BO GIAO DUC VA DAO TAO

PAI HOC HUR
TRUONG DAI HOC SU PHAM

HUYNH KY ANH

MAT BLW
VA BAI TOAN BJORLING

Chuyén nganh: HINH HQOC VA TOPO
Ma s6: 60 46 10

LUAN VAN THAC ST TOAN HOC

Ngudi huéng din khoa hoc: PGS. TS. DPOAN THE HIEU

HUE, NAM 2006



LG1 cam doan

T6i cam doan day la cdng trinh nghién cidu
clla riéng t6i, cic s6 lidu va két qud nghién ciu
néu trong ludn van la trung thuc, dudc céc déng
tac gid cho phép sl dung va chua ting dudc céng bd

trong bat ky cdéng trinh ndo khac.
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L.G1 cAm on

Toi vo cung biet on

Phé Gido su DoAN THE HIEu da dinh huéng t6i nghién céiu Hinh hoc
trén khong gian Hyperbolic, mdt nhanh phat trién rit ning dong
clia Hinh hoc Vi phan; Phé Gido su 13 ngudi truc tiép hudng din

t6i thuc hién ludn van nay;

Gido su JOSE ANTONIO GALVEZ da khuyén khich t6i gidi Bai to&n Bjor-
ling cho mit BLW, d& cung cdp cho t6i cic tai liéu tham khdo;
Gido su d3 danh nhidu thdi gian gidi thich cho t8i céc su kién

co bdn ctia Hinh hoc Vi phan va cic chi tiét trong [12], [15].
Toiv gut Lo cam on

NGUYEN VAN HANH, ban dong mon, di chia sé niém y&u thich Toan hoc,
¥ tudng, tai liéu véi tdi trong hai n3m qua tai Dai hoc Hué, da

cing t6i thuc hién céc seminar 1ién quan dén luin vin nay.
Toi gii loi tri an dén

trudng Cao ding Su pham Quang Nam di hd tro kinh phi va tao didu

kidn thudn 10i dé tdi thuc hidn 48 tii;

cac thiy gido d3 huéng din tdi nghién ctu Toan hoc trong khéa hoc
2004 - 2006 tai Dai hoc Hué;

. N N z N ~ . R . - z N
gia dinh va cédc ban bé d& hiéu, chia sé cam xlc trong quéd trinh

t6i thuc hién dé tai.

HuvynaH Ky ANH
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Quy uéc. Ky hiéu

Trong luan van nay, cac thuat ngi tiéng Anh duge dinh dang véi kiéu chit typewriter,

cac da tap deéu lien thong, va cac ky hieu, chit viét tit duge cho trong bang sau day.

S da tap hai chiéu, lien thong, c6 huéng
I,J khoang md trong R
1,11 dang co ban thit nhat, thi hai
F* lien hgp phtc cia ma tran F; F* = 7
C mit cau Riemann, compact héa ctia C; C = C U {oc}
() tich vo huéng trong L*
2 =541t tham s6 héa véi hai toa do s, t
0,0 toan ti Wirtinger; 0, = (05 — i0;)/2, 0z = (05 +10;)/2
I, F; tac dong cua toan ti Wirtinger lén F'; F, = 0, F, Fx = O:F
Re F’ phan thyc ctia s6 phiic I
AF tac dong ctia toan tit Laplace 1én ham F'
Fy, Iy, Fy, Fy céc toa do cua véc to F = (Fy, Iy, Fy, Fy)
BLW Linear Weingarten surface of Bryant type
CMC1 Constant Mean Curvature One
ELW Elliptic Linear Weingarten



Chuong 1
(G161 thiéu

Bai todn Bjorling co dién duge E. G. Bjorling gisi thieu nam 1844 va duge H. A.
Schwarz giai xong vao nam 1890, ndi dung la tim céc mat cuyc tiéu trong R? khi biét
tru6c mot duong cong trac dia trén mit dé. Heé qud quan trong clia sy ton tai duy
nhat nghiém ciia Bai toan 1a cic mit cuc tieu ¥ ddi xiing qua bat ky mit phing nio

truc giao v6i 2.

