m* + 2520 eqv/il to a square, the equation could he

solved.

Now 60 arises from 5, 12, i.e. from the product of the sides

of (5, 12, 13); 2520 is the continued product of the

area, the greater side and the difierence of the sides

[30.12.12^^5].

Hence we must find a subsidiary triangle such that the pro-

duct of the sides + the continued product of greater side,

difi'erence of sides and area = a square.

Or, if we make the greater side a square, we must have [dividing

by it], less side + product of difference of sides and area

= a square. Therefore we must, given two numbers

(area and less side), find some square such that if we
multiply it by the area and add the less side, the result is

a square. This is done by the Lemmas'^ and the auxiliary

triangle is (3, 4, 5).

1 Diophantos has expressed this rather curtly. If {h p b) be the triangle

(6 >p), we have to make bp + ^bp .{b-p)b

a square, or if 6 is a square, P + ibp{b -2>) must be a square.



ARITHMETICS. BOOK VI. 231

Thus, if the original triangle is {3x, 4a;, 5a;),

we have Gaf + ix)

4
* "mF^ ^^ *^® solution of the first equation.

Therefore the second gives j.
^^

^ m'-12m= + 36
"^ ^^Te = ^ square.

Hence 127w^+ 24 = a square,
and we must find a square such that twelve times it + 24 = a

square [as in Lemma].

Therefore m^ = 25,

and 4
*=19-

Therefore the triangle required is f~ — —\
Vl9' 19' 19/"

14. To find a rightangled triangle such that its area exceeds
either side by a square.

The triangle found as before to be similar to (3, 4, 5), i.e.

(3a!, 4a;, 5a;).

Therefore 6x' - 4a; = square = m' (< 6).

Hence
6-m"

, 96 12

(6 - m'Y
~ 6-m' " * ^l^are, or 24 + 12wi^ = a square.

Let m = 1 say.

Therefore * = c >

o

and the triangle is ( -=- , -=- , 4 )

.

Or, putting m = z+l, we find 3s^ + 6«+9 = a square, and

13 22
z:ic — , s+l;}"— ,so that x is rational.

This relation can be satisfied in an infinite number of ways if 6 -p is a square,

and also p + ^bp.

Therefore we have to find a triangle such that greater side= square, difference

of sides = square, less side + area = square.

Form the triangle from {a, b), therefore greater side =2ab, which is a square,

if a— 26, difference of sides =46^-362= a square, less side + area =3b'' + 6b''=

a square.
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15. To find a right-angled triangle such, that its area exceeds

either the hypotenuse or one side by a square.

Let the triangle be (3a;, ix, 5x).

Therefore 6x^ - 5x\ , .

„ „ „ V are both squares.
Qxr - 3xj

3
Making the latter a square, we find x = ^ j, {m' < 6).

54 15
Therefore from the first ,^ =75 - i^ 5 = a square, or

(6 - m) b — m
15m^ — 36 = a square.

This equation we cannot solve, since 15 is not the sum of two

squares.

Now 15m' = the product of a square less than the area, the

hypotenuse, and one side ; 36 = the continued product of

the area, one side, and the difierence between the hypote-

nuse and that side.

Hence we must find a right-angled triangle and a square such

that the square is < 6, and the continued 'product of the

square, the hypotenuse of the triangle, and one side of it

exceeds the continued product of the area, the said side

and the difference between the hypotenuse and that side hy

a square.

[Lacuna and corruption in text'].

Foi'm the triangle from two "similar plane numbers" [numbers

of the form ab, ahc^, say 4, 1. This will satisfy the con-

ditions, and let the square be 36. (< area.)

The triangle is then (8a;, 15a;, 17a;).

Therefore 60a;^ - 8a; = 36a;^ say.

Thus ^ ^ S

'

'

and the triangle is
(i.=.^)^

^ Sohulz works out the subsidiary part of this problem thus, or rather only

proves the result given by Diophantos that the triangle must be formed from

two "similar plane numbers" a, aV- [i.e. a. 1 and ah. 6.] ; and hyp. A= a^6'' + a^,

greater side g = a'¥ - a', less side k = 2a,^b'', area f=\kg. Now

ft-ft= a=iM-2aW + a2=(a62_a)^,

a square ; and hkz^ -kf{h- k) is a square if 2^= J {h - k) k, for, if we then divide

by the square h-k and twice by the square J/c, we get 2 {li- g) — 4a*, which is a

square.
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16. Given two numbers, if some square be multiplied by one of

them, and the other be subtracted, the result being a square, then

another square can be found greater than the first square which has

the same property. [Letrima to the following problem.]

Numbers 3, 11, side of square 5, so that 3 . 25 — 11 = 64 = a

square. Let the required square be [x + 5)^.

Therefore

3 (cc + 5)' - 1 1 = 3a;' + 30x + 64 = a square = (8 - ^xf say.

Hence x = 62.

The side of the square = 67, and the square itself = 4489.

17. To find a right-angled triangle such that the sum of the area

and either the hypotenuse or one side = a square.

We must first seek a triangle {h, k, g) and a square z' such

that hkz^ -ha{h-k) = & square, and z^ > a, the area.

Let the triangle be formed from 4, 1, and the square be 36, but,

the triangle being (8, 15, 17), the square is not > area.

Therefore we must find another square to replace 36 by

the Lemma in the preceding. But

AA = 1 36, ^a (/i - A) = 480 . 9 = 4320.

Thus 36 . 136 - 4320 = a square, and we want to find a larger

square (m') than 36 such that 136?)i' - 4320 = a square.

Putting m=«+6, (»'+ 12» + 36) 136 - 4320 = square,

or, 136s= + 1632» + 576 = a square = {nz - 24)' say.

This equation has any number of solutions, of which one

gives 676 for the value of {z + 6)' [putting ?i= 16].

Hence, putting for the triangle (8a;, 15a', 17a:), we get

60a;' + 8a;=676a:l

1

Therefore
'^^Tf'

18. To find a right-angled triangle such that the line bisecting an

acute angle is rational.

4 a;

3-3a;

Let the bisector (A D) = 5a; and one section of the base {DB) 3a;,

so that the perpendicular = 4a;.
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Let the whole base be some multiple of 3, say 3. Then

4
But, since AD bisects the i BAG, the hypotenuse = „ (3 - Zx),

o

therefore the hypotenuse = 4 — 4a;.

7
Hence 16a:"- 32a; + 16 = 16a;' + 9, and a; = ^ .

On

Multiplying throughout by 32, the perpendicular = 28, the base

= 96, the hypotenuse = 100, the bisector = 35.

19. To find a right-angled triangle such that the sum of its area

and hypotenuse = a square^ and its perimeter = a cube.

Let the area = x, the hypotenuse = some square minus x, say

1 6 — a; ; the product of the sides = 2a;. Therefore, if one

of the sides be 2, the other is x, and the perimeter =18,

which is not a cube.

Therefore we must find a square which by the addition of 2

becomes a cube.

Let the side of the square be (x+ 1), and the side of the cube

(a;-l).

Therefore a;' - 3a;^ + 3a; - 1 = a;" + 2a; + 3, from which a; = 4.

Hence the side of the square is 5, and of the cube 3.

Again, assuming area = a;, hypotenuse =25 -a;, we find that

the perimeter = a cube (sides of triangle being x, 2).

But (hypotenuse)" = sum of squares of sides.

Therefore a;" - 50a; + 625 = a;" + 4,

621
and X = -=7r .

50

20. To find a right-angled triangle such that the sum of its area

and hypotenuse = a cube, and the perimeter = a square.

Area x, hypotenuse some cube minus x, sides x, 2.

Therefore we have to find a cube which by the addition of 2

becomes a square. Let the side of the cube =m-\.

(3
\"

n m + 1 ) say.

21 /17\°
Thus TO=— , and the cube = ( —

)

4^

Put then the area x, the sides x and 2, the hypotenuse —^, x.

Therefore i—pj— x\ =a;" + 4 gives x.

64
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21. To find a right-angled triangle such that the sum of its area

and one side is a square and its perimeter is a cube.

Make a right-angled triangle from x, x + 1.

Therefore the perpendicular = 2a3 + 1, the base = 2a;^ + 2a;, the

hypotenuse = 2a;' + 2a; + 1.

First, ix" + 6a; + 2 = a cube, or (ix + 2) (a; + 1) = a cube. If we
divide all the sides by a; + 1 we have to make ix+2
a cube.

Secondly, area + perpendicular = a square.

^, ^ 2x^ + 3x'+x 2a:+l
Therefore — =-7-5 1- r = a square.

(a; + 1)^ a; + 1
^

^ 2a;= + 5a;' + 4a: + 1 _
Hence %—

^

^ = 2a; + 1 = a square.
a;' + 2a; + 1

^

But 4a3 + 2 = a cube. Therefore we must find a cube which is

double of a square.

3
Therefore 2a; + 1 = 4, a; = ^

,

and the triangle is
( c i "e > ~c" )

•

22. To find a righi>angled triangle such that the sum of its

area and one side is a Cube, while its perimeter is a square.

Proceeding as before, we have to make

4a; + 2 a square")

2a; + 1 a cube J
"

7
Therefore the cube = 8, the square = 16, a; = ^ ,

, , . • , . /16 63 65\
and the triangle is f -„-

, -„- , -q] •

23. To find a right-angled triangle such that its perimeter is a

square, and the sum of its perimeter and area is a cube.

Foi-m a riglit-angled triangle from x, 1.

Therefore the sides are 2a;, x^-\, and the hypotenuse a;'+ 1.

Hence 2a;'' + 2a; should be a square, and x' + 2a;' + a; a, cube.

It is easy to make 2a;' 4- 2a; a square : let it = m'x'.

Therefore x = -4—^, and from the second condition
m — ii

8 _l_ + _i_
(m'-2f^K-2)' m^-2

must be a cube, i.e.
,^2_2f

^ * '^
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Therefore 2m^ = a cube, or 2m = a cube = 8 say.

2 1 1
Thus m, = 4:, x= :r-i = Ti , and x' -— tt^.

14 7 49

But for one side of the triangle we have to subtract 1 from

this, which is impossible.

Therefore I must find another value of a; > 1 : so that

m' > 2 < 4.

And I must find a cube such that ^ of the square of it

>2<:4.

Let it be w^, so that «." > 8 < 16. This is satisfied by

. 729 3 27
'^ = 64'"=T-

Therefore m = j- , m^ = ;r^ , x = -;pr= , and the square of this

> 1. Thus the triangle is known.

24. To find a right-angled triangle such that its perimeter is a

cube and the sum of its perimeter and area = a square.

(1) We must first see how, given two numbers, a triangle

may be formed whose perimeter = one of the numbers,

and whose area = the other.

Let 12, 7 be the numbers, 12 being the perimeter, 7 the area.

Therefore the product of the sides = 14 = - . 14a3.
X

Thus the hypotenuse = 12 14a3.

Therefore from the right-angled triangle

172 + \ + 196a;^ - 336a: - — = 1 + 196x1
X X of

'

or, 172-336a;-— =0.
X

This equation gives no rational solution, unless 86^— 24 . 336

is a square.

But 172 = (perimeter)" + 4 times area, 24 . 336 = 8 times area

multiplied by (perimeter)^.

(2) Let now the area = x, the perimeter = any number which

is both a square and a cube, say 64.

Therefore ( x )
— 8 . 64" . x must be a square,

or, 4a;"- 24576a; + 4194304 = a square.
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Therefore x' - 6144a; + 1048576 is a square.^

Also 03 + 64 is a square./

To solve this double equation, multiply the second equation

by such a square as will make the absolute term the same

as ia the first. Then, taking the difference and factors,

(fee, the equations are solved.

[In the text we find l^ia-iLnQm eroi oi apiOfioi, which, besides

being ungrammatical, would seem to be wrong, in that

dpiOfioL is used in an unprecedented manner for /AoraSes.J

25. To find a right-angled triangle such that the square of its

hypotenuse = the sum of a square and its side, and the quotient

obtained by dividing the (hypotenuse)^ by one side of the triangle =

the sum of a cube and its side.

Let one of the sides be x, the other a^.

Therefore (hypotenuse)^ = the sum of a square and its side,

and = a cube + its side.
X

Lastly, X* + x' must be a square.

Therefore af + 1 = a square = {x - 2)' say.

3
Therefore x = j, and the triangle is found.

26. To find a right-angled triangle such that one side is a cube,

the other = the difference between a cube and its side, the hypotenuse

= the sum of a cube and its side.

Let the hypotenuse =x' +x, one side = x^-x.

Therefore the other side = 2£tf = a cube.

Therefore 03 = 2,

and the triangle is (6, 8, 10).



TRACT ON POLYGONAL NUMBERS.

1. AJl mimbers, from 3 onwards in order, are polygonal, con-

tainiug as many sides as units, e.g. 3, 4, 5, &c.

"As a square is formed from the multiplication of a number

by itself, so it was proved that any polygonal multiplied

by a number in proportion to the number of its sides,

with the addition to the product of a square also in pro-

portion to the number of the sides, became a square.

This we shall prove, first showing how a polygonal num-

ber may be found from its side or the side from a given

polygonal number."

2. If there are three numbers equally distant from each other,

then 8 times the product of tJie greatest and the middle + the square of

the least = a square whose side is {greatest + twice middle number).

Let the numbers be AB, BG, BD (in fig.) we have to prove

8 {AB){BG) + {BDy= {AB + IBGf.

E A B..D...G

Now AB = BG+GD.
Therefore

8AB.bg = 8 {BG' + BG . GD) = iAB . BG + iBG' + iBG . GD.
and iBG.GD +BB'=AB' [for AB=BG+GD, DB=BG~GD\
and we have to seek how AB' + iAB. BG + iBG' can be made

a square.

Take AE = BG.
Therefore iAB . BG = iAB . AE.

This together with iBG' or iAE' makes iBE.EA, and this

together with AB' = {BE + EAf = {AB + 2BGy.

3. If there are any numbers in A. p. the difference of tlie greatest

and the least > the common difference in the ratio of the number of
terms diminished by 1,
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Let AB, BG, BD, BE.. .he in a.p.

B.A..Q..D..E

Therefore we must have, difference of AB, BE= (difference of
AB, BG) X (number of terms - 1).

AG, GD, DE a,re all equal. Therefore EA = AG x (number
of the terms AG, GD, DE) = AG x (number of terms in

series— 1).

Therefore &c.

4. If there are any numbers in a.p. {greatest + least) x number of
terms = double the sum of all. [2s = w (^ + a).

J

Let the numbers be A, B, C, D, E, F.

{A+F)y. the number of them shall be twice the sum.

A.B.C.D .E.F
H.L.M.K...G

The number of terms is either even or odd; and let their

number be the number of units in HG.

First, let the number be even. Divide EG into two equal

parts at E.

Now the difference of ^, JD- the difference of C, A.

Therefore F+ A =C + B.hut F+ A = {F+ A) EL.
Hence C + D = {F+A)LM, E + B = {F+A)MK.
Therefore A+ B + ... = {F+A) EK.
And {F+A)EG = Wicq{A+B+...).

5. Secondly, let the number of terms be odd, A, B, G, D, E,

and let there be as many units in FE as there are terms, <fec.

A.B.C.D.E
F.G.K.H

6. If there are a series of numbers beginning with 1 and increas-

ing in A. P., then the sum of all x eight times the common difference

+ the square of (common difference — 2) = a square, wlwse side dimin-

ished by 2 = the common difference multiplied by a number, which

increased by 1 is double of t/ie number of terms.

[Let the a.p. be 1, 1 + a, ... 1 + w - 1 . a.

Therefore we have to prove

s.8a + {a-2y = {a{2n-l) + 2Y,

i e. 8as = iaV -i{a-2)na,

or 26' = an^ - (a - 2) ra = w (2 + n - 1 a)\
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Proof. Let AB, GD, EZ be numbers in A. p. starting from 1.

A-K-.^.-.B G D E.L Z
H.M X—T

Let HT contain as many units as there are terms including 1.

Difference between JEZ and 1 = (difference between A£a,nd 1)

X a number 1 less ttan HT [Prop. 3].

Put AK, EL, HM each equal to unity.

Therefore LZ=MT.KB.
Take KN= 2 and inquire whether the sum of all x eight times

KB + square onNB makes a square whose side diminished

by 2 = Z5 X sum of HT, TM.

Sum of all = i product {ZE + EL).HT=\ {LZ+ 2EL) HT,

and LZ= MT . KB from above.

Therefore the sum =\{KB . MT . TH+ 2TE),

or, bisecting MT at X, the sum = KB .TH.TX+ HT.

Thus we itiquire whether

KB . TH. TX. 8KB + &KB . HT+ square on NB
is a square.

Now 8HT.TX. KB' = 4:HT . TM . KB',

and 8KB . HT = iHM. KB + i {HT + TM) KB.

Therefore we must see whetlier

^.HT. TM. KB' + iHM. KB + 4 {HT + TM) KB + NB'

is a square.

But iHM . KB = 2KB . NK,
and 2KB . NK + NB' = KB' + KN',

and again BK' = HM' . BK',

and HM'.BK' + iHT . TM. BK'= {HT+ TM)' BK'.

Hence our expression becomes

{HT + TM)' BK' + 4 {HT + TM) KB + KN'

A.K..N...B R
H.M X—T

or, putting {HT + TM)BK = NR, NR' + iNR + KN'
and iNR = 2NR . NK.

Therefore the given expression is a square whose side is RK,

and RK- 2 = NR, which is KB {HT + TM),

and HT + TM + 1 = twice the number of terms.

Thus the proposition is proved.
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HT+TM=A, KB = B.

£: ij

241

Therefore square on ^i x square on B = square on G, where

G = {HT+TM)KB.
Let DE = A, EZ = B, in a straight line.

Complete squares DT, EL, and complete TZ.

Then DE : EZ=DT : TZ, and TE : EK=TZ : EL.

Therefore TZ is a mean proportional between the two squares.

Hence the product of the squares = the square of TZ, and

DT= (ET + TM)\ ZK = square on KB.

Thus the product {HT + TMf. KR = NR\

8. If there are any number of terms beginning from 1 in A. p.

the sum is a polygonal number, for it has as many angles as the common
difference i^icreased by 2 contains u/nits, and its side = the number

of terms including the term 1.

The numbers being represented in the figure, (sum of series

multiplied by ?>KB) + NB' = RK\

O.A .K..N...B R G D
H.M X T

E.

Therefore, taking another unit AO, KO = 2, EN = 2, and

OB, BE, BR are in arithmetical progression, so that

8. OB. BE + BN' = {OB + 2BK)\

[Prop. 2], and OB + 2BK- 0K= ZEB and 3+1 = 2.2,

or 3 is one less than the double of the common difference

of OB, BE, BN.

Now as the sum of the terms of the progression, including unity,

H. T>. 16
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is subj ect to the same laws as OB ' , while OB is any number

and OB always a polygonal (the first term being AO [1]

and AB the term next after it) whose side is 2, it follows

that the sum of all terms in the progression is a polygonal

equiangular to OB, and having as many angles as there

are units in the number which exceeds by OK, or 2, the

difference KB, and the side of it is HT which = number

of terms, including 1.

And thus is demonstrated what is said in Hypsikles' definition.

If ilmre a/re any numbers increasing from unity by equal

intervals, when the interval is 1, the sum of all is a tri-

angular number : when 2, a square: when 3, a pentagon and

so on. And the number of angles = 2 + common difference,

the side = number of terms including 1.

So that, since we have triangles when the difference = 1, the

sides of them will be the greatest term in each case, and

the product of the greatest term and the greatest term

increased by 1 == twice the triangle.

And, since OB is a polygonal and has as many angles as

units, and when multiplied by 8 times (itself — 2) and

increased after multiplication by the square of (itself — 4)

[i.e. NB'] it becomes a square, the definition of polygonal

numbers will be :

Every polygonal multiplied 8 times into (number of angles

— 2) + square of (number of angles — 4) = a square.

The Hypsiklean definition being proved, it remains to show

how, given the sides, we may find the numbers.

Now having the side ST and the number of angles we know
also KB, therefore we have {HT+ TM) KB = N'R.

Hence KR is given [NK=1].

1 This result Nesselmann exhibits thus. Take the arithmetical progression

1, 6+ 1, 26+1... (n-1) 6 + 1.

If 5 is the sum, 8s6+ (6-2)==[6 (2ji- l) + 2p.

If now we take the three terms 6-2, 6, 6+ 2, also in a. p.,

86(6 + 2) + (6-2)«= [(6 + 2) + 26]5

= (36 + 2)2.

Now 6 + 2 is the sum of the first two terms of first series; and 3 = 2.2-1,
therefore 8 corresponds to 2n - 1.

Hence s and 6+ 2 are subject to the same law.



POLYGONAL NUMBERS. 243

Therefore we know also the square of KS. Subtracting from

it the square of IfB, we have the remaining term

which = number x 8KB.

Similarly given the number we can find the side.

9. Rule. To find the numberfrom tite side.

Take the side, double it, subtract 1, and multiply the remainder

by (number of angles — 2). Add 2 to the product, and

from the square of the number subtract the square of

(number of angles — 4). Dividing the remainder by 8

times (number of angles — 2), we find the required

polygonal.

To find the side from the number. Multiply it by 8 times

(number of angles - 2), add to the product the square of

(number of angles — 4). We thus get a square. Subtract

2 from the side of this square and divide remainder by

(number of angles — 2). Add 1 to quotient and half the

result is the side required.

10. [A fragment.]

Given a number, to find in how many ways it can be a polygonal.

Let .45 be the given number, BG the number of angles, and

in .B(? take <?Z» = 2, GI!=4:.

A . T B E..D..G K
Z H

Therefore, since the polygonal AB has BG angles,

&AB . BD + BE' = a square = ZH^ say.

Take in AB the length AT= 1.

Therefore SAB . BB = iAT . BB + i {AB + TB) BB.

Take BK=4:iAB+TB),

and for 4J.T.BB put 2BB . BE.

Therefore ZH' = KB.BB + IBB . BE + BE',

but 252? . BE + BE' = BB' + BE'.

Hence ZH' =KB .BB + BB' + BE',

and KB.BB + BB' = KB.BB.