M3 rong hién nhién ciia Bai toan Bjorling c6 dién 1a tim mit ¥ thuoc 16p 9B, khi biét
truéc duong cong 3 trén mit dé va trudng véc to phap tuyén don vi cia X doc S.
Lép mit B co thé 1a CMC1, ELW, flat, ... Trong Phu luc A 13 danh sach cac Bai toan
Bjorling da dugce gidi. Cac bai toan nay déu c6 nghiem duy nhat va déu dan t6i he qua
vé tinh d6i xting ctia mat thuoc 16p dang xét. Ngoai ra, viéc gidi Bai toan Bjorling cho
phép dua ra nhiéu vi du tuong minh ctia mit thuoc 16p B, va dan t6i cic ing dung
khac. Chang han, phan loai mit CMC1 c6 topo hinh tru [15], phan loai flat front véi
ky di ¢6 lap nhing duge [14], ...

Bao ham Bai toan Bjorling cho mat CMC1 [15] va m#t flat chinh quy [14], luan vin
nay dat ra va gidi quyét Bai toan Bjorling cho mit BLW 1a mit c¢6 do cong trung binh

H va do cong Gauss K; thoa man
2a(H — 1) + bK; = 0, (1.1)

véi a, b1a hing s6 thuc, a + b # 0. Ky thuat gidi bai toan nay vé co ban dya theo [15].
Trong [15], dé xay dung nghiem, tic gid sit dung mot két qua tit [6] lien quan dén tinh
phan hinh ctia anh xa Gauss hyperbolic. Két qua niy dudc tong quat héa mot phan
trong Dinh 1y 8, 1a yéu t6 then chét dé giai Bai toan Bjorling cho mat BLW. Vai chi
thich khac lien quan dén van dé nay c¢6 trong Chuong 4 (Bai toan 9).

Noi dung ctia luan van qua ting chuwong nhu sau:



Chuong 1: Gidi thieu dé tai va tom tat noi dung cac chuong.

Chuong 2: Chuong nay trinh bay so lude cac kién thiic, bd dé co ban, can thiét cho viec
gidi Bai toan Bjorling & Chuong 3: khong gian hyperbolic (Muc 2.1), 1§ thuyét dia
phuong ctia cdc mit trong H3 (Muc 2.2), ham (phan) phan hinh trén mit Riemann
(Muc 2.3), tinh chat bdo giac, cdc bo dé co ban vé mat BLW (Muc 2.5) va vé bai
toan Cauchy cho phuong trinh Liouville (Muc 2.6). Tri (2.10), (2.11), (2.12), céac

chi tiét khéc c6 thé xem trong tai lieu dugce trich dan.

MB&i lién quan gitta 1§ thuyét cac mat véi phuong trinh Liouville thé hién & chd: néu
ds? = ¢|dz|? 1a metric Riemann trén mién phang U C C, thi ¢ théa man phuong
trinh Liouville (2.26) khi va chi khi ds? ¢6 do cong hing c. Ta gip lai mbéi quan
hé nay trong Muc 3.2.2. Tu d6, thiy sy khac biet khi tim nghiém ctia Bai toan
Bjorling cho mat cuc tiéu (minimal) trong R® va cho mat BLW trong H?. Trusng
hop dau tién chi don gian 13 13y tich phan clia cac ham khong c6 chu ky thue, bai

toan sau lai can dén cac phuong trinh dao ham riéng.

Chuong 3: Chuong nay 1a noi dung chinh ctia luan van. Ta sé phat biéu Bai toan
Bjorling cho mat BLW (Muc 3.1), chiing minh Dinh 1§ 7 (vé nghiém ctia Bai toan
Bjorling) va Dinh 1y 8 (vé tinh phan hinh clia 4nh xa Gauss hyperbolic).