Thus ZH' =^KB.BB+ BE',

and, since Z)Z= 4 {AB + TB), BK> 4:AT>i, and half i^BG,

GK> GB.
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Therefore, if DK is bisected at L, L will fall between G and K,

and the square on LB = LD'' + KB . BD.

A . T B E..D..G L K
Z B. V U

Therefore ZE^ = BU -LD^ + DW,
or ZH' + DL' =^ BL' + DE\
and LD' ~ DE' = LB' ~ ZH'.

AgaiQ since ED — DQ and DG is produced to L,

EL.LG + GD'=DL'.
Therefore DL' -DG'= DU -DE' = EL. LG.

Hence EL.LG= LB^ ~ZE\
Put ZM = BL (BL being > ZE).

Therefore ZM' - ZE' = EL.LG; but DK is bisected in L,

so that DL = 'i{AB + BT) ; and DG='2,AT.

Therefore GL = 457, and BT=^ GL,

but also ^I' (or 1) = ^ EG (or 4).

Therefore AB ==\ EL, but TB also = \ GL.
4 4

Hence AB .TB = ~EL. LG,
16

or EL.LG=\&AB.BT.
Thus l^AB.BT^^MZ'-ZE'^ME' + ^ZE.EM.
Therefore EM is even.

Let it be bisected in N

[Here the fragment ends.]
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it, 57- 66, 137—138, 160

apiBiioarov, 74

Ars rei et census, 21 n.

Auria, Joseph, 51, 56

Autolykos, 5

Baechios o yipoiv, 14, 15, 16

Baohet, 49—53 and passim

"Back-reckoning," 85—86, 114; ex-

amples of, 110, 111, and in the ap-

pendix passim

Bhaskara, 153

Billy, Jacobus de, 3, 54

Blancanus, 3

BombeUi, 13, 14, 15, 23, 35, 36, 42—
45, 52, 134—135; his algebraic no-

tation, 45, 68

Bossut, 32, 38, 90 n., 138—139 n.

Brahmagupta, 153

Brassinne, 221 n.

Camerarius, Joachim, 2, 42

Cantor, 55 re., 58, 59, 67, 141 n., 151,

152, 156, 157

Cardan, 43, 46, 70

Casiri, 41 n.

CattU-prohlem, the, 7, 142—147

Censo, 70

Coefficient, 93 n.

Colehrooke, 12, 19 n., 33, 133, 136,

137 n.

Cosa, 45, 70

CossaU, 1, 3, 10, 12, 31, 35, 41 n., 43 n.,

49, 51, 70, 71, 107 m., 133, 136, 140,

169 n., 220 n.

Qridhara, 153

Cubes : transformation of a smn of

two cubes into the difference of two

others, and vice versd, 123—125

Cubic equation, 36, 93—94, 114
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Data of EueUa, 140

Dedication to Dionysios, 136

DefinitioiiB-of Diophantos, 28, 29, 57,

67, 74, 137, 138, 163

Determinate equations : see contents ;

reduction of, 29, 149—150
Diagonal numbers, 142

Didymos, 14, 15, 16

Digby, 23

Diophantos, see contents

dnrXoiffOTTjs S '

Division, how represented by Diophan-

tos, 73

Double-equations of thefirst and second

degrees, 98—107 ; of higher degrees,

112—113

Svva/us and the sign for it, 58 n. , 62,

63, 66 n., 67, 68, 140, 151 ; Swafus

and rerpdyiovoSj 67— 68

Swa/ioSviia/us and the sign for it, 67—68

SwafioSwafiOffTov^ 74

Swa/wKv^os and the sign for it, 65 n.,

67—68
bwaiiOKV^oirrov, 74

Swa/McTTOi', 74

eISo!= power, 29 n.

Elements of Euclid, 4, 5, 142, 158

Epanthema of ThymaridaB, 140

Epigrams, 2, 6, 7, 9, 142—147, 223

Equality, Diophantos' expression of,

75—76 ; Xylander's sign for, 76

Equations, classes of, see contents;

reduction of determinate equations,

29, 149-150

Eratosthenes, 5

Euclid, Elements, 4, 5, 142, 158 ; Data,

140

EudemoB, 67

Eunapios, 13

Fabricius, 1, 5, 14

Fakhrl, the, 24—25, 71 n., 156—159

Fennat, 13, 23, 53, 54, 68, 123, 124,

125, 126, 128, 129, 130, 131, 221 n.

Fihrist, the, 39, 40, 41, 42

Fractions, representation of, 73—75

Gardthausen, 60, 64

Geminos, 18, 145—146
Geometry and algebra, 140—141, 151

—153, 156, 158

Geometry and arithmetic, 31, 141

—

142

Girard, Albert, 3 n., 55

Gow on Diophantos, 64—66 n., 137 n.,

160

Hankel, 83—85, 129 n.

Harmonics of Diophantos, 14 ; of Pto-

lemy, 15

Harriot, 78 n.

Heiberg, 146—147, 160

Heilbronner, 3

Herakleides Ponticus, 16

Heron of Alexandria, 141, 153

Hipparchos, 5, 141

Hippokrates, 67

History of the Dynasties, see Abu'lfaraj

Holzmann, Wilhelm, see Xylander

Hultsch, 146 n.

Hypatia, 1, 8, 9, 10, 11, 17, 38, 39 n.

Hypsikles, 4, 5, 6, 135, 242

I for fffos, 75

lamblichos, 78, 79, 140

Identical formulae, 125

Indeterminate equations, 94—113, 144,

146, 147, 157, 158, 159

Irrationality, Diophantos' view of, 82

Isidores, 5

Italian scale of powers, 70, 71

jabr, 40, 92, 149—150, 158

jidr, 150

John of Damascus, 8

John of Jerusalem, 8

ka'b, 71 n., 157, 158

Eitab Alfihrist, 39

Kliigel, 11, 90 n., 144

Kosta ibu Luka, 40

Kv^oKv^os and the sign for it, 67—68

/tvjSos and the sign for it, 58 n. , 62, 63,

66 n., 67—68
Kuster, 8
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Lata, 70

Lehmann, 60

Xei^is, and the symbol for it, 66 n., 71

—

73, 137, 163

\€i<//is ivl \ei\j/iv vo\\air\a(Tia(rdei<ra

voiet Sirap^iv, 137 n.

Ae6(pavTos or AedipavTos, 14

Lessing, 142, 143, 144, 146 n.

Limits, method of, 86, 87, 115—117

;

approximation to, 117—120

XoyuTTiKTi and ipie/irrnic^, 18, 136, 145

—

146

Lousada, Miss Abigail, 56

Luca Paoioli, 43, 70 n.

Lucilius, 9

" Majuskeloursive " writing, 64, 72 n.

mdl, 71 n., 157, 158

Manuscripts of Diophantos, 19, 61

Maximus Planudes, 23, 38, 39, 51, 135

Meibomius, 14

Metrodoros, 10

minus, Diophantos' sign for, 66 «., 71

—

73 ; Bombelli's, 45 ; Tartaglia's, 78 to.;

Mohammed ibn Musa's expression

for, 151

Minus multiplied by minus gives plus,

137, 163

" Minuskeleursive " writing, 64

Mohammed ibn Musa Al-Kharizmi, 3,

40 TO., 59, 92, 184, 148, 149—155,

156, 158

/lovaSes, 69 ; the symbol for, 69

Montnola, 3, 11, 53, 71, 136

mufassirin, 40 n.

muTiSbaU, 92, 149—150, 158

mula, 150

MultipUoation, modem signs for, 78 n.

naqis, 151 n.

Nessehnann, 5, 10, 20, 21, 22, 23, 27,

31, 33, 34, 35, 36, 37, 44 n., 49, 61 «.,

54, 55, 58, 59, 77, 78, 79, 85, 88, 91 n.,

92, 108, 110, 114, 121, 125, 129 «.,

133, 142, 143 TO., 144, 145, 146, 147,

169 TO., 212 TO., 242 n.

Nikomachos, 6, 14, 15, 16, 38, 65 n.,

135, 151

Notation, algebraic: three stages, 77

—

80; drawbacks of Diophantos' nota-

tion, 80—82
Numbers which are the sum of two

squares, 127—130

Numbers which are the sum of three

squares, 130—131

Numbers as the sum of four squares,

131—132

6pyavu>a-ai, 136—137

lipiuiiivoi api8/iol, 140

Oughtred, 78 n.

Pappos, 11, 12, 17, 65 to., 139

irapuroTTis or irapuToTriTos ayay^, 117-

—

120

Peletarius, James, 2, 43

Pell, John, 56

Perron, Cardinal, 20

Phaidros, 14, 15

trXaafiariKov, 169 TO.

Plato, 18, 141—142, 145

irXijSos, coefficient, 93 to.

plus, Diophantos' expression of, 71,

137 n. ; Bombelli's symbol for, 45

;

Vieta's, 78 to.

Pococke, 2, 12, 41 m.

Polygonal Nunibers, [31—35 and pas-

sim

Porisms, 18, 32—35, 37, 121—125, 210,

218

Poselger, 55, 120, 124 to.

Powers, additive and multiplicative

evolution of, 70—71, 150—151

Proclus, 142

Progression, arithmetical, summation

of, 239—240

TT/JOTotris and 7r/»'/3X);/io, 34

Ptolemy, Claudius, 9

Pythagoras, 141

Quadratic equation, solution of, 90—

93, 140—141, 151—155; the two

roots of, 92, 153—155

Radix, 68

Ramus, Peter, 10, 14, 15
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Bednotion of determinate equations,

29, 149—150

Begiomontanus, Joannes, 2, 20, 21,

22, 23, 42, 46, 78

Eeimer, 32

Relati, 71

Res, 68

Biocati, Vincenzo, 27 n.

Eight-angled triangle: formation of,

in rational nmnbers, 115, 141, 142

;

nse of, 115, 127, 128, 155, 156 ; ex-

amples, APPENDIX, especially Book

VI.

l>liyj of Nikomaohos, 151

Eodet, L., 29 n., 59, 60, 61, 62, 75—76,

91 «., 92, 134, 151, 155

Eosen, editor of Mohammed ibn Musa,

q. V.

Sursolides, 71

Suter, Dr Heinrioh, 28 n. , 50, 53 n.

Symbols, algebraic : see plus, minus,

&c.

tafsir on Diophantos, 40

Tannery, Paul, 6, 7, 9 n., 10, 13, 14,

15, 16, 133, 139, 142—146

tanto, BombeUi's use of, 45

Ta'nkh Hokoma, 41

Tartaglia, 43, 78 n.

Theon of Alexandria, 8 n., 10, 11, 12,

13, 38

Theon of Smyrna, 6, 135, 142

ThrasyUos, 15

Thymaridas, 140

Translations of Diophantos, see Chap-

ter III.

SalmasiuB, Claudius, 19 n., 224

Saunderson, Nicholas, 52 n., 133

Scholia on Diophantos, 38, 39, 135

Schulz, 55 and passim

Series, arithmetical; summation of,

239—240

shai, 150

" Side-numbers," 142

Simultaneous equations, how treated

by Diophantos, 80, 89, 113, 140

Sirmondus, Jacobus, 19 n., 20

Square root, how expressed by Dio-

phantos, 93 n.

Stevin, 3, 55

Struve, Dr J. and Dr K. L., 142 n.

Subsidiary problems, 81, 86 ; examples

of, 97, 110, 111

Subtraction, Diophantos' symbol for,

66 n., 71—73; Tartaglia's, 78 n.;

BombeUi's, 45

Suidas, 1, 8, 9, 10, 11, 12, 13, 45

Supersolida, 71

Unknown quantity and its powers in

Diophantos, 57—69, 139—140; in

other writers, 45, 68, 70, 71 n., 150,

151, 157, 158 ; Diophantos' devices

for remedying the want of more than

one sign for, 80—82, 89, 179

uVapfts, 29 n., 71, 137 n.

Usener, Hermann, 12 n.

Variable, devices for remedying the

want of more than one symbol for a,

80—82, 89, 179

Vieta, 52, 68, 78 n., 123—124
Vossius, 3, 21 n., 56

WaUis, 70 re., 71, 138

Wopcke, 24, 25, 26, 155

Xylander, 45—51 Skiii passim

Zensus, 68

Zetetica of Vieta, 52
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PUBLICATIONS OF

THE HOLY SCRIPTURES, &c.

THE CAMBRIDGE PARAGRAPH BIBLE of the Au-
thorized English Version, with the Text Revised by a Collation of its

Early and other Principal Editions, the Use of the Italic Type made
uniform, the Marginal References remodelled, and a Critical Intro-

duction prefixed, by F. H. A. Scrivener, M.A., LL.D., Editor of
the Greek Testament, Codex Augiensis, &c., and one of the Revisers
of the Authorized Version. Crown 4to. gilt. 2iJ.

From the Times. literature of the subject, by such workers as
"Students of the Bible should be particu- Mr Francis Fry and Canon Westcott, appeal

larly grateful (to the Cambridge University to a wide range of sympathies; and to these
Press) for having produced, with the able as- may now be added Dr Scrivener, well known
sistance of Dr Scrivener, a complete critical for his labours in the cause of the Greek Testa-
edition of the Authorized Version of the Eng- ment criticism, who has brought out, for the
lish Bible, an edition such as, to use the words Syndics of the Cambridge University Press,
of the Editor, Svould have been executed long an edition of the English Bible, according to
ago had this version been nothing more than the text of 1611, revised by a comparison with
the greatest and best known of English clas- later issues on principles stated by him in his
sics.' Falling at a time when the formal revi- Introduction. Here he enters at length into
sion of this version has been undertaken by a the history of the chief editions of the "version,
distinguished company of scholars and divines, and of such features as the marginal notes, the
the publication of this edition must be con- use of italic type, and the changes of ortho-
sidered most opportune." graphy, as well as into the most interesting

"^xQm.^^ AtkeniButn. question as to the original texts from which
"Apart from its religious importance, the our translation is produced."

English Bible has the glory, which but few From the London Quarterly Review.
sister versions indeed can claim, of being the "The work is worthy in every respect of the
chief classic of the language, of having, in editor's fame, and of the Cambridge University
conjunction with Shakspeare, and in an im- Press. The noble English Version, to which
measurable degree more than he, fixed the our country and religion owe so much, was
language beyond any possibility of important probably never presented before in so perfect a
change. Thus the recent contributions to the form."

THE CAMBRIDGE PARAGRAPH BIBLE. Student's
Edition, on good writing paper, vr'iih one column of print and wide
margin to each page for MS. notes. This edition will be found of
great use to those who are engaged in the task of Biblical criticism.
Two Vols. Crown 4to. gilt. 3ij'. 6d.

THE AUTHORIZED EDITION OF THE ENGLISH
BIBLE (1611), ITS SUBSEQUENT REPRINTS AND MO-DERN REPRESENTATIVES. Being the Introduction to the
Cambridge Paragraph Bible (1873), re-edited with corrections and
additions. By F. H. A. Scrivener, M.A., D.C.L., LL.D., Pre-
bendary of Exeter and Vicar of Hendon. Crown 8vo. 7s. 6d.

THE LECTIONARY BIBLE, WITH APOCRYPHA,
divided into Sections adapted to the Calendar and Tables of
Lessons of 187 1. Crown 8vo. y. 6d.

THE NEW TESTAMENT IN GREEK according to the
text followed in the Authorised Version, with the Variations adoptedm the Revised Version. Edited by F. H. A. Scrivener, M.a.
D.C.L., LL.D. Crown 8vo. 6^. Morocco boards or limp. '12s

'

The Revised Version is the Joint Property of the Universities
of Cambridge and Oxford.

BREVIARIUM ROMANUM a Francisco Cardinali
QuiGNONio editum et recognitum iuxta editionem Venetiis ad ic-jc
impressam curante Johanne Wickham Legg Societatis And-
quanorum atque Coll. Reg. MedicorumLondin. Socio. DemySvo. \2s.

London: C. J. Clav &' Sons, Cambridge University Press Warehouse
Ave Maria Lane.
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BREVIARIUM AD USUM INSIGNIS ECCLESIAE
SARUM. Juxta Editionem maximam pro Claudio Chevallon
ET Francisco Regnault a.d. mdxxxi. in Alma Parisionim
Academia impressam : labore ac studio Francisci PROCTER,
A.M., ET CHRISTOPHORI WORDSWORTH, A.M.

Fasciculus I. In quo continentur ICalendarium, et Ordo
Temporalis sive Proprium de Tempore totius anni, una cum
ordinali sue quod usitato vocabulo dicitur Pica SIVE Directorium
Sacerdotum. Demy 8vo. \%s.

'* The value of this reprint is considerable to usually necessitated a visit to some public
liturgical students, who will now be able to con- library, since the rarity of the volume made its

suit in their own libraries a work absolutely in- cost prohibitory to all but a few."

—

Literary
dispensable to a right understanding of the his- Churchman,
tory of the Prayer-Book, but which till now

Fasciculus II. In quo continentur Psalterium, cum ordinario

Officii totius hebdomadae juxta Horas Canonicas, et proprio Com-
pletorii, Litania, Commune Sanctorum, Ordinarium Missae
CUM Canone et xiii Missis, &c. &c. Demy 8vo. i2j.

" Not only experts in liturgiology, but all " Cambridge has worthily taken the lead

persons interested in the history of the Anglican with the Breviary, which is of especial value

Book of Common Prayer, will be grateful to the for that part of the reform of the Prayer-Book

SyndicateoftheCambridge University Pressfor which will fit it for the wants of our time."

—

forwarding the publication of the volume which Church Quarterly Review.

bears the above title."

—

Notes aiid Queries.

Fasciculus III. In quo continetur Proprium Sanctorum
quod et sanctorale dicitur, una cum accentuario. Demy 8vo. 1 5J.

*#* An Introduction of 1 30 pages, prefixed to this volume, contains

(besides other interesting information as to the Breviary and its contents)

Mr Bradshaw'S exhaustive lists of editions and copies of the Breviary

and allied liturgical books.

Fasciculi I. II. III. complete, £7.. is.

GREEK AND ENGLISH TESTAMENT, in parallel

Columns on the same page. Edited by J. Scholefield, M.A.

Small Oftavo. New Edition, with the Marginal References as

arranged and revised by Dr Scrivener. Cloth, red edges. Ts. dd.

GREEK AND ENGLISH TESTAMENT. The Stu-

dent's Edition of the above, on large writingpaper. 4to. 12s.

THE PARALLEL NEW TESTAMENT, GREEK AND
ENGLISH, being the Authorised Version set forth in 1611 arranged

in Parallel Columns with the Revised Version of 188 1, and with the

original Greek, as edited by F. H. A. SCRIVENER, M.A
,
D.C.h

LL D Crown 8vo. izs. bd. The Revised Version is the Joint

Property of the Universities of Cambridge and Oxford.

THE BOOK OF ECCLESIASTES, with Notes and In-

troduction. By the Very Rev. E. H. Plumptre, D.D., late Dean

of Wells. Large Paper Edition. Demy 8vo. Ts. bd.

pc;AT MS OF THE PHARISEES, commonly known as

the Psalms of Solomon. Edited by the Rev H. E. RvLE, M A,

Hulsean Professor of Divinity, and M. R. James, M.A, Fellow

of King's College, Cambridge. Demy 8vo. 15^.

London C. 7. Clay &- Sons, Cambridge University Press Warehouse,

Ave Maria Lane.
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THE OLD TESTAMENT IN GREEK ACCORDING
TO THE SEPTUAGINT. Edited by H. B. SWETE, D.D.,

Regius Professor of Divinity and Fellow of Gonville and Caius

College. Vol. I. Genesis—IV Kings. Crown 8vo. Ts. bd.

Volume II. I Chronicles—Tobit. Crown 8vo. js. bd.

Volume III. In the Press.

"Der Zweck dieser Ausgabe, den gan2en Bezuglich der Accente und Spiritusder Eigen-

in den erwahnten Hss. vorliegenden kritischen namen sind die Herausg, ihre eigenen Wege
Stoff iibersichtlich zusammenzustellen und dem gegangen."

—

Deutsche Litteraturzeitung.
Benutzcr das Nachschlagen in den Separat- .. ^^ Y.6xixo-a has been executed in the very
ausgaben jener Codices zu ersparen, ist h.er

^ j f Cambridge accuracy, which has non compendiosester W eise vortreffljch erreicht.
;
*

anywhere, and this is enough to put it
Bezuglich der Klarheit Schonheit und Cor- P^

^ J ^ ^^ ,; f ^; ; %^ ^^^^^^
rectheit des Drucks geburt der Ausgabe das ,, ^ . „,
hochste Lob. Da zugleich der Preis sehr nie-

"^^- —A<:'^'"y-

drig gestellt ist, so ist zu hofFen und zu wiin- "An edition, which for ordinary purposes

schen, dass sie auch aufserhalb des englischen will probably henceforth be that in use by
Sprachkreises ihre Verbreitung finden werde. readers of the Septuagint."

—

Guardian,

THE BOOK OF PSALMS IN GREEK ACCORDING
TO THE SEPTUAGINT, being a portion of Vol. II. of the above.

Crown 8vo. 2J. bd.

A SHORT COMMENTARY ON THE HEBREW AND
ARAMAIC TEXT OF THE BOOK OF DANIEL. By A. A.
Bevan, M.A., Fellow of Trinity College, Cambridge. Demy Svo.

[/« the Press.

THE GOSPEL ACCORDING TO ST MATTHEW in

Anglo-Saxon and Northumbrian Versions, synoptically arranged:
with Collations exhibiting all the Readings of all the MSS. Edited
by the Rev. W. W. Skeat, Litt.D., Elrington and Bosworth Pro-
fessor of Anglo-Saxon. New Edition. Demy 4to. los.

"By the publication of the present volume for the scholarly and accurate way in which he
Prof. Skeat has brought to its conclusion a has performed his laborious task. Thanks to

work planned more than a half century ago by him we now possess a reliable edition of all the
the late J. M. Kern ble... Students of English existing MSS. of t" '" • - ~
have every reason to be grateful to Prof. Skeat Academy.

THE GOSPEL ACCORDING TO ST MARK, uniform
with the preceding, by the same Editor. Demy 4to. \os.

THE GOSPEL ACCORDING TO ST LUKE, uniform
with the preceding, by the same Editor. Demy 4to. los.

THE GOSPEL ACCORDING TO ST JOHN, uniform
with the preceding, by the same Editor. Demy 4to. loj.

" The Gospel according to St Joknj in ticular volume now before us, we can only say
Anglo-Saxon and Northumbrian Versions: it is worthy of its two predecessors. We repeat
completes an undertaking designed and com- that the service rendered to the study of Anglo-
raenced by that distinguished scholar, J. M. Saxon by this Synoptic collection cannot easily
Kemble, some forty years ago. Of the par- be overstated."

—

Contemporary Review.

THE FOUR GOSPELS (as above) bound in one volume,
price 30^.

THE POINTED PRAYER BOOK, being the Book of
Common Prayer with the Psalter or Psalms of David, pointed as
they are to be sung or said in Churches. Royal 24mo. ij. 6d.

The same in square 32mo. cloth. Qd,

London : C. J. Cla y &> Soms, Cambridge University Press Warehouse
Ave Maria Lane.
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THE CAMBRIDGE PSALTER, for the use of Choirs and
Organists. Specially adapted for Congregations in which the " Cam-
bridge Pointed Prayer Book" is used. Demy 8vo. cloth extra, y. 6d.
cloth limp, cut flush. 2s. bd.

THE PARAGRAPH PSALTER, arranged for the use of
Choirs by the Right Rev. Brooke Foss Westcott, D.D., Lord
Bishop of Durham. Fcap. 4to. 5^.

The same in royal 32mo. Cloth 1.;. Leather l.r. %d.

THE MISSING FRAGMENT OF THE LATIN TRANS-
LATION OF THE FOURTH BOOK OF EZRA, discovered,
and edited with an Introduction and Notes, and a facsimile of the
MS., by Robert L. Bensly, M.A., Lord Almoner's Professor of

Arabic. Demy 410. \os.
*'lt has been said of this book that it has Bible we understand that of the larger size

added a new chapter to the Bible, and, startling which contains the Apocrypha, and if the
as the statement may at first sight appear, it is Second Book of Esdras can be fairly called a
no exaggeration of the actual fact, if by the part of the Apocrypha. "

—

Saturday Review.

THE HARKLEAN VERSION OF THE EPISTLE
TO THE HEBREWS, Chap. xi. 28—xiii. 25. Now edited for the

first time with Introduction and Notes on this Version of the Epistle.

By Robert L. Bensly, M.A. Demy 8vo. 5^-.

NOTITIA CODICIS QUATTUOR EVANGELIORUM
Grasci Membranacei viris doctis hucusque incogniti quern in museo
suo asservat Eduardus Reuss Argentoratensis. is.

CODEX S. CEADDAE LATINUS. Evangelia SSS.
Matthaei, Marci, Lucae ad cap. III. 9 complectens, circa septimum

vel octavum saeculum scriptvs, in Ecclesia Cathedrali Lichfieldiensi

servatus. Cum codice versionis Vulgatae Amiatino contulit, pro-

legomena conscripsit, F. H. A. SCRIVENER, A.M., D.C.L., LL.D.,

With 3 plates. £\. \s.

THEOLOGY—(ANCIENT).
THE GREEK LITURGIES. Chiefly from original Autho-

rities. By C. A. SWAINSON, D.D., late Master of Christ's College,

Cambridge. Crown 4to. Paper covers. 15J.

-Jeder folgende Forscher wird dankbar Griechischen Liturgien sicher gelegt hat "-

anerkennen, d&s Swainson das Fundament zu . Adolph Harnack, Tluologtsche LtUratur-

-iner histonsch-kritischen Geschichte dcr Zeitung.

THE PALESTINIAN MISHNA. By W. H. Lowe, M.A.,

Lecturer in Hebrew at Christ's College, Cambridge. Royal 8vo. 21J.

CHAGIGAH FROM THE BABYLONIAN TALMUD.
A Translation of the Treatise with Introduction, Notes, Glossary,

and Ind ces by the Rev. A W. Streane, B.D Fellow and Lecturer

of Corpus Christi College, Cambridge, and formerly Tyrwhitt's

Hebrew Scholar. Demy 8vo. loj.

c;AYINGS of the JEWISH FATHERS, comprising

Pirqe Aboth and Pereq R. Meir in Hebrew and English with Cri-

Hral and lUustrative Notes. By Charles Taylor, D.D., Master

of St Yii^To^Z^,C^^^n^___ \.Ne^ Edition prepanng.

London: C. 7. Clav &^S0NS, Cambridge University Press Warehouse,

Ave Maria Lane.
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THEODORE OF MOPSUESTIA'S COMMENTARY
ON THE MINOR EPISTLES OF S. PAUL. The Latin Ver-
sion with the Greek Fragments, edited from the MSS. with Notes
and an Introduction, by H. B. SwETE, D.D. In Two Volumes.
Volume I., containing the Introduction, with Facsimiles of the MSS.,
and the Commentary upon Galatians—Colossians. Demy 8vo. \2s.

"It is the result of thorough, careful, and handschriften . . . sind vortreffliche photo-
patient investigation of all the points bearing graphische Facsimile's beigegeben, wie iiber-

on the subject, and the results are presented naupt das ganze Werk von der University
with admirable good sense and modesty."

—

Press zu Cambridge mit bekannter Eleganz
Guardian. ausgestattet ist." —Theolaffiscke Literaturzei-

"Auf Grund dieser Quellen ist der Text tung,
bci Swete mit musterhafter Akribie herge- " Hemn Swete's Leistung ist cine so
stellt. Aber auch sonst hat der Herausgeber tiichtige dass wir das Werk in keinen besseren
mit unermudHchem Fleisse und eingehend- Handen wissen m5chten, und mit den sich-

ster Sachkenntniss sein Werk mit alien den- ersten Erwartungen auf das Gelingen der
jenigen Zugaben ausgerustet, welche bei einer Fortsetzung entgegen sehen.*'

—

GSttingische
solchen Text-Ausgabe nur irgend erwartet gelehrte Anzeigefi {^z^\.. x%Z\).

werden konnen. . . . Von den drei Haupt-

VOLUME IL, containing the Commentary on i Thessalonians

—

Philemon, Appendices and Indices. 12^.

" Eine Ausgabe . . . fur welche alle zugang- (Sept. 23, 1882).

lichen Hulfsmittel in musterhafter Weise be- "Mit derselben Sorgfalt bearbeitet die wir
nQtzt wurden . . , eine reife Fruchtsiebenjahri- bei dem ersten Theile genihmt haben,"—
gen Fleisses."

—

Theologische Literaturzeitung Literarisches CentralblattQ\Ay 29, 1882).

A COLLATION OF THE ATHOS CODEX OF THE
SHEPHERD OF HERMAS. Together with an Introduction by
Spyr. p. Lambros, Ph. D., translated and edited with a Preface and
Appendices by J. Armitage Robinson, B.U., Fellow and Dean of
Christ's College, Cambridge. Demy 8vo. y. td.

THE PHILOCALIA OF ORIGEN. The Greek Text
edited from the Manuscripts, with Critical Apparatus and Indexes,
and an Introduction on the Sources of the Text. By J. Armitage
Robinson, B.D., Fellow and Dean of Christ's College. [In the Press.

SANCTl IREN^I EPISCOPI LUGDUNENSIS libros
quinque adversus Haereses, versione Latina cum Codicibus Claro-
montano ac Arundeliano denuo collata, prasmissa de placitis Gnos-
ticorum prolusione, fragmenta necnon Grasce, Syriace, Armeniace,
commentatione perpetua et indicibus variis edidit W. Wigan
Harvey, S.T.B. CoUegii Regalis olim Socius. 2 Vols. 8vo. i8.f.

M. MINUCII FELICIS OCTAVIUS. The text revised
from the original MS., with an English Commentary, Analysis, Intro-
dudlion, and Copious Indices. Edited by H. A. Holden, LL.D.
Examiner in Greek to the University of London. Crown 8vo. 7s. 6d.

THEOPHILl EPISCOPI ANTIOCHENSIS LIBRI
TRES AD AUTOLYCUM edidit, Prolegomenis Versione Notulis
Indicibus instruxit G. G. Humphry, S.T.B. Post 8vo. ^s.

THEOPHYLACTl IN EVANGELIUM S. MATTH^I
COMMENTARIUS, edited by W. G. Humphry, B.D. Prebendary
of St Paul's, late Fellow of Trinity College. Demy 8vo. 7s. 6d.

TERTULLIANUS DE CORONA MILITIS, DE SPEC-
TACULIS, DE IDOLOLATRIA, with Analysis and English Notes,
by George Currey, D.D. Preacher at the Charter House, late
Fellow and Tutor of St John's CoUege. Crown 8vo. fj.

London : C. J. Cla y <&-• SONii, Cambridge Uftiversity Press Warehouse,
Ave Maria Lane.
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FRAGMENTS OF PHILO AND JOSEPHUS. Newly
edited by J. Rendel Harris, M.A., formerly Fellow of Clare
College, Cambridge. With two Facsimiles. Demy 4to. \2s. bd.

BIBLICAL FRAGMENTS FROM MOUNT SINAI,
edited by J. Rendel Harris, M.A. Demy 4to. loj'. bd.

THE TEACHING OF THE APOSTLES. Newly edited,
with Facsimile Text and Commentary, by J. Rendel Harris, M.A.
Demy 4to. ^i. \s.

THE ORIGIN OF THE LEICESTER CODEX OF THE
NEW TESTAMENT. By J. Rendel Harris, M.A. With 3
plates. Demy 4to. loj. dd.

THE REST OF THE WORDS OF BARUCH : A
Christian Apocalypse of the Year 136A.D. The Text revised with

an Introduction, By J. Rendel Harris, M.A. Royal 8vo. 5^-.

THE ACTS OF THE MARTYRDOM OF PERPETUA
AND FELICITAS ; the original Greek Text, edited by J. RENDEL
Harris, M.A. and Seth K. Gifford. Royal 8vo. 5^.

THE DIATESSARON OF TATIAN. A preliminary

Study. By J. Rendel Harris, M.A. Royal 8vo. Jj.

THE CODEX SANGALLENSIS (A). A Study in the

Text of the Old Latin Gospels, by J. Rendel Harris, M.A. Royal

Svo. y-
SOME INTERESTING SYRIAN AND PALESTINIAN

INSCRIPTIONS, by J.
Rendel Harris, M.A. Royal Svo. 4^.

TEXTS AND STUDIES: CONTRIBUTIONS TO
BIBLICAL AND PATRISTIC LITERATURE.

Edited by J. Armitage Robinson, B.D., Fellow and Assistant Tutor

of Christ's College.

VOL. I. No. I. THE APOLOGY OF ARISTIDES ON
BEHALF OF THE CHRISTIANS. Edited from a Syriac MS.,

with an Introduction and Translation by J.
Rendel Harris, M.A.,

and an Appendix containing the chief part of the Origmal Greek,

by J. Armitage Robinson, B.D. Demy Svo. ^s. net.
_

No. 2. THE PASSION OF S. PERPETUA: the Latin

Text freshly edited from the Manuscripts with an Introduction and

Appendix containing the Original Latin Form of the Scillitan Mar-

tyrdom ; by J. Armitage Robinson, B.D. 4J-- net. „ . „ t tr

No ^ THE LORD'S PRAYER IN THE EARLY
CHURCH : with Special Notes on the Controverted Clauses

;
by

F. H. Chase, B.D., Christ's College. 5/- net-

No 4 THE FRAGMENTS OF HERACLEON: the Greek

Text with an Introduction by A. E. BROOKE, M.A., Fellow of King's

Vol'^ITno.-T" a STUDY OF CODEX BEZAF By

/. rendel HARRIS, M.A. Demy 8vo ^^ ^ „ , ..
\.In^me'i^ately.

No 2 THE TESTAMENT OF ABRAHAM. By M. R
TAMES, M.A., with an Appendix containing Translations from the

irabTc of the Testaments of Abraham, Isaac and Jacob by WE
BARNES, M.A. Demy^o. \_In the Fress.

London C. J. Clay ^ SoNS^Cambridge University Press Warehouse,
uonaon. w j Ave Maria Lane. I 5



PUBLICATIONS OF

THEOLOGY—(ENGLISH).
WORKS OF ISAAC BARROW, compared with the Ori-

ginal MSS., enlarged with Materials hitherto unpublished. A new
Edition, by A. Napier, M.A. 9 Vols. Demy 8vo. £},. y.

TREATISE OF THE POPE'S SUPREMACY, . and a
Discourse concerning the Unity of the Church, by ISAAC Barrow.
Demy 8vo. 7^'. 6^.

PEARSON'S EXPOSITION OF THE CREED, edited
by Temple Chevallier,B.D. New Edition. RevisedbyR. Sinker,
D.D., Librarian of Trinity College. Demy 8vo. \zs.

"A new edition of Bishop Pearson's famous College Altogether this appears to be the
work On the Cr^^tf hasjust been issued by the most complete and convenient edition as yet
Cambridge University Press. It is the well- published of a work which has long been re-
known edition ofTemple Chevallier, thoroughly cognised in all quarters as a standard one."

—

overhauled by the Rev. R. Sinker, of Trinity Guardian.

AN ANALYSIS OF THE EXPOSITION OF THE
CREED written by the Right Rev. John Pearson, D.D. late Lord
Bishop of Chester, by W. H. Mill, D.D. Demy 8vo. 5^-.

WHEATLY ON THE COMMON PRAYER, edited by
G. E. CORRIE, D.D. late Master of Jesus College. Demy 8vo. 7s.6d.

TWO FORMS OF PRAYER OF THE TIME OF QUEEN
ELIZABETH. Now First Reprinted. Demy 8vo. 6d.

C^SAR MORGAN'S INVESTIGATION OF THE
TR.INITY OF PLATO, and of Philo Judseus, and of the effefls

which an attachment to their writings had upon the principles and
reasonings of the Fathers of the Christian Church. Revised by H. A.
HOLDEN, LL.D Crown 8vo. 4J.

SELECT DISCOURSES, by John Smith, late Fellow of
Queens' College, Cambridge. Edited by H. G. Williams, B.D. late
Professor of Arabic. Royal 8vo. js. 6d.

"The 'Select Discourses' of John Smith, no spiritually thoughtful mind can read then-
collected and published from his papers after unmoved. They carry us so directly into an
his death, are, in my opinion, much the most atmosphere of divine philosophy, luminous
Considerable work left to us by this Cambridge with the richest lights of meditative genius...
School [the Cambridge Platonists]. They have He was one of those rare thinkers in whom
a right to a place in English literary history." largeness of view, and depth, and wealth o—Mr Matthew Arnold, in the Contempo- poetic and speculative insight, only served to
vary Review. evoke more fully the religious spirit, and while

"Of all the products of the Cambridge he drew the mould of his thought from Plotinus,
School, the 'Select Discourses' are perhaps he vivified the substance of it from St Paul."

—

the highest, as they are the most accessible Principal TuLLOCH, Rational Theology in
and the most widely appreciated. ..and indeed England in ihe i-jth Century.

THE HOMILIES, with Various Readings, and the Quo-
tations from the Fathers given at length in the Original Languages.
Edited by the late G. E. CoRRlE, D.D. Demy 8vo. -js. 6d.

DE OBLIGATIONE CONSCIENTI^ PRiELECTIONES
decern Oxonii in Schola Theologica habitas a Roberto Sanderson,
SS. Theologias ibidem Professore Regio. With English NotesJ
including an abridged Translation, by W. Whewell, D.D. late
Master of Trinity College. Demy 8vo. js. 6d.

WILSON'S ILLUSTRATION OF THE METHOD OF
explaining the New Testament, by the early opinions of Jews and
Christians concerning Christ. Edited by T. TuRTON, D.D. 8vo. jj.

London : C. J. Cla v Ss^ Sons, Cambridge University Press Warehouse
Ave Maria Lane.
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LECTURES ON DIVINITY delivered in the University

T,T^^i"^^?( ^y J?"^ "=^' °-°- Third Edition, revised by T.TURTON.D.D. late Lord Bishop of Ely. 2 vols. Demy 8vo. 15^.

S. AUSTIN AND HIS PLACE IN THE HISTORY
PrL^^^ ur^^^^^

THOUGHT. Being the Hulsean Lectures for
1885. By W. Cunningham, D.D. Demy 8vo. Buckram, \2s. bd.

^^f^^IJ^^ LIFE OF MEN. The Hulsean Lectures
tor 18S8. By the Rev. H. M. Stephenson, M.A. Crown 8vo 2s 6d.

THE GOSPEL HISTORY OF OUR LORD JESUS
v??c?^xT^^

"^"^ LANGUAGE OF THE REVISEDVtKblON, arranged m a Connected Narrative, especially for the
"?^,y Teachers and Preachers. By Rev. C. C. James, M.A., Rector
of Wortham, Suffolk, and late Fellow of King's College. Crown 8vo
3J. 6d.

A HARMONY OF THE GOSPELS IN THE WORDS
OF THE REVISED VERSION with copious references, tables, &c.
Arranged by Rev. C. C. James, M.A. Crown 8vo. [Nearl;y ready.

ARABIC, SANSKRIT, SYRIAC, &c.

THE DIVYAvADAnA, a Collection of Early Buddhist
Legends, now first edited from the Nepalese Sanskrit MSS. in
Cambridge and Paris. By E. B. Cowell, M.A., Professor of
Sansknt in the University of Cambridge, and R. A. Neil, M.A.,
Fellow and Lecturer of Pembroke College. Demy 8vo. \Zs.

LECTURES on THE COMPARATIVE GRAMMAR
OF THE SEMITIC LANGUAGES from the papers of the late
William Wright, LL.D., Professor of Arabic in the University of
Cambridge. Demy 8vo. 14^-.

POEMS OF BEHA ED DIN ZOHEIR OF EGYPT.
With a Metrical Translation, Notes and Introduction, by E. H.
Palmer, M.A., Barrister-at-Law of the Middle Temple, late Lord
Almoner's Professor of Arabic, formerly Fellow of St John's College,
Cambridge. 2 vols. Crown 4to.

Vol. I. The Arabic Text. lar. dd.

Vol. II. English Translation, ioj. bd.
" We have no hesitation in saying that in remarked, by not unskilful imitations of the

both Prof. Palmer has made an addition to Ori- styles of several of our own favourite poets,
ental literature for which scholars should be living and dead."

—

Saturday Review.
grateful : and that, while his knowledge of " This sumptuous edition of the poems of
Arabic is a sufficient guarantee for his mastery Behfi-ed-din Zoheir is a very welcome addition
of the original, his English compositions are to the small series of Eastern poets accessible

distinguished by versatility, command of Ian- to readers who are not Orientalists."

—

Aca-
guage, rhythmical cadence, and, as we have detny.

THE CHRONICLE OF JOSHUA THE STYLITE, com-
posed in Syriac A.D. 507, with an English translation and notes, by the

late W. Wright, LL.D., Professor of Arabic. Demy 8vo. los. 6d.
" Die lehrreiche kleine Chronik Josuas hat ein Lehrmittel fur den syrischen Unterricht ; es

nach Assemani und Martin in Wright einen erscheint auch gerade zur rechten Zeit, da die

dritten Bearbeiter gefunden, der sich um die zweite Ausgabe von Roedigers syrischer Chres-
Emendation des Textes wie um die Erklarung tomathie im Buchhandel vollstandig vergriffen

der Realien wesentlich verdient gemacht hat und diejemge von Kirsch-Bemstein nur noch
. . . Ws. Josua-Ausgabe ist eine sehr dankens- in wenigen Exemplaren vorhanden i=;t."

—

werte Gabe und besonders empfehlenswert als Deutsche Litieraiurzeitun^

.

London: C. J. Clay dr^ Sons, Cambridge Unhtersity Press Warehouse^
Ave Maria Lane.
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PUBLICATIONS OF

KALILAH AND DIMNAH, OR, THE FABLES OF
BIDPAI ; being an account of their literary history, together with

an Enghsh Translation of the same, with Notes, by I. G. N. Keith-
Falconer, M.A., late Lord Almonei^'s Professor of Arabic in the

University of Cambridge. Demy 8vo. Ts. 6d.

NALOPAkHYANAM, or, the tale of NALA;
containing the Sanskrit Text in Roman Characters, followed by a
Vocabulary and a sketch of Sanskrit Grammar. By the late

Rev. Thomas Jarrett, M.A. Trinity College, Regius Professor

of Hebrew. Demy 8vo. los.

NOTES ON THE TALE OF NALA, for the use of
Classical Students, by J. Peile, Litt. D., Master of Christ's College.

Demy 8vo. i2j.

CATALOGUE OF THE BUDDHIST SANSKRIT
MANUSCRIPTS in the University Library, Cambridge. Edited
by C. Bendall, M.A., Fellow of GonviUe and Caius College. Demy
8vo. 12^-.

" It is unnecessary to state how the com- those concerned in it on the result . . . Mr Ben-
pilation of the present catalogue came to be dall has entitled himself to the thanks of all

placed in Mr Bendall's hands : from the cha- Oriental scholars, and we hope he may have
racter of his work it is evident the selection before him a long course of successful labour in

was judicious, and we may fairly congratulate the field he has chosen."

—

Athenaum.

THE HISTORY OF ALEXANDER THE GREAT,
being the Syriac version of the Pseudo-Callisthenes. Edited from
Five Manuscripts, with an English Translation and Notes, by
E. A. W. Budge, Litt.D., Assistant in the Department of Egyptian
Antiquities, British Museum. Demy 8vo. 25J. {The Edition is

limited to 250 copies})

makAla-i-shakhsI sayyAh ki dar kaziyya-
I-BAB NAVISHTA-AST (a Traveller's Narrative written to illus-

trate the Episode of the Bab). Persian text, edited, translated and
annotated, in two volumes, by Edward G. Browne, M.A., M.B.,
Fellow of Pembroke College and Lecturer in Persian in the Uni-
versity of Cambridge. Crown 8vo. {Nearly ready.

GREEK AND LATIN CLASSICS, &c.

AESCHYLI FABULAE.—IKETIAE2 XGH^OPOI IN
LIBRO MEDICEO MENDOSE SCRIPTAE EX VV. DD
CONIECTURIS EMENDATIUS EDITAE cum Scholiis Graecis
et brevi adnotatione critica, curante F. A. Paley, M.A., LL.D.
Demy 8vo. "js. 6d.