Dé tién 1gi cho viéc theo doi, chitng minh ctia Dinh 1y 7 nay duge chia thanh titng
muc. Truong hop dau tién (a + b = 1) dugce trinh bay trong Muc 3.2 va Muc 3.3.
Truong hgp con lai, do su tuong tu, duge trinh bay so luge trong Muc 3.4.

Nhitng chd thich trong Muc 3.5 rat quan trong, 14 phan khong thé thiéu trong
chiing minh ctia Dinh 1y 7. Trong muc nay, ta cling sé chiing minh Dinh ly 8.

Chuong 4: Két luan vé déng gop ctia luan van; dé nghi mot s6 bai toan md.

Phu luc A: Liét ké cac Bai toan Bjorling da gidi. Ching déu c¢6 duy nhat nghiem va

déu c6 hé qua lien quan dén tinh déi xiing clia cdc mat trong 16p dude xét.
Phu luc B: Céc thii tuc Maple [18] dé tinh tich vo huéng (1, A1z, 1) & (3.56) va (3.83).
Tai liéu tham kh3o: Danh sach cac tai lieu da tham khéo.
Luan vian nay duge thuc hién dudi sy huéng dan cia Pho Gido su DOAN THE HIEU

va sit gitup d6 ctia Gido su JOSE ANTONIO GALVEZ, dudc hd trg mot phan kinh phi
béi truong Cao dang Su pham Quang Nam. Ma ngudn ETEX ciia luan van cé tai

http://metakyanh.sarovar.org/index.php?cat=mthesis .



Chuong 2

Kién thiic chuan bi

Chuong nay trinh bay so luge cac kién thitc, bo dé co ban, can thiét cho viéc giai Bai
toan Bjorling & Chuong 3: khong gian hyperbolic (Muc 2.1), 1§ thuyét dia phuong
clia cac mit trong HP (Muc 2.2), ham (ph&n) phan hinh trén mét Riemann (Muc 2.3),
tinh chat bdo giac, cac bo dé co ban vé mat BLW (Muc 2.5) va vé bai toan Cauchy
cho phuong trinh Liouville (Muc 2.6). Tru (2.10), (2.11), (2.12), cac chi tiét khac c6

thé xem trong tai lieu dugc trich dan.

Mbi lien quan gitta 1y thuyét cAc mat v6i phuong trinh Liouville thé hién & chd: néu
ds? = ¢|dz|? 1a metric Riemann trén mién phang U C C, thi ¢ théa man phuong trinh
Liouville (2.26) khi va chi khi ds? c6 do cong hang c. Ta gip lai moi quan hé nay trong
Muc 3.2.2. Tu do, thay sy khac biét khi tim nghiém ctia Bai toan Bjorling cho mét
cyc tiéu (minimal) trong R? va cho mit BLW trong H®. Truong hgp dau tién chi don
gian 13 1ay tich phan clia cdc ham khong c6 chu ky thue, bai toan sau lai can dén cac

phuong trinh dao ham riéng.

2.1 Khong gian hyperbolic H
Chi tiét vé khong gian hyperbolic H? c¢6 thé xem trong [7], [12], [15].

Khong gian Lorentz I* 13 khong gian véc to R* dudc trang bi gid metric Lorentz

(-,") = —dx? + da? + do3 + das. (2.1)

Céac bo phan
S;={zel®: (z,z) =1}, (2.2)
N} ={zel": (z,2) =0, 2o > 0} (2.3)



lan luot dugce goi 1a khong gian de-Sitter ba chiéu va nén dnh sing tuong lai. Bo phan
H = {z cL*: (z,7) = —1, 7y > 0} (2.4)

duge goi 1a moé hinh Minkowski ctia khong gian hyperbolic (ba chiéu). Tai p € H?, ta c6
khong gian tiép xic
T,H? ={z € L*: (z,p) = 0}. (2.5)