THE AGAMEMNON OF AESCHYLUS. With a Trans-
lation in English Rhythm, and Notes Critical and Explanatory.
New Edition Revised. By the late. Benjamin Hall Kennedy,
D.D., Regius Professor of Greek. Crown 8vo. 6^.

"One of the best editions of the masterpiece of Greek tragedy."

—

AtkeTUEum.

London : C. J. Clay^ Sons, Cwnbrid^e University Press Warehouse.,
Ave Maria Lane.



THE CAMBRIDGE UNIVERSITY PRESS. 13

SOPHOCLES: The Plays and Fragments, with Critical
Notes, Commentary, and Translation in English Prose, by R. C.
JEBB, Litt.D., LL.D., Regius Professor of Greek in the University of
Cambridge.

Part I. Oedipus Tyrannus. Demy 8vo. New Edition, I2j. bd.

Part n. Oedipus Coloneus. Demy 8vo. New Edition. i2j. ^d.

Part m. Antigone. Demy 8vo. New Edition. 12s. 6d.

Part IV. Philoctetes. Demy 8vo. 12s. 6d.

Part V, Trachiniae. Demy Svo. \^ln the Press.

"Of his explanatory and critical notes we " Prof. Jebb's keen and profound sympathy,
can only speak with admiration. Thorough not only with Sophocles and all the best of
scholarship combines with taste, erudition, and ancient Hellenic life and thought, but also with
boundless industry to make this first volume a modern European culture, constitutes him an
pattern of editing. The work is made com- ideal interpreter between the ancient writer
plete by a prose translation, upon pages alter- and the modem reader,"

—

AtketuEum.
nating with the text, of which we may say " It would be difficult to praise this third in-

shortly that it displays sound judgment and stalment of Professor Jebb's unequalled edition
taste, without sacrificing precision to poetry of of Sophocles too warmly, and it is almost a
expression."

—

The Times. work of supererogation to praise it at all. It is
" Professor Jebb's edition of Sophocles is equal, at least, and perhaps superior, in merit,

already so fully established, and has received to either of his previous instalments ; and when
such appreciation in these columns and else- this is said, all is said. Yet we cannot refrain

where, that we have judged this third volume from formally recognising once more the con-

when we have said that it is of a piece with summate Greek scholarship of the editor, and
the others. The whole edition so far exhibits from once more doing grateful homage to his

perhaps the most complete and elaborate edit- masterly tact and literary skill, and to his un-

orial work which has ever appeared."

—

Satur- wearied and marvellous industry."

—

Spectator

day Review.

THE THE^TETUS OF PLATO with a Translation and
Notes by the late B. H. Kennedy, D.D. Crown Svo. -js. 6d.

ARISTOTLE.—nEPI ^TXH2. ARISTOTLE'S PSY-
CHOLOGY, in Greek and English, with Introduction and Notes,

by Edwin Wallace, M.A., late Fellow and Tutor of Worcester

College, Oxford. Demy Svo. iSj.

"The notes are exactly what such notes "Wallace's Bearbeitung derAristotelischen

ought to be,—helps to the student, not mere Psychologic ist das Werk eines denkenden und

displays of learning. By far the more valuable in alien Schriften des Aristoteles und grossten-

parts of the notes are neither critical nor lite- tells auch in der neueren Litteratur zu densel-

rary but philosophical and expository of the ben beleseuen Mannes . . . Der schwachste

thought, and of the connection of thought, in Toil der Arbeit ist der kritische . . . Aber in

the treatise itself. In this relation the notes are alien diesen Dingen liegt auch nach der Ab-

invaluable. Of the translation, it may be said sicht des Verfassers nicht der Schwerpunkt

that an English reader may fairly master by seiner Arbeit, sondern."—Prof. Susemihl in

means of it this great treatise of Aristotle."— Philologische Wochenschrift.

Spectator.

ARISTOTLE. THE RHETORIC. With a Commentary
by the late E. M. CoPE, Fellow of Trinity College, Cambridge, re-

vised and edited by J. E. Sandys, Litt.D. With a biographical

Memoir by the late H. A. J. Munro, Litt.D. 3 Vols., Demy Svo.

Now reduced to 21^'. [originally published at 31J. kd.)

"Thisworkisinmanywayscreditabletothe "Mr Sandys has perfornied his arduous

University of Cambridge. Ifan EngUsh student duties with marked ability and admirable tact.

wUhes to have a full conception of what is con- ..... In every part of his work-revisir.g,

tained in the .ffA^/<7r<V of Aristotle, to Mr Cope's supplementing and completing-he has done

edTuon he must ^o."-Academy. exceedingly ^^\\."-Examtner.

London : C. J. Clav Or' SONS, Cambridge University Press Warehouse,

Ave Maria Lane.
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PINDAR. OLYMPIAN AND PYTHIAN ODES. With
Notes Explanatory and Critical, Introductions and Introductory
Essays. Edited by C. A. M. Fennell, Litt. D., late Fellow of

Jesus College. Crown 8vo. 9^.
"Mr Fennel] deserves the thanks of all clas- his author, great industry, a sound judgment,

sical students for his careful and scholarly edi- and, in particular, copious and minute l«aming
tion of the Olympian and Pythian odes. He in comparative philology."

—

Athenceum,
brings to his task the necessary enthusiasm for

THE ISTHMIAN AND NEMEAN ODES. By the same
Editor. Crown 8vo. 9^.

"... As a handy and instructive edition of valuable help to the study of the most difficult

a difficult classic Tio work of recent years sur- of Greek authors, and is enriched with notes
passes Mr Fennell's 'Pindar.'"

—

AtheTi^um. on points of scholarship and etymology which
"This work is in no way inferior to could only have been written by a scholar of

the previous volume. The commentary affords very high attainments."

—

Saturday Review.

DEMOSTHENES, PRIVATE ORATIONS OF, with In-
troductions and English Notes, by the late F. A. Paley, M.A.
and J. E. Sandys, Litt.D. Fellow and Tutor of St John's College,

and Public Orator in the University of Cambridge.
Part I. Contra Phormionem, Lacritum, Pantaenetum, Boeotum

de Nomine, Boeotum de Dote, Dionysodorum. New Edition.
Crown 8vo. ts.

"Mr Paley 's scholarship is sound and literature which bears upon his author, and
accurate, his experience of editing wide, and the elucidation of matters of daily life, in the
if he is content to devote his learning and delineation of which Demosthenes is so rich,

abilities to the production of such manuals obtains full justice at his hands. . . . We
as these, they will be received with gratitude hope this edition may lead the way to a more
throughout the higher schools of the country. general study of these speeches in schools
Mr Sandys is deeply read in the German than has hitherto been ^q^\}q\q.."—Academy.

Part 11. Pro Phormione, Contra Stephanum I, II.; Nicostra-
tum, Cononem, Calliclem. New Edition. Crown 8vo. 7^. 6^.

" It is long since we have come upon a work mosthenes '."

—

Saturday Review.
evincing more pains, scholarship, and varied " the edition reflects credit on
research and illustration than Mr Sandys's Cambridge scholarship, and ought to be ex-
contribution to the 'Private Orations of De- tensively used."

—

Atkerurmn.

DEMOSTHENES. SPEECH AGAINST THE LAW
OF LEPTINES. With Introduction, Critical and Explanatory
Notes and Autotype Facsimile from the Paris MS. Edited by J. E.
Sandys, Litt.D. Demy 8vo. <)s.

DEMOSTHENES AGAINST ANDROTION AND
AGAINST TIMOCRATES, with Introductions and English Com-
mentary, by William Wayte, M.A., late Professor of Greek, Uni-
versity College, London. Crown 8vo. ys. 6d.

"These speeches are highly interesting, as they are worthy of all admiration . . . Besides
illustrating Attic Law, as that law was in- a most lucid and interesting introduction, Mr
fluenced by the exigences of politics ... As Wayte has given the student effective help
vigorous examples of the great orator's style, in his running commentary. "^^/ec^a^tfr.

EURIPIDES. BACCHAE. With Introduction, Critical
Notes, and Archseological Illustrations, by J. E. Sandys, Litt.D.
New and Enlarged Edition. Crown 8vo. 12s. 6d.

" Of the present edition of the ^acc/j^ by Mr "The volume is interspersed with well-
Sandys we may safely say that never before has executed woodcuts, and its general attractive-
a Greek play, in England at least, had fuller ness of form reflects great credit on tlie Uni-
justice done to its criticism, interpretation, versity Press. In the notes Mr Sandys has more
and archseological illustration, whether for the than sustained his well-earned reputation as a
young student or the more advanced scholar. careful and learned editor, and shows consider-
The Cambridge Public Orator may be said to able advance in freedom and lightness of style,
have taken the lead in issuing a complete edi- . , . Under such circumstances it is superfluous
tion of a Greek play, which is destined perhaps to say that for the purposes of teachers and ad-
to gain redoubled favour now that the study of vanced students this handsome edition far sur-
ancient monuments has been applied to its il- passes all its predecessors."

—

Athetueum.
lustration."

—

Saiurdav Review.

EURIPIDES. ION. The Greek Text with a Translation
into English Verse, Introduction andNotes by A.W.VERRALL,Litt.D.,
Fellow and Tutor of Trinity College, Cambridge. Demy Bvo. ys. 6d.

London ; C, J- Cla v Sr" SOMS, Cambridge University Press Warehouse,
Ave Maria Lane.
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HOMER'S ODYSSEY. The ^^..^^^^^^^^^^^^^^^^^^^^^

?olt^^ r
"'

k'"5
^^ Arthur Platt, M.A., late Fellow of TrinityCollege, Cambridge. Crown 8vo. [/„ thePreis

^^^r2\ ^^^P^' ^^^^'^l^y translated, by the late E. m'.

UcKs'oN Lin n VT^ ^t^'^-^'
Cambridge, revised by HenryJACKSON, Litt.D., Fellow of Trinity College. Demy 8vo \s

P. VERGILI MARONIS OPERA, cum Prolegomenis
et Commentario Critico edidit B. H. Kennedy, S.T P ExtraFcap. 8vo. 3J. hd. ' -' ^•^•> ^xira

M. TULLI CICERONIS AD M. BRUTUM ORATORA revised text edited with Introductory Essays and with criticaland explanatory notes, by J. E. Sandys, Litt.D. Demy 8vo. i6s

M. TULLI CICERONIS DE FINIBUS BONORUMET MALORUM LIBRI QUINQUE. The text revised and
explained

; with a Translation by James S. Reid, Litt. D Fellow
and Tutor of Gonville and Caius College. 3 Vols. [In the Press

Vol. III. Containing the Translation. Demy 8vo. 8j.

M. T. CICERONIS DE OFFICIIS LIBRI TRES, with Mar-
ginal Analysis, English Commentary, and copious Indices, by H A
HOLDEN, LL.D. Revised and Enlarged Edition. Cr. 8vo. gj.

"Few editions of a classic have found so position of the work secure "— ^,«,n>a„much favour as Dr Holden's De Officiis, and Journal ifPhilology.
the present revision (sixth edition) maltes the

M. T. CICERONIS DE OFFICIIS LIBER TERTIUS,
with Introduction, Analysis and Commentary, by H. A. Holden'
LL.D. Crown 8vo. is.

'

M. TVLLI CICERONIS PRO C RABIRIO [PERDVEL-
LIONIS REO] ORATIO AD QVIHITES, with Notes, Introduc-
tion and Appendices by W. E. Heitland, M.A., Fellow and Tutor of
St John's College, Cambridge. Demy 8vo. ys. (>d.

M. TULLII CICERONIS DE NATURA DEORUM
Libri Tres, with Introduction and Commentary by Joseph B.
Mayor, M.A., together with a new collation of several of the
English MSS. by J. H. Swainson, M.A.

Vol.1. Demy8vo. los.dd. Vol.11, lis. 6d. Vol. III. los.
" Such editions as that of which Prof. Mayor way admirably suited to meet the needs of the

has given us the first instalment will doubtless student . . . The notes of the editor are all that
do much to remedy this undeserved neglect. It could be expected from his well-known learn-
is one on which great pains and much learning ing and scholarship."—/^cof/^m,;'.
have evidently been expended, and is in every

SELECT PASSAGES FROM LATIN AND GREEK
AUTHORS for translation into English with short Notes by
H. Bendall, M.A., Head Master of Blackheath Proprietary School.
Part I. Easy. Crown 8vo. \_Nearly ready.

PRONUNCIATION OF ANCIENT GREEK translated
from the Third German edition of Dr Blass by W. J. PuRTON, B.A.,
Pembroke College, Cambridge. Demy 8vo. hs.

London : C. J. Cla y &• Sons, Catnbridge University Press Warehouse,
Ave Maria Lane.
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FRAGMENTS OF ZENO AND CLEANTHES, an Essay
which obtained the Hare Prize in the year 1889. By A. C. PEARSON,
B.A., Christ's College, Cambridge. Crown 8vo. 10s.

See also Pitt Press Series, pp. 33—38.

MATHEMATICS, PHYSICAL SCIENCE, &e.

MATHEMATICAL AND PHYSICAL PAPERS. By
Sir W. Thomson, LL.D., D.C.L., F.R.S., Professor of Natural Phi-

losophy in the University of Glasgow. Collected from different

Scientific Periodicals from May 1841, to the present time. Vol. I.

Demy 8vo. i8j-. Vol. II. 15^. Vol. III. i%s.

MATHEMATICAL AND PHYSICAL PAPERS, by
Sir G. G. Stokes, Sc.D., LL.D., F.R.S., Lucasian Professor of Mathe-
matics in the University of Cambridge. Reprinted from the Original

Journals and Transactions, with Additional Notes by the Author.
Vol.1. Demy 8vo. 15^. Vol.11. 15J. [Vol.111. In the Press.

THE THEORY OF DIFFERENTIAL EQUATIONS.
Part I. Exact Equations and Pfaff's Problem. By A. R. Forsyth,
Sc.D., F.R.S., Fellow of Trinity College, Cambridge. Demy Svo. 12s.

A HISTORY OF THE THEORY OF ELASTICITY
AND OF THE STRENGTH OF MATERIALS, from Galilei to

the present time. Vol. I. Galilei to Saint-Venant, 1639-1850.
By the late I. Todhunter, Sc.D., F.R.S., edited and completed
by Professor Karl Pearson, M.A. Demy Svo. 25^.

Vol. II. Saint-Venant to Sir William Thomson. By the same Editor.

[Near/y ready

THE ELASTICAL RESEARCHES OF BARRE DE
SAINT-VENANT (Extract from Vol. II. of Todhunter's History
of the Theory of Elasticity), edited by Professor Karl Pearson,
M.A. Demy Svo. 9^^.

A TREATISE ON GEOMETRICAL OPTICS. By
R. S. Heath, M.A., Professor of Mathematics in Mason Science
College, Birmingham. Demy Svo. i2j. bd.

AN ELEMENTARY TREATISE ON GEOMETRICAL
OPTICS. By R. S. Heath, M.A. Crown Svo. sj.

A TREATISE ON ELEMENTARY DYNAMICS. By
S. L. LONEY, M.A., Fellow of Sidney Sussex College. Crown Svo.
IS. bd.

SOLUTIONS TO THE EXAMPLES IN A TREATISE
ON ELEMENTARY DYNAMICS. By the same Author.

[In the Press.

CATALOGUE OF SCIENTIFIC PAPERS COMPILED
BY THE ROYAL SOCIETY OF LONDON : Vols. 1-6 for the
years 1800—1863, Royal 410. cloth (vol. i in half morocco) ^4 (net) •

half morocco ^5. 5^. (net). Vols. 7—8 for the years 1864— 1873,
cloth £1. I \s. bd. (net) ; half morocco £2. c,s. (net). Single volumes
cloth 20J-. or half-morocco 28.y. (net). New Series for the years
1874— 1883. [Nearly ready.

London: C. J. Clay S^ Sons, Cambridge University Press Warehouse,
Ave Maria Lane.
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A TREATISE ON PLANE TRIGONOMETRY. By
E. W. HOBSON, M.A., Fellow of Christ's College, Cambridge, and
University Lecturer in Mathematics. Demy 8vo. \2s

THE COLLECTED MATHEMATICAL PAPERS OF
ARTHUR CAYLEY, Sc.D., F.R.S., Sadlerian Professor of Pure
Mathematics in the University of Cambridge. Demy 4to. 10 vols.

Vols. I. II. and III. 25^-. each. [Vol. IV. Nearly ready.

THE SCIENTIFIC PAPERS OF THE LATE PROF.
J. CLERK MAXWELL. Edited by W. D. Niven, M.A., formerly
Fellovir of Trinity College. In 2 vols. Royal 4to. ^3. 3^. (net).

A HISTORY OF THE STUDY OF MATHEMATICS
AT CAMBRIDGE. By W. W. Rouse Ball, M.A., Fellow and
Lecturer on Mathematics of Trinity College, Cambridge. Crown
8vo. 6.y.

ELEMENTARY THERMODYNAMICS, by J. Parker,
M.A., Fellow of St John's College, Cambridge. Crown 8vo.

\Immediately.

A TREATISE ON ANALYTICAL STATICS, by
E. J. Routh, Sc.D., F.R.S., Fellow of the University of London,
Honorary Fellow of Peterhouse, Cambridge. Vol.1. DemySvo. 14s.

A CATALOGUE OF THE PORTSMOUTH COL-
LECTION OF BOOKS AND PAPERS written by or belonging

to Sir Isaac Newton. Demy 8vo. 5.?.

A TREATISE ON NATURAL PHILOSOPHY. By
Sir W. Thomson, LL.D., D.C.L., F.R.S., and P. G. Tait, M.A.

Parti. DemySvo. 16s. Part II. DemySvo. iSs.

ELEMENTS OF NATURAL PHILOSOPHY. By Pro-

fessors Sir W. Thomson and P. G. Tait. Demy 8vo. gs.

An ELEMENTARY TREATISE ON QUATERNIONS.
By P. G. Tait, M.A. xrd Edition. Enlarged. DemySvo. iSj.

AN ATTEMPT TO TEST THE THEORIES OF
CAPILLARY ACTION, by FRANCIS Bashforth, B.D., and

T. C. Adams, M.A, F.R.S. Demy 410. £\. \s.

A REVISED ACCOUNT OF THE EXPERIMENTS
MADE WITH THE BASHFORTH CHRONOGRAPH to find

the Resistance of the Air to the Motion of Projectiles, with the

application of the Results to the Calculation of Trajectories accord-

ing to T. Bernoulli's method by F. Bashforth, B.D. DemySvo. 12s

A TREATISE ON THE THEORY OF DETERMI-
NANTS and their appUcations in Analysis and Geometry, by R. F.

Scott, M.A., Fellow of St John's College. Demy Svo. 12s.

HYDRODYNAMICS, a Treatise on the Mathematical

Theory of the Motion of Fluids, by H. Lamb, M.A. Demy Svo. 12s.

THE ANALYTICAL THEORY OF HEAT, by Joseph

Fourier Translated, with Notes, by A. Freeman, M.A., formerly

Fellow of St John's College, Cambridge. Demy Svo. 12J.

THE ELECTRICAL RESEARCHES OF THE Hon. H.

Cavendish, F.R.S. Written between 177 1 f^d 1781- Ed'ted from

the original MSS. in the possession of the Duke of Devonshire, K. G.,

by the late J.
Clerk Maxwell, F.R.S. Demy Svo. i8s.

London : C. J. Clay &- Sons, Cambridge University Press Warehouse,

Ave Maria Lane.
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PRACTICAL WORK AT THE CAVENDISH LABORA-
TORY. HEAT. Edited by W. N. Shaw, M.A. Demy 8vo. 3J.

A TREATISE ON THE GENERAL PRINCIPLES OF
CHEMISTRY, by M. M. Pattison Muir, M.A. Second Edition.
Demy 8vo. 15J.

"The value of the book as a digest of the Lothar Meyer ; but in this country the student

historical developments of chemical thought has had to content himself with such works as

is immense."

—

Acadefny. Dr Tilden's ' Introduction to Chemical Philo-
" Theoretical Chemistry has moved so rapidly sophy ', an admirable book in its way, but rather

of late years that most of our ordinary text slender. Mr Pattison Muir having aimed at a

books have been left far behind. German more comprehensive scheme, has produced a
students, to be sure, possess an excellent guide systematic treatise on the principles of chemical
to the present state of the science in 'Die philosophy which stands far in advance of anj

Modemen Theorien der Chemie' of Prof. kindred work in our language,"

—

Athefueum.

ELEMENTARY CHEMISTRY. By M. M. Pattison
Muir, M.A., and Charles Slater, M.A., M.B. Crown 8vo. 4J-. dd.

PRACTICAL CHEMISTRY. A Course of Laboratory
Work. By M. M. Pattison Muir, M.A., and D. J. Carnegie, M.A.
Crown 8vo. 3^.

NOTES ON QUALITATIVE ANALYSIS. Concise and
Explanatory. By H. J. H. Fenton, M.A., F.I.C., Demonstrator of

Chemistry in the University of Cambridge. Cr. 4to. New Edition. 6s.

LECTURES ON THE PHYSIOLOGY OF PLANTS,
by S. H. Vines, Sc.D., Professor of Botany in the University of

Oxford. Demy 8vo. With Illustrations. 2IJ-.

" To say that Dr Vines* book is a most In erudition it stands alone among English
valuable addition to our own botanical litera- books, and will compare favourably with any
ture is but a narrow meed of praise : it is a foreign competitors."

—

Nature.
work which will take its place as cosmopolitan : "The work forms an important contribu-

no more clear or concise discussion of the difii- tion to the literature of the subject It will be
cult chemistry of metabolism has appeared.... eagerly welcomed by all students."

—

Academy.

A SHORT HISTORY OF GREEK MATHEMATICS.
By J. Gow, Litt.D., Fellow of Trinity College. Demy Svo. 10s. 6d.

DIOPHANTOS OF ALEXANDRIA; a Study in the
History of Greek Algebra. By T. L. Heath, M.A., Fellow of
Trinity College, Cambridge. Demy Svo. 7.f. 6d.

"Thisstudy in the history of Greek Algebra "The most thorough account extant of
is an exceedingly valuable contribution to the Diophantus's place, work, and critics."

—

history of mathematics."

—

Academy. Aihetusunt.

THE MATHEMATICAL WORKS OF ISAAC BAR-
ROW, D.D. Edited by W. Whewell, D.D. Demy Svo. ys. 6d.

THE FOSSILS AND PALiEONTOLOGICAL AFFIN-
ITIES OF THE NEOCOMIAN DEPOSITS OF UPWARE
AND BRICKHILL with Plates, being the Sedgwick Prize Essay
for 1879. By the late W. Keeping, M.A. Demy Svo. los. 6d.

CATALOGUE OF TYPE FOSSILS IN THE WOOD-
WARDIAN MUSEUM, CAMBRIDGE. By H. Woods, B.A.,
F.G.S., of St John's College, with Preface by Professor T. M'Kennv
Hughes. Demy 8vo. [/« the Press.

THE ORIGIN OF METALLIC CURRENCY AND
WEIGHT STANDARDS. By W. Ridgeway, M.A., Professor of
Greek, Queen's College, Cork, and late Fellow of Gonville and Caius
College. [/„ t^g Press.

London : C. J. Cla y &> Sons, Cambridge University Press Warehouse,
Ave Maria Lane.
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THE BALA VOLCANIC SERmS~o7^AERNAR-
VONSHIRE AND ASSOCIATED ROCKS, being thfsedgwkk

bt John s College. Demy 8vo. -js. 6d.
A CATALOGUE OF BOOKS AND PAPERS ON PRO-TOZOA CCELENTERATES, WORMS, and certain smaller groupsof animals, published during the years 1861—1883, by D'Arcy WThompson, M.A. Demy8vo. 12^ 6a'.

.>,
uj' ^^^kl-k w.

STUDIES FROM THE MORPHOLOGICAL LABO-RATORY IN THE UNIVERSITY OF CAMBRIDGE. Editedby Adam Sedgwick, M.A., Fellow and Lecturer of Trinity College,
Cambridge Vol. II. Part I. Royal 8vo. .0.. Vol. I L Part III
75. 6d. Vol. III. Part I. 7s.6d. Vol. III. Part II. 7s. 6d. Vol IV
fr^r^/^'^^-,^'^- X°'-

^^- P'^'"' "• 1°^- Vol. IV. Part III. 5^:
Vol. V. Part I. 7J. 6d.

^

ASTRONOMICAL OBSERVATIONS made at the Obser-
vatory of Cambridge by the late Rev. J. Challis, M.A. from 1846
to i860. ^

ASTRONOMICAL OBSERVATIONS from 1861 to 1865.
Vol. XXI. Royal 4to. 15^-. From 1866 to 1869. Vol. XXII
Royal 4to. 155. Vol. XXIII. \In the PressA CATALOGUE OF THE COLLECTION OF BIRDS
formed by the late H. E. Strickland, now in the possession of the
University of Cambridge. By O. Salvin, M.A. DemySvo. /i \sA CATALOGUE OF AUSTRALIAN FOSSILS, Strati-
graphically and Zoologically arranged, by R. Etheridge, Tun.,
F.G.S. Demy 8vo. 10s. 6d. '

J
>

ILLUSTRATIONS OF COMPARATIVE ANATOMY
VERTEBRATE AND INVERTEBRATE, for the Use of Stu-
dents in the Museum of Zoology and Comparative Anatomy. Second
Edition. Demy 8vo. 2j. 6d.

A CATALOGUE OF THE COLLECTION OF CAM-
BRIAN AND SILURIAN FOSSILS contained in the Geological
Museum of the University of Cambridge, by J. W. Salter, F.G.S.
With a Portrait of Professor Sedgwick. Royal 410. 7J-. 6d.

CATALOGUE OF OSTEOLOGICAL SPECIMENS con-
tained in the Anatomical Museum of the University of Cambridge.
Demy 8vo. 2s. 6d.

See also Pitt Press Mathematical Series, p. 43.

LAW.
ELEMENTS OF THE LAW OF TORTS. A Text-book

for Students. By Melville M. Bigelow, Ph.D., Lecturer in the
Law School of the University of Boston, U.S.A. Crown 8vo. loj. 6d.

*' It is based on the original American edition, showing great grasp of subject ... A verj' full

but it is an English Text-book with pngHsh index enhances the value of this book, which
authorities and statutes and illustrations sub- should take a prominent place among the really

stituted very generally for the American . . , The trustworthy text-books for the use of students."

—

style is easy and lucid, though condensed, La-w Titnes.

TABLES SHEWING THE DIFFERENCES BETWEEN
ENGLISH AND INDIAN LAW. By Sir Roland Knyvet
Wilson, Bart., M.A., LL.M. Demy 410. \s.

London : C. J. Cla y Sr' Sons, Cambridge University Press Warehouse,
Ave Maria Lane.
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A SELECTION OF CASES ON THE ENGLISH LAW
OF CONTRACT. By Gerard Brown Finch, M.A., of Lincoln s

Inn, Barrister at Law. Royal 8vo. 28j.

"An invaluable fcuide towards the best method of legal study."

—

Law Quarterly
Review.

LAND IN FETTERS. Being the Yorke Prize Essay for

1885. By T. E. SCRUTTON, M.A. Demy 8vo. 7j. td.

COMMONS AND COMMON FIELDS, OR THE HIS-
TORY AND POLICY OF THE LAWS RELATING TO
COMMONS AND ENCLOSURES IN ENGLAND. Being the

Yorke Prize Essay for 1886. By T. E. SCRUTTON, M.A. lOJ. dd.

HISTORY OF THE LAW OF TITHES IN ENGLAND.
Being the Yorke Prize Essay for 1887. By W. Easterby, B.A., LL.B.,

St John's College and the Middle Temple. Demy 8vo. yj. bd.

HISTORY OF LAND TENURE IN IRELAND. Being
the Yorke Prize Essay for 1888. By W. E. Montgomery, M.A.,

LL.M. Demy 8vo. \os. 6d.

AN HISTORICAL SKETCH OF THE EQUITABLE
JURISDICTION OF THE COURT OF CHANCERY. Being
the Yorke Prize Essay for 1889. By D. M. Kerly, M.A., St John's
College. Demy 8vo. 12s. 6d.

THE HISTORY OF THE LAW OF PRESCRIPTION
IN ENGLAND. Being the Yorke Prize Essay of the University
of Cambridge for 1890. By T. A. HERBERT, B.A., LL.B., of the

Inner Temple, Barrister at Law. Demy 8vo. los.

AN ANALYSIS OF CRIMINAL LIABILITY. By E. C.
Clark, LL.D., Regius Professor of Civil Law in the University of Cam-
bridge, also of Lincoln's Inn, Barrister-at-Law. Crown 8vo. ys. 6d.

PRACTICAL JURISPRUDENCE, a Comment on Austin.
By E. C. Clark, LL.D. Crown 8vo. gs.

"Damit schliesst dieses inhaltreiche und tical Jurisprudence.*'

—

Kontg. Ceriiraiiiattyur
nach alien Seiten anregende Buch uber Prac- Rechtswissenschaft.

A SELECTION OF THE STATE TRIALS. By J. W.
Willis-Bund, M.A., LL.B., Professor of Constitutional Law and
History, University College, London. Crown 8vo. Vols. I. and II,

In 3 parts. Now reduced to 30s. {originallypublished at 46^-.)

"This work is a very useful contribution to growth and development of the law of treason,
that importent branch of the constitutional his- as it may be gathered from trials before the
tory of England which is concerned with the ordinary courts."

—

The Academy.

BRACTON'S NOTE BOOK. A Collection of Cases de-
cided in the King's Courts during the reign of Henry the Third,
annotated by a Lawyer of that time, seemingly by Henry of Bratton.
Edited by F. W. Maitland of Lincoln's Inn, Barrister at Law,
Downing Professor of the Laws of England. 3 vols. Demy 8vo.
Buckram. ;^3. y. Net.

THE SCIENCE OF INTERNATIONAL LAW, being a
general sketch of the historic basis of the rules observed by states
in their normal and abnormal relations in the past and the present.
By Thomas Alfred Walker, M.A., LL.M. of the Middle Temple

;

Fellow of Peterhouse, Cambridge, sometime Lightfoot Scholar and
Senior Whewell Scholar for International Law. Demy 8vo.

\Nearly ready.

London : C. J . Cla y (St* Sons, Cambridge University Press Warehouse,
Ave Maria Lane.
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THE FRAGMENTS OF THE PERPETUAL EDICT
OF SALVIUS JULIANUS, collected, arranged, and annotated by
Bryan Walker, M.A.,LL.D., late Law Lecturer of St John's College,
and Fellow of Corpus Christi College, Cambridge. Crown 8vo. ts.

' In the present book we have the fruits of such a student will be interested aswellasper-
the same kmd of thorough and well-ordered haps surprised to find how abundantly the ex-
study whrch was brought to bear upon the notes tant fragments illustrate and clear up points

au Conimentanes and the Institutes . . . which have attracted his attention in the Com-
Hitherto the Edict has been almost inac- mentaries, or the Institutes, or the Digest "—
cessible to the ordinary English student, and Law Times

AN INTR.ODUCTION TO THE STUDY OF JUS-
TINIAN'S DIGEST. Containing an account of its composition
and of the Jurists used or referred to there'in. By Henry John
ROBY, M.A., formerly Prof, of Jurisprudence, University College,
London. Demy 8vo. gs.

JUSTINIAN'S DIGEST. Lib. VII., Tit. I. De Usufructu,
with a Legal and Philological Commentary. By H, J. RoBY, M.A,
Demy 8vo. gs.

Or the Two Parts complete in One Volume. Demy 8vo. i8s.
"Not an obscurity, philological, historical, whose decisions and arguments constitute its

or legal, has been left unsifted. More inform- substance. Nowhere else can a clearer view
ing aid still has been supplied to the student of be obtained of the personal succession by which
the Digest at large by a preliminary account, the tradition of Roman legal science was sus-
covering nearly 300 pages, of the mode of tained and developed."

—

The Times.
composition of the Digest, and of the jurists

THE COMMENTARIES OF GAIUS AND RULES OF
ULPIAN. With a Translation and Notes, by J. T. Aedy, LL.D.,
Judge of County Courts, late Regius Professor of Laws in the
University of Cambridge, and the late Bryan Walker, M.A., LL.D.,
New Edition by Bryan Walker. Crown 8vo. i6j.

"As scholars and as editors Messrs Abdy way of reference or necessary explanation,

and Walker have done their work well . . . For Thus the Roman jurist is allowed to speak for

one thing the editors deserve special commen- himself, and the reader feels that he is really

dation. They have presented Gaius to the studying Romau law in the original, and not a
reader with few notes and those merely by fanciful representation of it."

—

Athenautn-

THE INSTITUTES OF JUSTINIAN, translated with
Notes by J. T. Abdy, LL.D., and the late Bryan Walker, M.A.,
LL.D. Crown 8vo. i6^.

"We welcome here a valuable contribution the ordinary student, whose attention is dis-

to the study of jurisprudence. The text of the traded from the subject-matter by the dif-

Insiituies is occasionally perplexing, even to ficulty of struggling through the language in

practised scholars, whose knowledge of clas- which it is contained, it will be almost indis-

sical models does not always avail them in pensable."

—

Spectator,

dealing with the technicalities of legal phrase- "The notes are learned and carefully com-

ology. Nor can the ordinary dictionaries be piled, and this edition will be found useful to

expected to furnish all the help that is wanted. students."

—

Law Times.

This translation will then be of great use. To

SELECTED TITLES FROM THE DIGEST, annotated

by the late B. Walker, M.A., LL.D. Part L Mandati vel Contra.

Digest XVII. I. Crown 8vo. Sj.

Part IL De Adquirendo rerum dominio and De Adquirenda vel

amittenda possessione. Digest xli. i and ll. Crown 8vo. 6j.

Part III. De Condictionibus. Digest xil. i and 4—7 and Digest

XIII. I— 3. Crown 8vo. 6j.

DIGEST XIX. 2, LOCATI CONDUCTI. Translated

with Notes by C. H. Monro, M.A., Fellow of Gonville and Caius

College. Crown 8vo. INearly ready.

GROTIUS DE JURE BELLI ET PACIS, with the Notes

of Barbeyrac and others ; accompanied by an abridged Translation

of the Text, by W. Whewell, D.D. late Master of Trinity College.

3 Vols. Demy 8vo. I2J. The translation separate, 6.r.

London : C. J. Cla V 6-" Sons, Cambridge University Press Warehouse,

Ave Maria Lane.
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HISTORICAL AND BIOGRAPHICAL WORKS, &c.

THE LIFE AND LETTERS OF THE REVEREND
ADAM SEDGWICK, LL.D., F.R.S., Fellow of Trinity College,

Cambridge, and Woodwardian Professor of Geology from 1818 to

1873. (Dedicated, by special permission, to Her Majesty the Queen.)
By John Willis Clark, M.A., F.S.A., formerly Fellow of Trinity

College, and Thomas M^Kenny Hughes, M.A., Woodwardian
Professor of Geology. 2 vols. Demy 8vo. 36J.

*' Beyond question, the principal book of the his simplicity, his piety, his kindliness, his un-
present week (June 20, 1890) is the Life and tidiness, his playful humour, his prejudices and
Letters of the Reverend Adam Sedgwick."

—

his enthusiasms, we have no words save of
Times, praise ; and we trust that these two sumptuous

*' Sedgwick has been fortunate in having the volumes will long keep green the memory of
story of his life told b/ two men, both of whom one of the last and greatest of that remarkable
knew him intimately, and who have spared no company of great men who were the pride and
pains to set his gracious personality as well as glory of Trinity College during the earlier years

his scientific work clearly before their readers. of the present century.''

—

Saturday Review.
...For the picture given us of the man himself.

LIFE AND TIMES OF STEIN, OR GERMANY AND
PRUSSIA IN THE NAPOLEONIC AGE, by J. R. Seeley,
M.A., Regius Professor of Modern History in the University of

Cambridge, with Portraits and Maps. 3 Vols. Demy 8vo. 30J'.
" Dr Busch's volume has made people think feel very pardonable pride at seeing one of

and talk even more than usual of Prince L!is- their countrymen undertake to write the his-

niarck,andProfessorSeeley'svery learnedwork tory of a period from the investigation of
on Stein will turn attention to an earlier and an which even laborious Germans are apt to

almost equally eminent German statesman.,,, shrink,"

—

Times.
He was one, perhaps the chief, of the illus- " In a notice of this kind scant justice can
trious group of strangers who came to the be done to a work like the one before us ; no
rescue of Prussia in her darkest hour, about short risumi can give even the most meagre
the time of the inglorious Peace of Tilsit, and notion of the contents of these volumes, which
who laboured to put life and order into her contain no page that is superfluous, and none
dispirited army, her impoverished finances, and that is uninteresting,"

—

AtheneEutn.
her inefficient Civil Service. Englishmen will

THE GROWTH OF BRITISH POLICY, by J. R. Seeley,
M.A. [/« the Press.

THE COLLECTED PAPERS OF HENRY BRAD-
SHAW, including his Memoranda and Communications read before
the Cambridge Antiquarian Society. With 13 facsimiles. Edited
by F. J. H. JENKINSON, M.A., Fellow of Trinity College. Demy
8vo. \i)S.

MEMORIALS OF THE LIFE OF GEORGE ELWES
CORRIE, D.D., formerly Master of Jesus College, Cambridge
Edited by M. HOLROYD. Demy 8vo. 12J'.

THE DESPATCHES OF EARL GOWER, English Am-
bassador at the court of Versailles from June 1790 to August 1792,
to which are added the Despatches of Mr Lindsay and Mr Munro,
and the Diary of Lord Palmerston in France during July and
August 1791. Edited by Oscar Browning, M.A. DemySvo. 15J.

THE GROWTH OF ENGLISH INDUSTRY AND
COMMERCE DURING THE EARLY AND MIDDLE AGES.
By W. Cunningham, D.D., Fellow of Trinity College, Cambridge.
Demy 8vo. 16^.

" Dr Cunningham's book is one of excep- marshalling the varied facts in the vast field
tional interest and usefulness. It cannot be which has been traversed, and by singular
too highly praised. It is characterised by re- clearness and felicity of expression."

—

Scots-
search and thought, by a remarkable power of nia7i.

THE GROWTH OF ENGLISH INDUSTRY AND
COMMERCE IN MODERN TIMES. By the same Author.
Demy 8vo, [/« the Press.

London : C. J . Cla y fir» Sons, Cambridge University Press Warehouse,
Ave Maria Lane.
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THE ARCHITECTURAL HISTORY OF THE UNI-
VERSITY OF CAMBRIDGE AND OF THE COLLEGES OF
CAMBRIDGE AND ETON, by the late Robekt Willis, M.A.
F.R.S., Jacksonian Professor in the Unive^sity of Cambridge. Edited
with large Additions and brought up to the present time by John
Willis Clark, M.A, formerly Fellow of Trinity College, Cam-
bridge. Four Vols. Super Royal 8vo. £b. 6s.

ifVlso a limited Edition of the same, consisting of 120 numbered
Copies only, large paper Quarto ; the woodcuts and steel engravings
mounted on India paper

;
price Twenty-five Guineas net each set.

THE UNIVERSITY OF CAMBRIDGE FROM THE
EARLIEST TIMES TO THE ROYAL INJUNCTIONS OF
IS3S> by J. B. Mullinger, M.A, Lecturer on History and Librarian
to St John's College. Part I. Demy 8vo. (734 pp.), 12^.

Part II. From the Royal Injunctions of 1535 to the Accession of
Charles the First. Demy 8vo. 18s.

" He shews in the statutes of the Colleges, "Mr Mullinger displays an admirable
the internal organization of the Universit)', its thoroughness in his work. Nothing could be
connection witb national problems, its studies, more exhaustive and conscientious than his

its social life. All this he combines in a method: and his style. ..is picturesque and
form which is eminently readable."— Prof. elevated."

—

Times.
Creighton in Cont. Review.

SCHOLAR ACADEMICAE: some Account of the Studies
at the English Universities in the Eighteenth Century. By C.

Wordsworth, M.A., Fellow of Peterhouse. Demy 8vo. los. 6d.

*'Mr Wordsworth has coUected a great ... To a great extent it is purely a book of re-

quantity of minute and curious information ference, and as such it will be of permanent

about the working of Cambridge institutions in value for the historical knowledge of English

the last century, with an occasional comparison education and learning."

—

Saturday Review.

of the corresponding state of things at Oxford.

HISTORY OF THE COLLEGE OF ST JOHN THE
EVANGELIST, by Thomas Baker, B.D., Ejected Fellow. Edited

by John E. B. Mayor, M.A. Two Vols. Demy 8vo. 24^.

A HISTORY OF EPIDEMICS IN BRITAIN. Vol. I.

From A.D. 664 to the extinction of Plague in 1666. By Charles
Creighton, M.D., M.A., formerly Demonstrator of Anatomy in the

University of Cambridge. Demy 8vo. U>i the Press.

CHRONOLOGICAL TABLES OF GREEK HISTORY.
Accompanied by a short narrative of events, with references to the

sources of information and extracts from the ancient authorities, by

Carl Peter. Translated from the German by G. Chawner,

M.A, Fellow of King's College, Cambridge. Demy 4to. los.

THE CONSTITUTION OF CANADA. By J. E. C.

MUNRO, LL.M., Professor of Law and Pohtical Economy at Vic-

toria University, Manchester. Demy 8vo. los.

HISTORY OF NEPAL, translated by MUNSHI Shew
Shunker Singh and Pandit ShrI Gunanand ;

edited with an

Introductory Sketch of the Country and People by Dr D. Wright,

late Residency Surgeon at Kathmandu, and with facsimiles of native

drawings, and portraits of Sir JUNG Bahadur, the King of Nepal,

&c. Super-royal 8vo. los. bd.

London: C. J. Clay ^^ Sons, Cambridge University Press Warehouse,

Ave Maria Lane.
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KINSHIP AND MARRIAGE IN EARLY ARABIA,
by W. Robertson Smith, M.A., LL.D., Professor of Arabic and
Fellow of Christ's College. Crown 8vo. Ts. 6d.

"It would be superfluous to praise a book early history can afford to be without JCinsht^
so learned and masterly as Professor Robertson in Early Arabia"—Nature.
Smith's ; it is enough to say that no student of

TRAVELS IN ARABIA DESERTA IN 1876 AND
1877. By Charles M. Doughty, of Gonville and Caius College.

With Illustrations and a Map. 2 vols. Demy 8vo. ^3. 3J.

"This is in several respects a remarkable with more enthusiasm and love."

—

Times.
book. It records the ten years' travels of the "We judge this book to be the most re-

author throughout Northern Arabia, in the markable record of adventure and research
Heias and Nejd, from Syria to Mecca. No which has been published to this generation."
doubt this region has been visited by previous —Spectator.
travellers, but none, we venture to think, have " Its value as a storehouse of knowledge
done their work with so much thoroughness or cannot be exaggerated."

—

Saturday Review,

A JOURNEY OF LITERARY and ARCHAEOLOGICAL
RESEARCH IN NEPAL AND NORTHERN INDIA, during
the Winter of 1884-5. By Cecil Bendall, M.A., Professor of

Sanskrit in University College, London. Demy 8vo. 10s.

CAMBRIDGE HISTORICAL ESSAYS.

POLITICAL PARTIES IN ATHENS DURING THE
PELOPONNESIAN WAR, by L. Whibley, M.A., Fellow of
Pembroke College, Cambridge. (Prince Consort Dissertation, 1888.)
Second Edition. Crown 8vo. is. 6d.

POPE GREGORY THE GREAT AND HIS RELA-
TIONS WITH GAUL, by F. W. Kellett, M.A., Sidney Sussex
College. (Prince Consort Dissertation, 1888.) Crown 8vo. 2s. 6d.

THE CONSTITUTIONAL EXPERIMENTS OF THE
COMMONWEALTH, (Thirlwall Prize Essay, 1889), by E. JENKS,
M.A., LL.B., Fellow of King's College, Cambridge. Crown 8vo. 2s. 6d.

ON ELECTION BY LOT AT ATHENS, by J. W.
Headlam, M.A., Fellow of King's College, Cambridge. (Prince
Consort Dissertation, 1890.) Crown 8vo. 2s. 6d.