C6 thé xem L* 1a khong gian Herm(2) cAc ma tran hermit cip 2, biang cach dong nhat

véc t0 (29, 21, T, v3) € L* v6i ma tran

o + j'Eg Ty + 1T (2.6)
1 — 11Xy Xog— T3
V6i phép dong nhat nay, (m,m) = —det(m) v6i moi m € Herm(2), va nhu vay,
H® = {m € Herm(2) : det(m) = 1}. (2.7)

Cho p, u, v thuoc L. Tich chéo p x u x v hay tich c¢é hudng cia u, v tai diém p 1a
—i j k1

pXuxXv=uAv=—det Po b1 bz Ps : (2.8)

Ug Up U U3

vg U Uy U3
v6i (i, 7, k,1) 1a co 6 tu nhién ctia R%. V6i w bat ky trong L* thi
(p X u x v,w) = det(p, u, v, w). (2.9)
Néu (u,v) =0, w=pxuxvvaa=(u,u), = (v,v) thi
(w,w) = —af(p,p) + alp,v)* + B{p,u)*. (2.10)

Dang thiic (2.10) dugc kiém tra bing cach trién khai cac dinh thitc & vé trai. Sit dung
(2.10), ta ching minh dugc rang, véi u, v, w thuoc T,H?, véc to u A v thuoe T,H? va

(u Av,u Av) = (u, u){v,v) — (u,v)% (2.11)
wA (uAv)=u{w,v) —v{w,u). (2.12)

Gid metric (2.1) han ché trén méi khong gian tiép xtc T,H? x4c dinh duong, va do d6



H? 1a da tap Riemann. Theo [7], H? don lién, day dt, c6 do cong sectional hing —1.

Chu y réng, véi (8,v) € H? x S} sao cho (8,v) =0thin =F+v € N2 vang+ns > 0.

2.2 Ly thuyet dia phuong ciia mat
Chi tiét vé 1y thuyét dia phuong clia cAc mat c6 thé xem trong [8], [9].

Cho S 1a da tap hai chiéu, lién thong, c6 hudéng (ta goi S 1a mat) va anh xa ¢ : S — H3.
Ta néi ¢ chinh quy tai diém z, € S néu tai d6 hang ctia di bang 2. Trong tham s
héa z = s + it clia ¢ tai 2z, diéu kien chinh quy tuong duong véi {1, A ¢y }., # 0. Khi
1 chinh quy tai moi 2y € S, ta néi ¥ la chinh quy.

Truong véc to phdp tuyén don vi n clia  1a anh xa n : S — S}, théa man (,n) = 0
va (di,n) = 0, ngoai ra, n phit hgp véi huéng duge chon trén S; cu thé, trong tham s6

héa z = s + it (bdo toan hudng) ciia S tai cac diém chinh quy, ta c6

s N\
n= Vs A Y . (2.13)
\/<1/}s A Q/Jt, ws A 1/%)
Tai cac diém chinh quy, ta c6 khai trién
n, = —Ay, + T, (2.14)
1 = T, — Ay, (2.15)

v6i A 1a ham thyc va T 1a ham phic. Tw d6, do cong trung binh va do cong Gauss-
Kronecker ctia ¢ 1an lugt 1a H = A, K = H? — |Y|?. Khi thuc hién phép doi tham s
bao toan hudng, véc to n va cac do cong H, K khong thay doi.

Anh xa Gauss hyperbolic ctia ¢ 1a G = [¢) + 7] : S — C, cho béi

Ny — 1Ny

G:[@/)Jr??]:m,

voi N = + 1. (2.16)

Ta c6 thé xem G 1a phép chiéu ndi cyc nam tit bien S%, ctia H? lén mit phang phiic
(md rong) di qua tam ctia S2_; néu Ny + N3 = 0 thi N; = Ny = 0 va khi d6 gid tri cia
G 1a co. Chi tiét vé cach xay dung G c6 thé xem trong [6], [12], [15].

2.3 Mat Riemann. Ham (phan) phan hinh

Mgt Riemann [16, 20] 1a da tap hai chiéu (X, €), trong d6, € 1a atlas gom cac ban do
sao cho phép bién ddi toa do giita hai ban do bat ky 1a chinh hinh.