THE DESTRUCTION OF THE SOMERSET RELI-
GIOUS HOUSES AND ITS EFFECTS. By W. A. J. Arch-
BOLD, B.A., LL.B., Peterhouse, Cambridge. (Prince Consort
Dissertation, 1890.) Crown 8vo. [Nearly ready.

THE EARLY HISTORY OF FRISIA, with special rela-
tion to its Conversion. By W. E. Collins, B.A., Selwyn College,
Cambridge. (Prince Consort Dissertation, 1890.) Crown 8vo.

{Preparing.

THE INFLUENCE AND DEVELOPMENT OF
ENGLISH GILDS. (Thirlwall Prize Essay, 1891.) By F. Aidan
Hibbert, B.A., St John's College. [/« the Press.

London : C. J. Cla y &-• Sons, Cambridge University Press Warehouse,
Ave Maria Lane.



THE CAMBRIDGE UNIVERSITY PRESS. 25

ART, &c.

THE ENGRAVED GEMS OF CLASSICAL TIMES,
with a Catalogue of the Gems in the Fitzwilliam Museum, by
J. Henry Middleton, M.A., Slade Professor of Fine Art. Royal
8vo. Buckram, \is. 6d.

A CATALOGUE OF ANCIENT MARBLES IN GREAT
BRITAIN, by Prof. Adolf Michaelis. Translated by C. A. M.
Fennell, Litt. D. Royal 8vo. Roxburgh (Morocco back), £2. 2s.

"The book isbeautifully executed, and with grateful to the Syndics of the University Press
itsfew handsome plates, and excellent indexes, for the liberal facilities afforded by them to-
does much credit to the Cambridge Press. All wards the production of this important volume
lovers of true art and of good work should be by Professor Michaelis."—Saiuriiay Review.

COUNTERPOINT. A Practical Course of Study, by the
late Professor Sir G. A. Macfarren, M.A., Mus. Doc. New
Edition, revised. Crown 410. Ts. bd.

THE LITERARY REMAINS OF ALBRECHT DURER,
by W. M. Conway. With Transcripts from the British Museum
MSS., and Notes by Lina Eckenstein. Royal 8vo. 2\s. {The
Edition is limited to 500 copies^

THE TYPES OF GREEK COINS. By Percy Gardner,
Litt. D., F.S.A. With 16 Autotype plates, containing photographs of
Coins of all parts of the Greek World. Impl. 4to. Cloth extra,

£\. 1 1 J. ()d.; Roxburgh (Morocco back), £2. 2s.

"Professor Gardner's book is written with be distinctly recommended to that omnivorous
such lucidity and in a manner so straightfor- class of readers—'men in the schools'."

—

Sa-
ward that it may well win converts, and it may turday Review.

AN INTRODUCTION TO GREEK EPIGRAPHY.
Part I. The Archaic Inscriptions and the Greek Alphabet by E. S.

Roberts, M.A., Fellow and Tutor of Gonville and Caius College.

Demy 8vo. With illustrations. i8j.

'* We will say at once that Mr Roberts ap- notices bearing on each document. Explana-
pears to have done his work very well. The tory remarks either accompany the text or are

book is clearly and conveniently arranged. added in an appendix. To the whole is pre-

The inscriptions are naturally divided accord- fixed a sketch of the history of the alphabet up
ing to the places to which they belong. Under to the terminal date. At the end the result is

each head are given illustrations sufficient to resumed in general tables of all the alphabets,

show the characteristics of the writing, one classified according to their connexions; and a
copy in letters of the original form (sometimes separate table illustrates the alphabet of Athens.

a facsimile) being followed by another in the The volume contains about five hundred in-

usual cursive. References, which must have scriptions, and forms a moderate octavo of about

cost great labour, are given to the scattered four hundred pages."

—

Saturday Review,

ESSAYS ON THE ART OF PHEIDIAS. By C. Wald-
STEIN, Litt. U,, Phil. D., Reader in Classical Archasology in the

University of Cambridge. Royal 8vo. i6 Plates. Buckram, 30J.

" His book will be universally welcomed as " 'Essays on the Art of Pheidias' form an

a very valuable contribution towards a more extremely valuable and important piece of

thoroughknowledgeof the style of Pheidias."

—

work. . . . Taking it for the illustrations alone,

The AcadeTny. it is an exceedingly fascinating book."

—

Times,

THE WOODCUTTERS OF THE NETHERLANDS
during the last quarter of the Fifteenth Century. In 3 parts. I. His-

tory of the Woodcutters. II. Catalogue of their Woodcuts. III. List of

Books containing Woodcuts. By W. M. Conway. Demy 8vo. \os. 6d.

London: C. J. Clay &= Sons, Cambridge University Press IVarehouse,

Ave Maria Lane.
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MISCELLANEOUS.
GRAY AND HIS FRIENDS. Letters and Relics in great

parthitherto unpublished. By Rev. D. C. TOVEY, M.A. Crown 8vo. 6^.

ERASMUS. The Rede Lecture, delivered in the Senate-
House, Cambridge, June ii, 1890, by R. C. Jebb, Litt.D., Regius
Professor of Greek. Cloth, 2s. Paper Covers, \s.

NATURAL RELIGION IN INDIA. The Rede Lecture
delivered in the Senate-House on June 17, 1891, by Sir ALFRED
Lyall, K.C.B., K.C.I.E. Cloth, zs. Paper covers, \s.

FROM SHAKESPEARE TO POPE: an Inquiry into
the causes and phenomena of the rise of Classical Poetry in England.
Bv Edmund Gosse, M.A. Crown 8vo. 6^.

THE LATIN HEPTATEUCH. Published piecemeal by
the French printer William Morel (1560) and the French Bene-
dictines E. Martene (1733) and J. B. Pitra (1852—88). Critically

reviewed by JOHN E. B. Mayor, M.A. Demy 8vo. \os. 6d.

A LATIN-ENGLISH DICTIONARY. Printed from the
(Incomplete)MS. of thelateT. H. Key, M.A., F.R.S. Cr.4to. 3IJ. 6^".

CONTRIBUTIONS TO THE TEXTUAL CRITICISM
OF THE DIVINA COMMEDIA. Including the complete col-

lation throughout the Inferno of all the MSS. at Oxford and Cam-
bridge. By the Rev. EDWARD MooRE, D.D. Demy 8vo. 21s.

" By far the most important and scholar-like work which has yet appeared on the subject."

—

Guardian,

LIBER NIGER : The Black Book, with other Customs and
Statutes of the Church of Lincoln arranged by Henry Bradshaw,
M.A., late Fellow of King's College Cambridge and University
Librarian. Edited from the papers of the Author, by C. Words-
worth, M.A. Demy 8vo. {Nearly ready.

EIGHTEEN YEARS OF UNIVERSITY EXTENSION.
By R. D. Roberts, M.A., D.Sc, Organizing Secretary for Lectures
to the Local Examinations and Lectures Syndicate. With Map.
Crown 8vo. is.

TOWN AND GOWN. Five Years' Work in St George's,
Camberwell. By J. Tetley Rowe, M.A., Trinity College, Missioner,
with Preface by the Rev. H. Montagu Butler, D.D., Master of
Trinity College. Crown 410. with Illustrations, is.

STUDIES IN THE LITERARY RELATIONS OF
ENGLAND WITH GERMANY IN THE SIXTEENTH
CENTURY. By C. H. Herford, M.A. Crown 8vo. ^s.

RHODES IN ANCIENT TIMES. By Cecil Torr, M.A.
With six plates. Demy 8vo. 10s. 6d.

RHODES IN MODERN TIMES. By the same Author.
With three plates. Demy 8vo. 8^.

THE LITERATURE OF THE FRENCH RENAIS-
SANCE. An Introductory Essay. By A. A. Tilley, M.A. Cr. 8vo. 6s.

CHAPTERS ON ENGLISH METRE. By Rev. Joseph
B. Mayor, M.A. Demy 8vo. ys. td.

A GRAMMAR OF THE IRISH LANGUAGE. By Prof.
WiNDISCH. Translated by Dr NoRMAN MoORE. Crown 8vo. 7s. 6d.

.London : C. J. Cla y &» Sons, Cambridge University Press Warehouse,
Ave Maria Lane.
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LECTURES ON TEACHING, delivered in the University
of Cambridge in the Lent Term, 1880. By J. G. Fitch, M.A., LL.D.
Her Majesty's Inspector of Training Colleges. Cr. 8vo. New Edit. <,s.

" Mr Fitch's book covers so wide a field best existing vade mecum for the teacher "—
and touches on so many burning questions that Pall Mall Gazette.
we must be content to recommend it as the

LECTURES ON THE GROWTH AND MEANS OF
TRAINING THE MENTAL FACULTY, delivered in the Univer-
sity of Cambridge. ByF. Warner, M.D.,F.R.C.P. Cr. 8vo. i^. 6d.

LECTURES ON LANGUAGE AND LINGUISTIC
METHOD IN THE SCHOOL, delivered in the University of
Cambridge. By S. S. Laurie, M.A., LL.D. Crown 8vo. 4s.

OCCASIONAL ADDRESSES ON EDUCATIONAL
SUBJECTS. By S. S. LAURIE, M,A., LL.D. Crown 8vo. 5^.

A MANUAL OF CURSIVE SHORTHAND. By H. L.
Callendar, M.A., Fellow of Trinity College. Ex. Fcap. 8vo. 2s.

A SYSTEM OF PHONETIC SPELLING ADAPTED
TO ENGLISH. By H. L. Callendar, M.A. Ex. Fcap. 8vo. 6d.

A PRIMER OF CURSIVE SHORTHAND. By H. L.
Callendar, M.A. Ex. Fcap. 8vo. 6d.

A MANUAL OF ORTHOGRAPHIC CURSIVE
SHORTHAND. The Cambridge System. By H. L. Callendar,
M.A. Ex. Fcap. 8vo. is.

ESSAYS FROM THE SPECTATOR IN CURSIVE
SHORTHAND. By H. L. Callendar, M.A. Ex. Fcap. 8vo. 6d.

READING PRACTICE IN CURSIVE SHORTHAND.
Easy Extracts for Beginners. The Gospel according to St Mark,
(First half). The Vicar of Wakefield. Chaps. I.—V. Alice in

Wonderland. Chap. VII. ^d. each.

RANDOM EXERCISES IN FRENCH GRAMMAR,
Homonyms and Synonyms for Advanced Students, by L. BOQUEL,
Lecturer at Emmanuel and Newnham Colleges. Crown 8vo. 3^. 6d.

KEY to the above by the same. Crown 8vo. 10s. 6d. (net).

EXERCISES IN FRENCH COMPOSITION for Ad-
vanced Students. By the same. Demy 8vo. ^s. 6d. (net).

For other books on Education, see Pitt Press Series, pp. 42, 43.

ADMISSIONS TO GONVILLE AND CAIUS COLLEGE
in the University of Cambridge March 1558—9 to Jan. 1678—9.

Edited by J. Venn, Sc.D., and S. C. Venn. Demy 8vo. \os.

ECCLESIAE LONDINO- BATAVAE ARCHIVVM.
ToiMVS Primvs. Abrahami Ortelii et virorum eruditorum ad
eundem et ad Jacobvm Colivm Ortelianvm Epistulae, 1524—
1628. TOMVS Secvndvs. EPISTVLAE ET TRACTATVS cum
Reformationis tum Ecclesiae Londino-Batavae Historiam lUustrantes

1544— 1622. Ex autographis mandante Ecclesia Londino-Batava
edidit JOANNES Henricvs Hessels. Demy 4to. Each volume,
separately, ;£3. IOJ-. Taken together ^{^5. 5^. Net.

AN EIGHTH CENTURY LATIN-ANGLO-SAXON
GLOSSARY preserved in the Library of Corpus Christi College,

Cambridge. Edited by J. H. Hessels. Demy 8vo. los.

London : C. y. Cla v &» Sons, Cambridge University Press Warehouse,
Ave Maria Lane.
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CATALOGUE OF THE HEBREW MANUSCRIPTS
preserved in the University Library, Cambridge. By the late Dr S. M.
SCHILLER-SZINESSY. Volume I. containing Section I. The Holy
Scriptures; Section II. Commentaries on the Bible. Demy 8vo. 9^.

A CATALOGUE OF THE MANUSCRIPTS preserved
in the Library of the University of Cambridge. Demy 8vo. 5 Vols,
loj. each. INDEX TO THE CATALOGUE. Demy 8vo. ioj.

A CATALOGUE OF ADVERSARIA and printed books
preserved in the Library of the University of Cambridge. 3J. (>d.

T:iE ILLUMINATED MANUSCRIPTS IN THE Li-
brary of the Fitzwilliam Museum, Catalogued with Descriptions, and
an Introduction, by W. G. Searle, M.A. Demy 8vo. Ts. 6d.

A CHRONOLOGICAL LIST OF THE GRACES,
Documents, and other Papers in the University Registry which
concern the University Library. Demy Svo. 2s. 6d.

CATALOGUS BIBLIOTHEC^ BURCKHARDTIAN.E.
Demy 4to. is.

GRADUATI CANTABRIGIENSES : SIVE CATA-
LOGUS exhibens nomina eorum quos gradu quocunque ornavit
Academia Cantabrigiensis (1800— 1884). Cura H. R. Luard S. T. P.

Demy8vo. 12s. 6d.

STATUTES OF THE UNIVERSITY OF CAMBRIDGE
and for the Colleges therein, made, published and approved (1878

—

1882) under the Universities of Oxford and Cambridge Act, 1877.
With an Appendix. Demy 8vo. i6j.

STATUTES OF THE UNIVERSITY OF CAMBRIDGE.
With Acts of Parliament relating to the University. Svo. 3^. dd.

ORDINANCES OF THE UNIVERSITY OF CAM-
BRIDGE. Demy Svo. ys. dd. Supplement to ditto. \s. In one
Volume. 8j. 6d.

TRUSTS, STATUTES AND DIRECTIONS affecting
(i) The Professorships of the University. (2) The Scholarships
and Prizes. (3) Other Gifts and Endowments. Demy Svo. 5^.

COMPENDIUM of UNIVERSITY REGULATIONS. 6d.

CAMBRIDGE PHILOLOGICAL SOCIETY'S
PUBLICATIONS.

TRANSACTIONS. Vol. I. 1872— 18S0. 15^. Vol. II.

1881— 1882. With Index to Vols I., II. and Proceedings for 1S82.
I2s. Vol. III. Pt. I. 1886. y. 6d. Pt. II. 1889. 2s. Pt. III. 1S90.
2s. 6d.

PROCEEDINGS. I— III. 2s. 6d. IV— VI. 2s. 6d.
VII—IX. 2J.6(/. X—XII. 2J-. 6rf. XIII—XV. 2 J. e,/. XVI—XVIII.
2s. 6d. XIX—XXI. 2s. 6d. XXII—XXIV. 1889. With Laws and
List of Members for 1890. is.

SPELLING REFORM AND ENGLISH LITERATURE
by H. Sweet. 2d. PRONUNCIATION OF LATIN in the
Augustan Period. 3^.

London : C. J. Cla y Sr' Sons, Cambridge University Press Warehouse^
Ave Maria Lane.
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Cj)e Cambrilise Btijle for

^cj)ciols anil CoUeses*
General Editor : J. J. S. Perowne, D.D., Bishop of Worcester.

" It is difficult to commend too highly this excellent series."

—

Guardian.
*' The modesty of the general title of this series has, we believe, led many to misunderstand

its character and underrate its value. The books are well suited for study in the upper forms of

our best schools, but not the less are they adapted to the wants of all Bible students who are not

specialists. We doubt, indeed, whether any of the numerous popular commentaries recently

issued in this country will be found more serviceable for general use."

—

Academy,
" One of the most popular and useful literary enterprises of the nineteenth century."

—

Baptist

Mngazifie.
" Of great value. The whole series of comments for schools is highly esteemed by students

capable of forming a'judgment. The books are scholarly without being pretentious: information

is so given as to be easily understood."

—

Sword and Trowel.

The Bishop of Worcester has undertaken the general editorial supervision

of the work, assisted by a staff of eminent coadjutors. Some of the books have

been already edited or undertaken by the following gentlemen :

Rev. A. Carr, M.A., late Assistant Master at Wellington College.

Rev. T. K. Cheyne, M.A., D.D., Canon of Hoc/tester.

Rev. A. B. Davidson, D.D., Professor of Hebrew, Edinburgh.

The Ven. F. W. Farrar, D.D., Archdeacon of Westminster.

Rev. G. G. FiNDLAY, B.A., Professor of Biblical Languages, Wesleyan

College, Headingley.

Rev. C. D. GiNSBURG, LL.D.

Rev. A. E. Humphreys, M.A., late Fellow of Trinity College, Cambridge.

Rev.' A. F. K1RK.PATRICK, B.D., Fellow of Trinity College, Regius Professor

of Hebrew.

Rev. J. J. Lias, M.A., late Professor at St David's College, Lampeter.

Rev. J. R. LUMBY, D.D., Norrisian Professor of Divinity

.

Rev. G. F. Maclear, D.D., Warden of St Augustine's College, Canterbury.

Rev. H. C. G. MoDLE, M.A., late Fellow of Trinity College, Principal of

Ridley Hall, Cambridge.

Rev. E. H. Perowne, D.D., Master of Corpus Christi College, Cambridge.

The Ven. T. T. Perowne, B.D., Archdeacon of Norwich.

Rev. A. Plummer, M.A., D.D., Master of University College, Durham.

The Very Rev. E. H. Plumptre, D.D., late Dean of Wells.

Rev. H. E. Ryle, M.A., Hulsean Professor of Divinity.

Rev. W. H. SiMCOX, M.A., late Rector of Harlaxton.

W. Robertson Smith, M.A., Professor of Arabic and Fellovj of Christ'

^

College.

The Very Rev. H. D. M. Spence, D.D., Dean of Gloucester.

Rev. A. W. Streane, B.D., Fellow of Corpus Christi College, Cambridge.

London : C. J. Cla v 6- Sons, Cambridge University Press IVarekouse,

Ave Maria Lane.
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THE CAMBRIDGE BIBLE FOR SCHOOLS & COLLEGES. Cont.

Now Ready. Cloth, Extra Fcap. 8vo.

THE BOOK OF JOSHUA. By the Rev. G. F. Maclear, D.D.
With 2 Maps. is. 6d.

THE BOOK OF JUDGES. By the Rev. J. J. Lias, M.A.
With Map. 3^. 6d.

THE FIRST BOOK OF SAMUEL. By the Rev. Professor

KiRKPATRiCK, B.D. With Map. is. 6d.

THE SECOND BOOK OF SAMUEL. By the Rev. Professor

KiRKPATRiCK, B.D. With 2 Maps. 3^. 6d.

THE FIRST BOOK OF KINGS. By Rev. Prof. Lumbv, D.D. z^.^d.

THE SECOND BOOK OF KINGS. By the same Editor, y. dd.

THE BOOK OF JOB. By the Rev. A. B. Davidson, D.D. ^s.

THE BOOK OF PSALMS. Book I. Psalms i—xli. By the

Rev. Prof. KiRKPATRiCK, B.D. y. dd.

THE BOOK OF ECCLESIASTES. By the Very Rev. E. H.
Plumptre, D.D. 5^-.

THE BOOK OF JEREMIAH. By the Rev. A. W. Streane,
B.D. With Map. 4^. dd.

THE BOOK OF HOSEA. By Rev. T. K. Cheyne, M.A., D.D. is.

THE BOOKS OF OBADIAH AND JONAH. By Archdeacon
Perowne. is. dd.

THE BOOK OF MICAH. By Rev. T. K. Cheyne, D.D. rs.bd.

THE BOOKS OF HAGGAI, ZECHARIAH AND MALACHI.
By Archdeacon Perowne. 3^. dd.

THE BOOK OF MALACHI. By Archdeacon Perowne. \s.

THE GOSPEL ACCORDING TO ST MATTHEW. By the
Rev. A. Carr, M.A. With 1 Maps. is. dd.

THE GOSPEL ACCORDING TO ST MARK. By the Rev.
G. F. Maclear, D.D. With 4 Maps. is. dd.

THE GOSPEL ACCORDING TO ST LUKE. By Archdeacon
F. W. Farrar. With 4 Maps. +?. dd.

THE GOSPEL ACCORDING TO ST JOHN. By the Rev.
A. Plummer, M.A., D.D. With 4 Maps. ^s.dd.

THE ACTS OF THE APOSTLES. By the Rev. Professor
LuMBY, D.D. With 4 Maps. 4^. dd.

THE EPISTLE TO THE ROMANS. By the Rev. H. C. G.
Moule, M.A. 3^. dd.

THE FIRST EPISTLE TO THE CORINTHIANS. By the Rev.

J. J. Lias, M.A. With a Map and Plan. is.

THE SECOND EPISTLE TO THE CORINTHIANS. By the
Rev. J. J. Lias, M.A. is.

THE EPISTLE TO THE GALATIANS. By the Rev. E. H.
Perowne, D.D. \s, dd.

THE EPISTLE TO THE EPHESIANS. By the Rev. H. C. G.
Moule, M.A. is. dd.

THE EPISTLE TO THE PHILIPPIANS. By the Rev. H. C. G.
Moule, M.A. is. dd.

London : C. J. Cla y &r' Sons, Cambridge University Press Warehouse,
Ave Maria Lane.
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THE CAMBRIDGE BIBLE FOR SCHOOLS & COLLEGES. Cont.

THE EPISTLES TO THE THESSALONIANS. By the Rev.
G. G. FiNDLAY, B.A. IS.

THE EPISTLE TO THE HEBREWS. By Arch. Farrar. 35. f>d.

THE GENERAL EPISTLE OF ST JAMES. By the Very Rev.
E. H. Plumptre, D.D. is. (>d.

THE EPISTLES OF ST PETER AND ST JUDE. By the
same Editor. ^5. dd.

THE EPISTLES OF ST JOHN. By the Rev. A. Plummer,
M.A.^D.D. is.dd.

THE BOOK OF REVELATION. By Rev. W. H. Smcox, M.A. 3^.

Preparing.