Theo [8, Theorem 1.4.3], trén cic da tap Riemann hai chiéu, c6 huéng, véi metric o,
ta luon chon dugc atlas gom cic ban do ma ddi v6i ching metric o 1a bdo gidc. Nhu

vay, moi da tap Riemann hai chiéu c6 huéng déu c6 thé xem 13 mit Riemann.
Mot vi du vé mat Riemann 1a mdt cau Riemann S% = C [20].

Ham phan hinh [16, Definition 9| chang qua la ham chinh hinh (theo nghia da tap) ti
mat Riemann vao C. Tinh chat phan hinh ctia f : S — C tuong duong véi diéu kien

af .
o =f:=0, (2.17)

trong d6, z 1a tham s6 héa béo giac béo toan huéng ctia S. Tuong tir, tanéi f: S — C

phdn phan hinh néu trong cac tham s6 héa z nhu vay,

of _

——=f.=0 (2.18)

Khi déi huéng trén C thi ham phan phan hinh tré thanh phan hinh, va ngugc lai.
(Diéu nay dugc chitng minh dé dang bing cach st dung bicéu dién dia phuong ctia f.)
Vi vay, cdc ham phan phan hinh va phan hinh c6 cac tinh chat tuong tir nhau: tinh
duy nhat, sy thac trién, ...

2.4 Tinh chat bao giac

Cho da tap M trén d6 c6 cac metric Riemann oy, 0o. Ta néi oy 1a bdo giac véi oy néu
¢6 ham x duong, tron sao cho o1 = xo2. Anh xa chinh quy f : (M,01) — (N, (-,))
gifta cdc da tap Riemann dudc néi 1a bdo gidc néu o; bao gidc véi metric o, nhu sau

(0 la metric kéo tt N vé M)
oa(u,v) i= (u, v) s = (df (u), df (v)), u,v € T,M, peM. (2.19)

Bay gio, giad st M 1a da tap hai chi¢u. Xét tham s6 hoa z = s + it tai diem p € M,
sao cho z béo giac, hay cling vay, sao cho {0, d;} 1a co s6 truc giao ctia T,M. Néu
f: M — (N,{,-)) bao giac thi trong tham sb héa z do, ta c6

Afar fo) = (fsi fo) = (fes o) = 20 (fs, fi) = 0. (2.20)

Day ciing 1a diéu kieén dé f bdo gidc (vé mit dia phuong).

Thue té, ta thuong gip cdc anh xa f : M — (N, (-, -)) khong chinh quy tai moi diém

ctia M, va tham chi (-,-) chi 1a gid metric tréen N. Khi do, ta néi f 1a bdo giac néu



trong tham s hoéa z béo giac tai diém p bat ky ctia M, ta c6 (2.20). Khi (N, (-,-)) la
da tap Riemann, néu p la diém chinh quy ctia f thi trong lan can mé di nhé cta p,
anh xa f chinh quy; trong lan can do, tinh chat bdo gidc ctia f theo dinh nghia nay
tring v6i tinh chat béo gidc da néi ¢ trén. Ké tit lic nay, ta sé hiéu tinh chat bao giac
theo nghia md rong nay.

Trong giai tich phic [1], ta biét ring, tai cac diém chinh quy ctia 4nh xa chinh hinh
f:DcCC—C,tacé f bao toan do 16n cia géc va bao toan huéng, do dé6, f 1a bao
gidc. Nguoc lai, vi tinh chat bao giac ciia f tuong duong véi tinh chat bao toan do l6n
clia goc, néu f bao gidc thi f chinh hinh hodc phan chinh hinh.

St dung cic tham s6 hoéa dia phuong ctia C, ta ching t6 dudce ring, néu anh xa
f:S — C bao giac thi f chinh hinh hoic phan chinh hinh, va ngugc lai.

2.5 Céac bd dé co ban vé miat BLW

Dinh nghia 1 (Mat BLW): Mait chinh quy ¢ : S — H? dugc goi la BLW néu c6

cac hiang s6 thitc a, b sao cho
2a(H — 1) + bK; = 2a(H — 1) + b(K — 1) =0, (2.21)

voi H la do cong trung binh, K; = K — 1 la do cong Gauss va K la do cong Gauss-
Kronecker cua 1.

Trusng hop a+b = 0 duge xét trong bai bao [11]. K& tit lic nay, ta luon gia st a+b # 0.
Néu b = 0, ta c6 a = 1 va mit BLW bay gio 14 mat CMC1; Bai toan Bjorling tuong
ting duge gidi trong [15]. Néu a = 0, ta dugc cac flat surface dugc xét trong [14].
B6 dé 1 ([12, Lemma 1]): Cho ¢ la mat BLW théa man (2.21). Khi dé, cé thé coi

la +b| =1, vdi dau cia a, b dugc chon sao cho

o=al +0bll (2.22)
la metric xdac dinh duong trén S; ¢ day, I = (d,d) va I = {dip,—dn) lan gt la
dang co ban thit nhdt va thit hai ciia 1.

Cho mat BLW % : S — H? thoéa man (2.21). Khi néi dén a, b, ta ngam hiéu |a+b| = 1
va déu ctia chiing da dugce chon dé o = al + bl tré thanh metric xac dinh duong. Ta
coi S 1a mit Riemann vé6i cau triic bdo gidc cdm sinh bdi metric o.

Nhan xét sau day dugdc tong hop tit phat biéu ctia [12, Theorem 1|, tit chiing minh ciia
dinh 1y d6 va tu [12, Remark 3|.
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Nhan xét 2: Cho mat BLW v : S — H? théa man (2.21). Ky hiéu n la truong véc to
phdp tuyén don vi ciia v, z la tham s6 héa bdo gidc doi vdi o va 2x la hé s6 bdo gidc,
tic la o = 2x|dz|®. Khi dé,
1. dnh g +n bdo gidc doi véimetric o = al +0bII, va hodc 1 (S) la mot phan cia
horosphere, hodc (d(v +n),d(¢ + n)) la gid metric vdi do cong hing c = et
dac biét, anh ra Gauss hyperbolic G = [ + 1] la bdo gidc;

2. zp € S la diém singular ciia ¥ +n khi va chi khi H(z) = K(20) = 1; nhu vay,

. . 2 . » P N - 2 e
moi diém singular cua v + 1 déu la diém umbilic;

3. vi phan Hopf Q; = (1.,1.)dz?* chinh hinh, va do dé, mat BLW sé hoan toan

umbilic, hodc cdc diém umbilic ctia né déu co lap;
., . 2 . » P
4. tar cac diém chinh quy cia ¢ +n, ta cé

2a+b a+b
V= syt ar o (2:23)

néu thém gid thiét b # 0, ta c6

2H-K—-1 1
- - 2.24
T h MICRRORCEIDE (2.24)

va do dé, vdi ¢ la hé s6 bio gidc cia (d(¢ +n),d(¥ +n)),

2a + b

2
Y= m(df +n) + 5(1& + 1)z (2.25)

Dé ¥ rang, theo [15], cong thiic (2.25) ciing diing ngay ca khi b = 0.

2.6 Phuong trinh Liouville

Muc nay trinh bay vé phuong trinh Liouville va bai toan Cauchy clia phuong trinh do.
Céc chitng minh chi tiét c6 trong [15], [17].

Cho mién phang U C C va hing s thuc c¢. Phuong trinh Liouville c6 dang
c
(In¢).z = =56, (2.26)

c¢6 thé duge xem nhu phuong trinh vi phan phtic. Néu ds? = ¢|dz|? 1a metric Riemann
tren U thi ¢ thoa man (2.26) khi va chi khi ds® ¢c6 do cong hing c. (C6 thé thiy duge
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mbi lien hé nay tit cong thiic bicu dién do cong K ctlia U theo hé s6 béo giac clia metric

trén U; xem thém trong [9].)