THE BOOK OF GENESIS. By the Bishop of Worcester.
THE BOOKS OF EXODUS, NUMBERS AND DEUTERO-

NOMY. By the Rev. C. D. GiNSBURG, LL.D.
THE BOOKS OF EZRA AND NEHEMIAH. By the Rev.

Prof. RVLE, M.A.
THE FIRST AND SECOND BOOKS OF CHRONICLES.

By the Very Rev. Dean Spence, D.D.

THE BOOK OF ISAIAH. By Prof. W. Robertson Smith, M.A.
THE BOOK OF EZEKIEL. By the Rev. A. B. Davidson, D.D.

THE EPISTLES TO THE COLOSSIANS AND PHILEMON.
By the Rev. H. C. G. Moule, M.A.

THE EPISTLES TO TIMOTHY AND TITUS. By the Rev.

A. E. Humphreys, M.A.

Wi)t Smaller Cambnlige 35ible for ^rbooIsJ.

"The notes elucidate every possible difficulty with scholarly brevity and clearness."—i'a/!<r</ay

Rcz'icw. . .
, , , ,_ r u • •

"We can cordially recommend this series of text-books, not only to those for ivhom it is

primarily intended, but also to the clergy and other workers for use in Bible-classes."—C/sanrA

Kevinv. . . ^ , . . . , , , -
" Accurate scholarship is obviously a characteristic of their productions, and the work ol

simplification and condensation appears to have been judiciously and skilfully performed."—

Now ready. Price \s. each.

THE BOOK OF JOSHUA. By J. S. Black, M.A.

THE FIRST AND SECOND BOOKS OF SAMUEL. By
Rev. Prof. KiRKPATRiCK, B.D.

THE FIRST AND SECOND BOOKS OF KINGS. By Rev.

Prof. LuMBY, D.D.

THE GOSPEL ACCORDING TO ST MATTHEW. By Rev.

A. Carr, M.A. .^ ^
THE GOSPEL ACCORDING TO ST MARK. By Rev.

G. F. Maclear, D.D.

THE GOSPEL ACCORDING TO ST LUKE. By Archdeacon

THE^'gOSPEL ACCORDING TO ST JOHN. By Rev. A.

Plummer, D.D. „ , ., t^ t^

THE ACTS OF THE APOSTLES. By Rev. Prof. Lumbv, D.D.

London: C. J- Clay i:' Sons, Cambridge University Press Warehouse,

Ave Maria Lane.
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Cf)t Cambrilige (greefe Ce0tameiit for ^tftoolss

anti CoIItffesi,

with a Revised Text, based on the most recent critical authorities, and
English Notes, prepared under the direction of the General Editor,

The Bishop of Worcester.

Now Ready.

THE GOSPEL ACCORDING TO ST MATTHEW. By the
Rev. A. Carr, M.A. With 4 Maps. 4^. 6d.

" Copiuus illustriitions, gathered from a great variety of sources, make his notes a very valu-
able aid to the student. They are indeed remarkably interesting, while all explanations on
meanings, applications, and the like are distinguished by their lucidity and good sense."

—

fan Mat! Gazette.

THE GOSPEL ACCORDING TO ST MARK. By the Rev.
G. F. Maclear, D.D. With 3 Maps. 4J. 6d.

'•The Cambridge Greek Testament, of which Dr Maclear's edition of the Gospel according to

St Mark is a volume, certainly supplies a want. Without pretending to compete with the leading
commentaries, or to embody very much original research, it forms a most satisfactory introduction

to the study of the New Testament in the original . . . Dr Maclear's introduction contains all that

is known of St Mark's life, an account of the circumstances in which the Gospel was composed,
an excellent sketch of the special characteristics of this Gospel ; an analysis, and a chapter on the

text of the New Testament generally . . . The work is completed by three good maps."

—

Satur-
day Revieiu.

THE GOSPEL ACCORDING TO ST LUKE. By Archdeacon
Farrar. With 4 Maps. 6j.

THE GOSPEL ACCORDING TO ST JOHN. By the Rev. A.
Plummer, M.A., D.D. With 4 Maps. ts.

"A valuable addition has also been made to 'The Cambridge Greek Testament for Schools,'

Dr Plummer's notes on ' the Gospel according to St John ' are scholarly, concise, and instructive,

and embody the results of much thought and wide reading."

—

Expositor.

THE ACTS OF THE APOSTLES. By the Rev. Prof. Lumbv, D.D.,
with 4 Maps. ds.

THE FIRST EPISTLE TO THE CORINTHIANS. By the
Rev. J. J. Lias, M.A. 3J.

THE SECOND EPISTLE TO THE CORINTHIANS. By the
Rev. J. J. Lias, M.A. [/« the Press.

THE EPISTLE TO THE HEBREWS. By Arch. Farrar, D.D.
IS. 6d.

THE EPISTLES OF ST JOHN. By the Rev. A. Plummer,
M.A., D.D. 4J.

London: C. J. Clav &r' Sons^ Cambridge University Press Warehouse,
Ave Maria Lane.
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THE PITT PRESS SERIES.
[Copies of the Pitt Press Series may generally be obtained bound in two parts for

Class use, the text and notes in separate volumes.]

I. GREEK.
ARISTOPHANES—AVES—PLUTUS—RANAE. With

English Notes and Introduction by W. C. Green, M.A., late Assistant
Master at Rugby School, y. 6d. each.

EURIPIDES. HERACLEIDiE. With Introduction and
Explanatory Notes by E. A. Beck, M.A., Fellow of Trinity Hall. y. 6d.

EURIPIDES. HERCULES FURENS. With Intro-
ductions. Notes and Analysis. By A. Gray, M.A., Fellow of Jesus College,
and J. T. Hutchinson, M.A., Christ's College. New Edition. 2s.

EURIPIDES. HIPPOLYTUS. By W. S. Hadley, M.A.
Fellow of Pembroke College. 2s.

EURIPIDES. IPHIGENEIA IN AULIS. By C. E. S.
Headlam, M.A., Fellow of Trinity Hall. 2s. 6d.

HERODOTUS, Book V. Edited with Notes, Introduction
and Maps by E. S. Shuckburoh, M. A., late Fellow of Emmanuel College. 3J-.

HERODOTUS, Book VI. By the same Editor. 4s.

HERODOTUS, Books VIII. and IX. By the same Editor.
[Nearly ready.

HERODOTUS, Book VIII., Chaps. 1—90. Book IX.,
Chaps, i—89. By the same Editor. 3J. ^d, each.

** We could not wish for a better introduction to Herodotus.'"

—

Jonmal ofEdiication.

HOMER. ODYSSEY, BOOKS IX., X. With Introduction,
Notes and Appendices. By G. M. Edwards, M.A., Fellow and Classical

Lecturer of Sidney Sussex College. 2s.' 6d. each.

"Students of Homer will be delighted with Mr Edwards's book, for he never leaves any
difficulty unexplained."^Saturday Review.

HOMER. ODYSSEY, Book XXI. By the same Editor. 2s.

HOMER. ILIAD, Book XXII. By the same Editor. 2s.

Book XXIII. By the same Editor. 2s.

LUCIANI SOMNIUM CHARON PISCATOR ET DE
LUCTU, with English Notes by W. E. Heitland, M.A., Fellow of

St John's College, Cambridge. New Edition, with Appendix. 3^. 6d.

LUCIAN. MENIPPUS AND TIMON. With Notes and
Introduction by E. C. Mackie, M.A. [Nearly ready.

London : C. J. Cla y &f Sons, Cambridge University Press Warehouse,
Anio A'f/i.t'in I ntifAve Maria Lane.
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PLATONIS APOLOGIA SOCRATIS. With Introduction,
Notes and Appendices by J. Adam, M.A., Fellow and Classical Lecturer of

Emmanuel College. 3J. 6(5.

"A worthy representarive of English Scholarship.''

—

Classical Revie^v.

CRI.TO. With Introduction, Notes and Appendix.
By the same Editor, ^s, 6d,

"Mr Adam, already known as the author of a careful and scholarly edition of the Apology
of Plato, will, we think, add to his reputation by his work upon the Crito."

—

Academy.
"A scholarly edition of a dialogue which has never been really well edited in English."

—

Guardian.

EUTHYPHRO. By the same Editor. 2s. 6d.

PLUTARCH. LIVES OF THE GRACCHI. With Intro-
duction, Notes and Lexicon by Rev. Hubert A. Holden, M.A., LL.D. 6s.

PLUTARCH. LIFE OF NICIAS. With Introduction
and Notes. By Rev. Hubert A. Holden, M.A., LL.D. 5^.

"This edition is as careful and thorough as Dr Holden's work always is."

—

Spectator.

PLUTARCH. LIFE OF SULLA. With Introduction,
Notes, and Lexicon. By the Rev. Hubert A. Holden, M.A., LL.D. 6s.

PLUTARCH. LIFE OF TIMOLEON. With Introduc-
tion, Notes and Lexicon. By Rev. Hubert A. Holden, M.A., LL.D. 6s.

SOPHOCLES. OEDIPUS TYRANNUS. School Edition,
with Introduction and Commentary, by R. C. Jebb, Litt. D., LL.D., Regius
Professor of Greek in the University of Cambridge. 4J. 6d.

THUCYDIDES. Book VII. With Maps, Notes and Intro-
duction. By Rev. H. A. Holden, M.A., LL.D. jj-.

XENOPHON. AGESILAUS. The Text revised with
Critical and Explanatory Notes, Introduction, Analysis, and Indices. By
H. Hailstone, M.A., late Scholar of Peterhouse. 2s. 6d.

XENOPHON. ANABASIS, Books I. IIL IV. and V.
With a Map and English Notes by Alfred Pretor, M.A., Fellow of
St Catharine's College, Cambridge. 2s. each.

"Mr Pretor's 'Anabasis of Xenophon, Book IV.' displays a union of accurate Cambridge
scholarship, with experience of what is required by learners gained in examining middle-class
schools. The text is large and clearly printed, and the notes explain all difficulties. . . . Mr
Pretor's notes seem to be all that could be wished as regards grammar, geography, and other
matters."

—

The Academy.

BOOKS II. VI. and VII. By the same. 2s. 6d. each.
"Had we to introduce a young Greek scholar to Xenophon, we should esteem ourselves

fortunate in having Pretor's text-book as our chart and sa\de."—Contemporary Review.

XENOPHON. ANABASIS. By A. Pretor, M.A., Text
and Notes, complete in two Volumes, 'js. 6d.

XENOPHON. CYROPAEDEIA. Books I. II. With In-
troduction, Notes and Map. By Rev. H. A. Holden, M.A., LL D
1 vols. Vol. I. Text. Vol. II. Notes. 6s.

. . •

"The work is worthy of the editor's well-earned reputation for scholarship and industry "—
A iJujuxiiiH.

Books III., IV., V. By the same Editor. 5^.
" Dr Holden's Commentary is equally good in history and in scholarship."—..Td^Mn/^y Review.

Books VI., VII., VIII. By the same Editor. 55-.

London : C. J. Cla v £^ Son.s; Camhridcre University Press Warehouse,
Ave Maria Lane.
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II. LATIN.

BEDA'S ECCLESIASTICAL HISTORY, BOOKS
III., IV., the Text from the very ancient MS. in the Cambridge University
Library, collated with six other MSS. Edited, with a life from the German of

Ebert, and with Notes, &c. by J. E. B. Mayor, M.A., Professor of Latin,

and J. R. Lumby, D.D., Norrisian Professor of Divinity. Revised edition.

7-f- 6'/. Books I. and II. In the Press.

**In Bede's works Englishmen can go back to origines of their history, unequalled for

form and matter by any modern European nation. Prof. Mayor has done good service in ren-

dering a part of Bede's greatest work accessible to those who can read Latin with ease. He
has adorned this edition of the third and fourth books of the 'Ecclesiastical History' with that

amazing erudition for which he is unrivalled among Englishmen and rarely equalled by Germans.
And however interesting and valuable the text may be, we can certainly apply to his notes

the expression, La sauce vaut mieux que le poUsofi. They are literally crammed with interest-

ing information about early English life. For though ecclesiastical in name, Bede's history treats

of all parts of the national life, since the Church had points of contact with all,"

—

Examiner.

CAESAR. DE BELLO GALLICO COMMENT. I. With
Maps and English Notes by A. G. Peskett, M.A., Fellow of Magdalene

College, Cambridge, ix. (>d.

CAESAR. DE BELLO GALLICO COMMENT. II. III.

By the same Editor, is.

CAESAR. DE BELLO GALLICO COMMENT. I. II. III.

by the same Editor. 3J.

CAESAR. DE BELLO GALLICO COMMENT. IV. and V.
by the same Editor, is. 6d,

CAESAR DE BELLO GALLICO COMMENT. VII. by
the same Editor, is.

CAESAR. DE BELLO GALLICO COMMENT. VI. and
COMMENT. VIII. by the same Editor, is. 6d. each.

CAESAR. DE BELLO CIVILI COMMENT. I. by the

same Editor. With Maps. y.

CICERO. ACTIO PRIMA IN C. VERREM. With
Introduction and Notes. By H, CowiE, M.A., Fellow of St John's College,

Cambridge, is. (td.

CICERO. DE AMICITIA. Edited by J. S. Reid, Litt.D.,

Fellow and Tutor of Gonville and Caius College. New Edition. 3^. dd.

"Mr Reid has decidedly attained his aim, namely, 'a thorough examination of the Latinity

of the dialogue ' .... The revision of the text is most valuable, and comprehends sundry

acute corrections. . . . This volume, like Mr Reid's other editions, is a soUd gain to the scholar-

ship of the country."—^/A^M^yam.
. . ,, „ .., ,, ... . J-.- r .t n' A more distinct gain to scholarship is Mr Reid's able and thorough edition of the ne

Amiciti& of Cicero, a work of which, whether we regard the exhaustive introduction or the

instructive and most suggestive commentary, it would be difficult to speak too highly. . . . When

we come to the commentary, we are only amazed by its fulness in proportion to its bulk.

Nothing is overlooked which can tend to enlarge the learner s general knowledge of Ciceronian

Latin or to elucidate the text."-Saiurday Review.

CICERO. DE SENECTUTE. Edited by J. S. Reid,

Litt.D. Revised Edition, y. dd.

•• The notes are excellent and scholarlike, adapted for the upper forms of public schools, and

likely to be useful even to more advanced students."—GKanfwK.

London : C. J. Cla y &-= SONS, Cambridge University Press Warehouse,

Ave Maria Lane.
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CICERO. DIVINATIO IN Q. CAECILIUM ET ACTIO
PRIMA IN C. VERREM. With Introduction and Notes by "W. E.
Heitland, M.A., and Herbert Cowie, M.A., Fellows of St John's

College, Cambridge, y.

CICERO. PHILIPPICA SECUNDA. With Introduction
and Notes by A. G. Peskett, M.A., Fellow of Magdalene College.. 3^. 6d.

CICERO. PRO ARCHIA POETA. Edited by J. S. Reid,
Litt.D. Revised Edition, is.

" It is an admirable specimen of careful editing. An Introduction tells us everything we could

wish to know about Archias, about Cicero's connexion with him, about the merits of the trial, and
the genuineness of the speech. The text is well and carefully printed. The notes are clear and
scholar-like. . . . No boy can master this little volume without feeling that he has advanced a long
step in scholarship."

—

The Academy.

CICERO. PRO BALBO. Edited by J. S. Reid, Litt.D.
\s. 6d.

*' We are bound to recognize the pains devoted in the annotation of these two orations to the

minute and thorough study of their Latinity, both in the ordinary notes and in the textual

appendices."

—

Saturday Review.

CICERO. PRO MILONE, with a Translation of Asconius'
Introduction, Marginal Analysis and English Notes. Edited by the Rev.

John Smyth Purton, B.D., late President and Tutor of St Catharine's

College. 2j. (>d.

*'The editorial work is excellently done."

—

The Academy.

CICERO. PRO MURENA. With English Introduction
and Notes. By W. E. Heitland. M.A., Fellow and Classical Lecturer
of St John's College, Cambridge. Second Edition, carefully revised. 3J.

"Those students are to be deemed fortunate who have to read Cicero's lively and brilliant

oration for L. Murena with Mr Heitland's handy edition, which may be pronounced ' four-square

'

in point of equipment, and which has, not without good reason, attained the honours of a
second edition."

—

Saturday Review.

CICERO. PRO PLANCIO. Edited by H. A. HOLDEN,
LL.D., Examiner in Greek to the University of London. New Edition.

CICERO. PRO SULLA. Edited by J. S. Reid, Litt.D.
3J. (>d.

" Mr Reid is so well known to scholars as a commentator on Cicero that a new work from him
scarcely needs any commendation of ours. His edition of the speech Pro Sulla is fully equal in

merit to the volumes which he has already published ... It would be difficult to speak too highly
of the notes. There could be no better way of gaining an insight into the characteristics of
Cicero's style and the Latinity of his period than by making a careful study of this speech with
the aid of Mr Reid's commentary . . . Mr Reid's intimate knowledge of the minutest details of
scholarship enables him to detect and explain the shghtest points of distinction between the
usages of different authors and different periods . . . The notes are followed by a valuable
appendix on the text, and another on points of orthography ; an excellent index brings the work
to a close."

—

Saturday Revieiv.

CICERO. SOMNIUM SCIPIONIS. With Introduction
and Notes. By W. D. Pearman, M.A., Head Master of Potsdam School,
Jamaica, 'is.

HORACE. EPISTLES, Book I. With Notes and Intro-
duction by E. S. Shuckburgh, M.A. ^s. 6d.

LIVY. Book IV. With Notes and Introduction, by Rev.
H. M. Stephenson, M.A. is. dd.

London : C. J. Cla v dr' SOMS, Cambrids;c Uninersity Press Warehouse,
Ave Maria Lane-
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LIVY. Book V. With Notes and Introduction by L.
Whibley, M.A., Fellow of Pembroke College, u. ^d..

LIVY. Book IX. With Notes and Introduction by Rev.
H. M. Stephenson, M.A. [/« the Press.

LIVY. Book XXI. With Notes, Introduction and Maps.
By M. S. DiMSDALE, M. A., Fellow of King's College, is. 6d.

LIVY. Book XXII. By the same Editor. 2s. 6d.

LIVY. Book XXVII. By Rev. H. M. STEPHENSON, M.A.
IS. dd,

LUCAN. PHARSALIA LIBER PRIMUS. Edited with
English Introduction and Notes by W. E. Heitland, M.A. and C. E.
Haskins, M.A., Fellows and Lecturers of St John's College, Cambridge.
IS. 6d.

"A careful and scholarlike production."

—

Times.
"In nice parallels of Lucan from Latin poets and from Shakspeare, Mr Haskins and Mr

Heitland deserve praise."

—

Saturday Review.

LUCRETIUS. Book V. With Notes and Introduction by
J. D. Duff, M. A., Fellow of Trinity College. 2s.

OVID. FASTI. Liber VI. With a Plan of Rome and
Notes by A. Sidgwick, M.A., Tutor of Corpus Christi College, Oxford.
I J. 6d,

** Mr Sidgwick's editing of the Sixth Book of Ovid's Fasti furnishes a careful and serviceable
volume for average students. It eschews ' construes ' which supersede the use of the dictionary,
but gives full explanation of grammatical usages and historical and mythical allusions, besidei^

illustrating peculiarities of style, true and false derivations, and the more remarkable variations of

the text."

—

Saturday Revieiv.

QUINTUS CURTIUS. A Portion of the History.
(Alexander in India.) By W. E. Heitland, M.A., Fellow and Lecturer

of St John*s College, Cambridge, and T. E. Raven, B.A., Assistant Master
in Sherborne School. 3^. 6//.

"Equally commendable as a genuine addition to the existing stock of school-books ib

Alexander in !?idia, a compilation from the eighth and ninth books of Q. Curiius, edited for

the Pitt Press by Messrs Heitland and Raven. . . . The work of Curtius has merits of its

own, which, in former generations, made it a favourite with English scholars, and which still

make it a popular text-book in Continental schools The reputation of Mr Heitland is a

sufficient guarantee for the scholarship of the notes, which are ample without being excessive,

and the book is well furnished with all that is needful in the nature of maps, indices, and
appendices." —Academy.

VERGIL. AENEID. Libri I., II., III., IV., V., VI., VII.
Vm., IX., X., XI., XII. Edited with Notes by A. Sidgwick, M.A.,

Tutor of Corpus Christi College, Oxford, is. 6d. each.

** Mr Sidgwick's Vergil is we believe, the best school edition of the poet."—Guardian.
" Mr Arthur Sidgwick's ' Vergil, Aeneid, Book XII.' is vn.ithy of his reputation, and is dis.

tinguished by the same acuteness and accuracy of knowledge, appreciation of a boy's difficulties

and ingenuity and resource in meeting them, which we have on other occasions had reason to

praise m these pages."— 7"Af Academy. ....
" As masterly in its clearly divided preface and appendices as in the sound and independent

character of its annotations. . . . There is a great deal more in the notes than mere compilation

and suggestion. ... No difficulty is left unnoticed or waii3xii\tA."—Saturday Review.

VERGIL. BUCOLICS. With Introduction and Notes, by
the same Editor, is. 6d.

London : C. J. Cla y 6^ Sons, Cambridge University Press Warehouse,

Ave Maria Lane.
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VERGIL. GEORGICS. Libri I. 11. By the same
Editor, ^s, Libki III. IV. is.

" This volume, which completes the Pitt Press edition of Virgil's Georgics, is distinguished by
the saine admirable judgment and first-rate scholarship as are conspicuous in the former volume
and in the "Aeneid ' by the same talented ^d\X.Qt"—AtkefUEum..

VERGIL. The Complete Works, edited with Notes, by
A. SiDGWiCK, M.A., Two vols. Vol. I. containing -the Text and Intro-

duction. 3J. 6rf. Vol. II. The Notes, ^s. 6d.

" The book should be in the hands of every student of Vergil. It contains in a convenient
and compendious form almost all that has been said on the subject that is worth saying, and omits
what should be omitted : it is a sensible selection from the superfluous mass of commentation
under which the poet has long been buried. It is impossible to speak too highly of it in this

respect. Introduction, notes, and index are masterpieces of usefulness and brevity."

—

Oxford
Magazine.