Khi giai Bai toan Bjorling ta sé di dén bai toan Cauchy cho phuong trinh Liouville

(hl gb)z? - __¢a
#(s,0) = a(s), (2.27)
¢.(s,0) = b(s)

O day, a 1a ham giéi tich thyc, khong am, va b(s) 1a ham gidi tich phic sao cho
2Re{b(s)} = d'(s). (2.28)

Ky hiéu {f, 2z} 1& dao ham Schwarz nhu sau

()0 (-8 e

Ta ciing ¢6 dinh nghia {f, s} tuong tu cho ham thyc f va bién thyc s.

Dinh 1y 3 ([15, Theorem 1]): Cho ¢ # 0 va T(s) : I — C la nghiém bat ky ciia
phuong trinh vi phan {T,s} = Y(s), vdi

2 (s) = 2(%) - (@) +ca(s), (2:30)

va dinh nghia

1 T"(s) = {b(s)/a(s)}T"(s)

R(s) =2 2T"(s)2 = T(s)T"(s) + {b(s)/a(s)}T(s)T'(s)

(2.31)
Ky hieu T(z) va R(z) lan lugt la cdc thdc trién phan hinh cia T(s) va R(s) trén tap
hop md D C C chia I. Khi do,

AT,R.

o= e

(2.32)

la nghiém duy nhat cia bai toan Cauchy (2.27).
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Truong hgp suy bién ¢ = 0, ta c6 bai toan Cauchy

A(lng) =0,
¢(s,0) = a(s), (2.33)
oi(s,0) = d(s),

v6i a(s),d(s) : I — R la cadc ham giai tich thuc, a(s) 1a ham duong.

Dinh ly 4 ([15, Theorem 6]): Nghiém duy nhat ¢ ciia bai toan Cauchy (2.33) dugc
zay dung nhu sau: co dinh sy € I va zét ham 0(s) : [ — R cho bdi

0(s) = —% /s: % dr, (2.34)

va cdc thdc trién chinh hinh \/a(2), 0(z2) cia \/a(s), 0(s). Khi dé, ¢(s,t) = | f(2)|?, vdi
z=s+ 1t va f la ham chinh hinh

f(z) = Va(2)e?. (2.35)

&(s,0) = a(s), (2.36)

& day, a(s), d(s) 1a cdc ham giai tich thuce, va a(s) duong. Loi gidi cia (2.36) duge xay
dyng mot cach hinh hoc nhu sau day. Ky hieu Q(c) 1a da tap Riemann hai chiéu véi
do cong hing ¢ nhu sau: Q(0) = R? va

1 .
S*(c) = {(xo,xl,xg) : x%+x§+x§:%} neu ¢ > 0,
Q(c) =
—1 .
H?(c) = { (w0, 71, T9) : —2f + 23 + 25 = ——, 79 > 0 neu ¢ < 0.
Vv—c
(2.37)

Xét phép chiéu noi 7 ciia Q(c) len C, cho béi

1 + 179
1—cxy

(2.38)

ﬂ-(lba Z1, $2) —
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Dinh 1y 5 (|15, Theorem 3|): Nghi¢m duy nhat ciia bai toan Cauchy (2.36) la

Alg' ()

o T gt

z = s +it, (2.39)

vdi g(2) la thdc trién phan hinh cia g(s) = w(a(s)) vdi © : Q(c) — C la phép chiéu
noi, va a(s) la duong cong duy nhat trong Q(c) vdi tham s6 héa do dai cung va do

cong trac dia lan luot la

u(s) = /s Va(r)dr, Kk(s) = —%. (2.40)

Xét phuong trinh Liouville cai bién

4lnp).z = —cpF ()2, (2.41)

v6i ham f phan hinh. Méi lien hé gitta (2.26) va (2.41) nhu sau: néu p: D C C — R
1a ham tron, thi p théa man (2.41) khi va chi khi ¢ = p?|f|?® thda man (2.26).