III. FRENCH.
CORNEILLE. LA SUITE DU MENTEUR. A Comedy

in Five Ads. Edited with Fontenelle's Memoir of the Author, Voltaire's

Critical Remarks, and Notes Philological and Historical. By the late

GUSTAVE MaSSON. IS.

DE BONNECHOSE. LAZARE HOCHE. With Four
Maps, Introduction and Commentary, by C. COLBECK, M.A., late Fellow of

Trinity College, Cambridge. Revised Edition. 2X.

D'HARLEVILLE. LE VIEUX CELIBATAIRE. A
Comedy. With a Biographical Memoir, and Grammatical, Literary and
Historical Notes. By Gustave Masson. is.

DE LAMARTINE. JEANNE D'ARC. With 2 Maps
and Notes Historical and Philological by Rev. A. C. Clapin, M.A.,
St John's College, Cambridge. Revised Edition by A. R. RoPES, M.A.,
late Fellow of King's College. \s. dd.

DE VIGNY. LA CANNE DE JONC. Edited with Notes
by Rev. H. A. Bull, M.A. 2j-.

ERCKMANN-CHATRIAN. LA GUERRE. With Map,
Introduction and Commentary by the Rev. A. C. Clapin, M.A. y.

LA BARONNE DE STAEL-HOLSTEIN. LE DIREC-
TOIRE. (Considerations sur la Revolution Franjaise. Troisieme et

quatrieme parties. ) With a Critical Notice of the Author, a Chronological
Table, and Notes Historical and Philological, by G. Masson, B.A., and
G. W. PROTHERO, M.A. Revised and enlarged Edition. 2J.

" Prussia under Frederick the Great, and France under the Directory, bring us face to face
respectively with periods of history which it is right should be known thoroughly, and which
are well treated in the Pitt Press volumes. The latter in particular, an extract from the
world-known work of Madame de Stael on the French Revolution, is beyond all praise for
the excellence both of its style and of its matter."— Times,

LA BARONNE DE STAEL-HOLSTEIN. DIX AN-
NEES D'EXIL. Livre II. Chapitres 1—8. With a Biographical
Sketch of the Author, a Selection of Poetical Fragments by Madame de
Stael's Contemporaries, and Notes Historical and Philological. By Gustave
Masson and G. W. Prothero, M.A. Revised and enlarged edition, ^s.

London : C. J. Cla Y &^ Sons, Cambridge University Press Warehouse,
Ave Maria Lane.
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LEMERCIER. FREDEGONDE ET BRUNEHAUT. A
Tragedy in Five Acts. Edited with Notes, Genealogical and Chronological
Tables, a Critical Introduction and a Biographical Notice. By Gustave
Masson. is.

MOLIERE. LE BOURGEOIS GENTILHOMME, Comd-
die-Ballet en Cinq Actes. (1670.) With a life of Moliere and Grammatical
and Philological Notes. By Rev. A. C. Clapin. Revised Edition. \s. dd.

MOLIERE. L'ECOLE DES FEMMES. Edited with In-
troduction and Notes by George Saintsbury, M.A. zs. 6d.

"Mr Saintsbury's clear and scholarly notes are rich in illustration of the valuable kind that
vivifies textual conunent and criticism."

—

Saturday Review.

MOLIERE. LES PRECIEUSES RIDICULES. With
Introduction and Notes by E. G. W. Braunholtz, M.A., Ph.D. University
Lecturer in French, is.

Abridged Edition, is.

PIRON. LA METROMANIE, A Comedy, with a Bio-
graphical Memoir, and Grammatical, Literary and Historical Notes. By
G. Masson. is.

RACINE. LES PLAIDEURS. With Introduction and
Notes by E. G. W. Braunholtz, M.A., Ph.D. is.

Abridged Edition, is.

SAINTE-BEUVE. M. DARU (Causeries du Lundi, Vol. IX.).
With Biographical Sketch of the Author, and Notes Philological and Histo-

rical. By Gustave Masson. is.

SAINTINE. LA PICCIOLA. The Text, with Introduc-
tion, Notes and Map, by Rev. A. C. Clapin. is.

SCRIBE AND LEGOUVE. BATAILLE DE DAMES.
Edited by Rev. H. A. Bull, M.A. is.

SCRIBE. LE VERRE D'EAU. With a Biographical
Memoir, and Grammatical, Literary and Historical Notes. By C. Colbeck,
M.A. IS,

** It may be national prejudice, but we consider this edition far superior to any of the series

which hitherto have been edited exclusively by foreigners. Mr Colbeck seems better to under-

stand the wants and difficulties of an English boy. The etymological notes especially are admi-

rable. . . . The historical notes and introduction are a piece of thorough honest work.*'

—

Journal
ofEducation.

SEDAINE. LE PHILOSOPHE SANS LE SAVOIR.
Edited with Notes by Rev. H. A. Bull, M.A., late Master at Wellington

College. IS.

THIERRY. LETTRES SUR L'HISTOIRE DE FRANCE
(XIII. XXIV.). By Gustave Masson, B.A. und G. W. Prothero, M.A.
With Map. IS. 6d.

THIERRY. RECITS DES TEMPS MEROVINGIENS
I—III. Edited by Gustave Masson, B.A. Univ. Gallic, and A. R. Ropes,

M.A. With Map. ss.

VILLEMAIN. LASCARIS, ou LES GRECS DU XV^.
Sli;CLE, Nouvelle Historique, with a Biographical Sketch of the Author,

a Selection of Poems on Greece, and Notes Historical and Philological.

By Gustave Masson, B.A. is.

London: C. J. Clay >Sr Sons, Cambridge University Press Warehouse,

Ave Maria Lane.
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VOLTAIRE. HISTOIRE DU SIECLE DE LOUIS XIV.
Part I. Chaps. I.—XIII. Edited with Notes Philological and Historical,

Biographical and Geographical Indices, etc. by G. Masson, B.A. Univ.
Gallic, and G. W. Prothero, M.A., Fellow of King's College, Cambridge.
ij. 6d.

Part II. Chaps. XIV.—XXIV. With Three Maps
of the Period. By the same Editors, ts. dd.

Part III. Chap. XXV. to the end. By the same
Editors. 2i. dd.

XAVIER DE MAISTRE. LA JEUNE SIBERIENNE.
LE LfiPREUX DE LA CITE D'AOSTE. With Biographical Notice,

Critical Appreciations, and Notes. By G. Masson, B.A. \s. 6d.

IV. GERMAN.
BALLADS ON GERMAN HISTORY. Arranged and

Annotated by W. Wagner, Ph. D., late Professor at the Johanneum,
Hamburg. 2s.

*'It carries the reader rapidly through some of the most important incidents connected with
the German race and name, from the invasion of Italy by the Visigoths under their King Alaric,

down to the Franco-German War and the installation of the present Emperor. The notes supply
very well the connecting links between the successive periods, and exhibit in its various phases of
growth and progress, or the reverse, the vast unwieldy mass which constitutes modern Germany."
— Titms.

BENEDIX. DOCTOR WESPE. Lustspiel in fiinf Auf-
ziigen. Edited with Notes by Karl Hermann Breul, M.A., Ph.D. jj.

FREYTAG. DER STAAT FRIEDRICHS DES GROS-
SEN. With Notes. By Wilhelm Wagner, Ph.D. is.

GERMAN DACTYLIC POETRY. Arranged and Anno-
tated by the same Editor. 3J.

©oct^c'g itnabenja^re. (1749— 1761.) GOETHE'S BOY-
HOOD: being the First Three Books of his Autobiography. Arranged
and Annotated by W. Wagner, Ph.D. New Edition. Revised and
enlarged by J. W. Cartmell, M.A., Fellow of Christ's College, ts.

GOETHE'S HERMANN AND DOROTHEA. With
an Introduction and Notes. By the same Editor. New Edition. Revised
by J. W. Cartmell, M.A. 3j. 6d,

"The notes are among the best that we know, with the reservation that they are often too
3.h\indasvt."—Academy.

GUTZKOW. ZOPF UND SCHWERT. Lustspiel in
funf Aufzugen von. With a Biographical and Historical Introduction, English
Notes, and an Index. By H. J. Wolstenholme, B.A. (Lond.). ^s. 6d.

"We are glad to be able to notice a careful edition of K. Gutzkow's amusing comedy
'Zopf and Schwert' by Mr H. J. Wolstenholme. . . . These notes are abundant and contain
references to standard grammatical works."

—

Acadetny.

HAUFF. DAS BILD DES KAISERS. Edited by Karl
Hermann Breul, M.A., Ph.D. 3^.

HAUFF. DAS WIRTHSHAUS IM SPESSART. Edited
by A. Schlottmann, Ph. D., late Assistant Master at Uppingham School.
3^. dd.

London : C. J. Cla y &> Sons, Cajnbridge University Press Warehouse,
Ave Maria Lane.
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HAUFF. DIE KARAVANE. Edited with Notes by A.
SCHLOTTMANN, Ph. D. y. (>d.

IMMERMANN. DER OBERHOF. A Tale of West-
phalian Life. With a Life of Immermann and English Notes, by Wilhelm
Wagner, Ph.D., late Professor at the Johanneum, Hamburg. 3^.

KOHLRAUSCH. 1)a« 3a^r 1813 (The Year 1813). With
English Notes. By W. Wagner, is.

LESSING AND GELLERT. SELECTED FABLES.
Edited with Notes by Karl Hermann Breul, M.A., Ph.D., Lecturer in
German at the University of Cambridge, y.

MENDELSSOHN'S LETTERS. Selections from. Edited
by James SiME, M.A. y.

RAUMER. Der crfte itreujjug (THE FIRST CRUSADE).
Condensed from the Author's 'History of the Hohenstaufen', with a life of
Raumer, two Plans and English Notes. By W. Wagner, w.

" Certainly no more interesting book could be made the subject of examinations. The story
of the First Crusade has an undying interest. The notes are, on the whole, good."

—

Educational
Times.

RIEHL. CULTURGESCHICHTLICHE NOVELLEN.
With Grammatical, Philological, and Historical Notes, and a Complete
Index, by H. J. Wolstenholme, B.A. (Lond.). 3^. dd.

SCHILLER. WILHELM TELL. Edited with Intro-
duction and Notes by Karl Hermann Breul, M.A., Ph.D., University
Lecturer in German, is. 6d.

Abridged Edition, is. 6d.

UHLAND. ERNST, HERZOG VON SCHWABEN. With
Introduction and Notes. By H. J. Wolstenholme, B.A. (Lond.),

Lecturer in German at Newnham College, Cambridge, y. 6d.

V. ENGLISH.
ANCIENT PHILOSOPHY. A SKETCH OF, FROM

THALES TO CICERO, by Joseph B. Mayor, M.A. 3^. 6d.

"Professor Mayor contributes lo the Pitt Press Series A Sketch of Ancient Pkilosofiky in

which he has endeavoured to give a general view of the philosophical systems illustrated by the
genius of the masters of metaphysical and ethical science from Thales to Cicero. In the course
of his sketch he takes occasion to give concise analyses of Plato's Republic, and of the Ethics and
Politics of Aristotle : and these abstracts will be to some readers not the least useful portions of

the book."

—

Tke Guardian.

AN APOLOGIE FOR POETRIE by Sir Philip Sidney.
Edited, with Illustrations and a Glossarial Index, by E. S. Shuckburgh,
M.A. The text is a revision of that of the first edition of 1595. y.

ARISTOTLE. OUTLINES OF THE PHILOSOPHY OF.
Compiled by Edwin Wallace, M.A., LL.D. (St Andrews), late Fellow

of Worcester College, Oxford. Third Edition Enlarged. 4J. ^d.

**A judicious selection of characteristic passages, arranged in paragraphs, each of which is

preceded by a masterly and perspicuous English analysis."

—

Scotsman.
'* Gives in a comparatively small compass a very good sketch of Aristotle's teaching."

—

Sat.

Review.

BACON'S HISTORY OF THE REIGN OF KING
HENRY VII. With Notes by the Rev. J. Rawson Lumby, D.D. 3^.

A DISCOURSE OF THE COMMONWEALF OF THYS
REALME OF ENGLANDE. First printed in 1581 and commonly attri-

buted to W. S. Edited from the MSS. by Elizabeth Lamond.
[/« the Press.

London: C. J. Clav &= Sons, Cambridge University Press Warehouse,

Ave Maria Lane.
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COWLEY'S ESSAYS. With Introduction and Notes. By
the Rev. J. Rawson Lumby, D.D., Norrisian Professor of Divinity; Fellow
of St Catharine's College, ^s. ^

MILTON'S ARCADES AND COMUS. Edited, with
Introduction, Notes and Indexes, by A. W. Verity, M.A., sometime
Scholar of Trinity College. 3J.

'* Eine ungemein flejssige Arbeit Die Einleitung enthalt emen ^riindlichen Aufsatz uber
die Englische Maskendichtung. Der eigentliche Wertb des Buches 1st jedoch in den uber-
reichlichen Anmerkungen zu suchen, welche einerseits den Bedurfnissen des lembegierigen
Schulers genugen soUen, ardrerseits aber auch den Fachgelehrten mancbe neue Aufklarung
bringen."

—

Beilage zur AUge^neinen Zeitutig.

Will secure an audience much larger than that for which it has, no doubt, been originally

intended. It contains not only the text of "Arcades " and " Comus," and very full notes upon
them, but a Life of Milton, and a very elaborate and interesting historical essay on "The
English Masque."

—

Spectator.

MILTON'S ODE ON THE MORNING OF CHRIST'S
NATIVITY, L'ALLEGRO, IL PENSEROSO, AND LYCIDAS.
By the same Editor, is. 6d.

MILTON'S SAMSON AGONISTES, with Introduction,
Notes and Indexes by the same Editor. [In the Press.

MORE'S HISTORY OF KING RICHARD III. Edited
with Notes, Glossary and Index of Names. By J. Rawson Lumby, D.D.
to which is added the conclusion of the History of King Richard III. as given
in the continuation of Hardyng's Chronicle, London, 1543. 3^. ()d.

MORE'S UTOPIA. With Notes by the Rev. J. Rawson
Lumby, D.D. 3^. 6d.

** It was originally written in Latin and does not find a place on ordinary bookshelves. Avery
great boon has therefore been conferred on the general English reader by the managers of the
Pitt Press Series, in the issue of a convenient little volume of More'-s Utopia not in the original

Latin, but in the quaint English Translation thereof made by Raphe Robynson, which adds a
linguistic interest to the intrinsic merit of the work. . . . All this has been edited in a most com-
plete and scholarly fashion by Dr J. R. Lumby, the Norrisian Professor of Divinity, whose name
alone is a sufficient warrant for its accuracy. It is a real addition to the modem stock of classical

English literature. "

—

Guardian.

THE TWO NOBLE KINSMEN, edited with Intro-
duction and Notes by the Rev. Professor Skeat, Litt.D., formerly Fellow
of Christ's College, Cambridge, jj. 6d.

"This edition of a play that is well worth study, for more reasons than one, by so careful a
scholar as Mr Skeat, deserves a hearty welcome."

—

Athenaeum.
"Mr Skeat is a conscientious editor, and has left no difficulty unexplained."

—

Times.

VI. EDUCATIONAL SCIENCE.
COMENIUS. JOHN AMOS, Bishop of the Moravians. His

Life and Educational Works, by S. S. Laurie, M.A., F.R.S.E., Professor of
the Institutes and History of Education in the University of Edinburgh.
New Edition, revised. 3J. M.

EDUCATION. THREE LECTURES ON THE PRAC-
TICE or. I. On Marking, by H. W. Eve, M.A. II. On Stimulus, by
A. SiDGWiCK, M.A. III. On the Teaching of Latin Verse Composition, by
E. A. Abbott, D.D. ^s.

LOCKE ON EDUCATION. With Introduction and Notes
by the late Rev. R. H. Quick, M.A. 3J-. 6d.

"The work before us leaves nothing to be desired. It is of convenient form and reasonable
price, accurately printed, and accompanied by notes which are admirable. There is no teacher
too young to find this book interesting; there is no teacher too old to find it profitable." The
School Bulletin, New York.

London : C. J. Cla y &= Sons, Cambridge University Press Warehouse,
Ave Maria Lane.
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MILTON'S TRACTATE ON EDUCATION. A fac-
simile reprint from the Edition of 1673. Edited, with Introduction and
Notes, by Oscar Browning, M.A. is.

"A separate reprint of Milton's famous letter to Master Samuel Hartlib was a desideratum,
and we are grateful to Mr Browning for his elegant and scholarly edition, to which is prefixed the
careful risunU ai the work given in his 'History of Educational Theories. '"—ToKrma/ of
Education.

MODERN LANGUAGES. LECTURES ON THE
TEACHING OF, delivered in the University of Cambridge in the Lent
Term, 1887. By C. Colbeck, M.A., Assistant Master of Harrow School, ^s.

ON STIMULUS. A Lecture delivered for the Teachers'
Training Syndicate at Cambridge, May 1882, by A S IDGwick, M.A. \s.

TEACHER. GENERAL AIMS OF THE, AND FORM
MANAGEMENT. Two Lectures delivered in the University of Cambridge
in the Lent Term, 1883, by Archdeacon Farrar, D.D., and R. B. Poole,
B.D. Head Master of Bedford Modern School, is. fid.

TEACHING. THEORY AND PRACTICE OF. By the
Rev. Edward Thring, M.A., late Head Master of Uppingham School
and Fellow of King's College, Cambridge. New Edition, ^s. 6d.

"Any attempt to summarize the contents of the volume would fail to give our readers a

taste of the pleasure that its perusal has given us."

—

youmal ofEducation.

BRITISH INDIA, A SHORT HISTORY OF. By
Rev E S Carlos, M. a., late Head Master of Exeter Grammar School. \s.

GEOGRAPHY, ELEMENTARY COMMERCIAL. A
Sketch of the Commodities and the Countries of the World. By H. R.

Mill, Sc.D., F.R.S.E., Lecturer on Commercial Geography in the Heriot-

Watt College, Edinburgh. \s.

AN ATLAS OF COMMERCIAL GEOGRAPHY. In-

tended as a Companion to the above. By J. G. Bartholomew, F.R.G.S.

With an introduction by Dr H. R. Mill. y.

VII. MATHEMATICS.
ARITHMETIC FOR SCHOOLS. By C. Smith, M.A.,

Master of Sidney Sussex College, Cambridge. {Nearly ready.

EUCLID'S ELEMENTS OF GEOMETRY. Books I.

& II. By H. M. Taylor, M.A., Fellow and formerly Tutor of Trinity

College, Cambridge. \s. 6d. Books HI. and IV. By the same Editor.

is 6d. Books I.—IV. in one volume, ^s.

SOLUTIONS TO THE EXERCISES IN EUCLID,
Books I —IV. By W. W. Taylor, M.A. [In tAe Press.

ELEMENTARY ALGEBRA (with Answers to the Ex-
amples) By W. W. Rouse Ball, M.A., Fellow and Mathematical Lecturer

ELlME^TS^'brSTSTfcr AND DYNAMICS. By
S. L. LONEY, M.A., late Fellow of Sidney Sussex College, Cambndge. 7J. 6d.

Part "i. ELEMENTS OF STATICS, ^s. 6d.

Part II. ELEMENTS OF DYNAMICS, is. 6d.

AN ELEMENTARY TREATISE ON PLANE TRIGO-
NOMETRY FOR THE USE OF SCHOOLS. By E. W. Hobson, M.A.,

Fellow of Christ's College, Cambridge, and University Lecturer m Mathe-

matics, and C. M. JESSOP, M. A., Fellow of Clare College. [In rie Press.

[Other Volumes are in preparation^

London: C.J. Clay (s' Sons, Cambridge University Press Warehouse,

Ave Maria Lane.
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CAMBEIDGE UNIVERSITY REPORTER.
Published by Authority.

Containing all the Official Notices of the University, Reports of

Discussions in the Schools, and Proceedings of the Cambridge
Philosophical, Antiquarian and Philological Societies, ^d. weekly.

CAMBRIDGE UNIVERSITY EXAMINATION PAPERS.
These Papers are j)ublished in occasional numbers every Term, and in

volumes for the Academical year.

Vol. XVII. Papers for the year 1887-88; Vol. XVIII. for the

year 1888—89 ; VOL. XIX. for the year 1889—90 ; Vol. XX. for the year

1890—91, 15^-. each, doth.

COLLEGE EXAMINATION PAPERS.
Examiaation Papers for Entrance and Minor Scholarships and

Exhibitions in the Colleges of the University of Cambridge.
Part I. Mathematics and Science. Part II. Classics, Mediaeval and

Modern Languages and History (Michaelmas Term, 1890). Part
III. Mathematics and Science. Part IV. Classics, Law and
History (Lent Term, 1891). Price is. each.

LOCAL EXAMINATIONS.
Examination Papers, for various years, with the Regulations for the

Examination. Demy 8vo. is. each, or by Post is. id.

Class Lists, for various years. Boys \s.. Girls bd.

Annual Reports of the Syndicate, with Supplementary Tables showing
the success and failure of the Candidates, is. each, by Post is. yl.

HIGHER LOCAL EXAMINATIONS.
Examination Papers for various years, to which are added the Regu-

lations for the Examination. Demy 8vo. is. each, by Post is. id.

Class Lists, for various years, is. each, by Post \s. id.

Reports 0^ the Syndicate. Demy 8vo. u., by Post \s. id.

LOCAL LECTURES SYNDICATE.
Calendar for the years 1875—80. Ycs.-^.%\o. cloth. is.\ for 1880—81. \s.

TEACHERS' TRAINING SYNDICATE.
Examination Papers for various years, to which are added the Regu-

lations for the Examination. Demy 8vo. td., by Post Td.

Oxford and Cambridge Schools Examinations.
Papers set in the Examination for Certificates, July, 1891. is.

Papers set in the Examination for Commercial Certificates, July, 1891.
bd.

List of Candidates who obtained Certificates at the Examination
held in 1891 ; and Supplementary Tables. <^d.

Regulations of the Board for 1892. 9^.

Regulations for the Commercial Certificate, 1892. 3^.

Report of the Board for the year ending Oct. 31, 1890. \s.

Hon&on : c. j. clay and sons,
CAMBRIDGE UNIVERSITY PRESS WAREHOUSE,

AVE MARIA LANE.
GLASGOW: 163, ARGYLE STREET.
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