Xét bai toan Cauchy cho phuong trinh (2.41):
4(Inp).z = —cp?|f(2)%,

p(s,0) =v(s), (2.42)
p=(s,0) = w(s).

(Ta gia st rang f khong c6 cuc diém trén R.)

Hé qua 6: Nghiém cia bai todn Cauchy (2.42) cho phuong trinh Liouville cdi bién
(2.41) la p = V9/|f|, vdi ¢ la nghiém cia bai todn Cauchy (2.27) cho phuong trinh
Liouville (2.26) vdi dieu kién ban dau

()17 ()%,

! - (2.43)
b(s) = 2v(s)yw(s)|f(s)* +v(s)?f'(s) f(s)

(nghiém ¢ dugc xay dung nho Dinh lj 3 hodc Dinh ly 4).
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Chuong 3
Bai toan Bjorling

Chuong nay 13 noi dung chinh ciia luan van. Ta sé phat biéu Bai toan Bjorling cho miit
BLW (Muc 3.1), chiing minh Dinh 1y 7 (vé nghiém ctia Bai toan Bjorling) va Dinh 1y 8

(vé tinh phan hinh ctia 4nh xa Gauss hyperbolic).

Dé tién lgi cho viéc theo doi, chitng minh ctia Dinh 1y 7 nay dudc chia thanh ting muc.
Truong hop dau tien (a + b = 1) duge trinh bay trong Muc 3.2 va Muc 3.3. Trudng
hop con lai, do su tuong ti, duge trinh bay so luge trong Muc 3.4.

Nhitng chi thich trong Muc 3.5 rat quan trong, 13 phan khong thé thiéu trong chiing
minh ctia Dinh 1y 7. Trong muc nay, ta cling sé chiing minh Dinh Iy 8.

Tru6e hét, ta can khai niem sau vé duong cong gidi tich.

Dinh nghia 2: Duong cong §: I — S trén mat Riemann S dugc noi la giai tich tai
so € I néu trong tham s6 héa bao gidc (U, z) cta S tai 3(sg), duong cong zo f3: J —
2(U) C C giai tich tai sy (vdi J 1a lan can nao dé ctia sq). Khi (3 giéi tich tai moi diém

s € 1, ta noi [ giai tich.

Ta ¢6 dinh nghia tuwong tur cho khai niém chinh quy.

3.1 Bai toan Bjorling
Bai toan Bjorling cho mat BLW dugc phéat biéu nhu sau day.

Cho cac hang s6 thiuc a, b, vdi |a + b| = 1, duong cong gidi tich, chinh quy
B : 1 — H? va truong véc to gidi tich V : I — S? doc 3, sao cho véi moi s € T

(B(), V(s)) = (8(),V(s)) = 0,

3.1
(8(), aB/(s) — V'(s)) > 0. (3.1)
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Tim mat BLW v : S — H? théa man (2.21), sao cho ton tai duong cong gii tich,
chinh quy T' C S, véi ¢(T") = 3, va V' la truong véc to phap tuyén don vi ctia 1)
doc 3. Ta goi méi mat BLW tim dugc la nghiém clia Bai toan Bjorling vdi dieu
kien ban dau (3,V).

Két qua ctia toan chuong thé hién trong hai dinh 1y sau.

Dinh 1y 7: Cho diéu kién ban dau (3,V) nhu trong phdt biéu cia Bai todn Bjérling.
Gid sttv = [+ V théa man vy(s)+ vs(s) # 0 vdi moi s € I, va dnh ra G: 1 — C

v — ’ivg

U0+U3

G —

I = C (3.2)

¢ dao ham khong triét tieu tai diém nao cia I. Khi dé, Bai toan Bjorling vdi diéu
kien ban dau (8,V) ¢6 duy nhdt nghiém; nghiém ) : D C C — H? dugc zay dung trong

lan can cia B nhu sau:

1. néua-+b=1, ky hieu B(z) va V(2) lan lugt la thdc trién chinh hinh cia 3(s),
V(s); dat v(z) = B(z) + V(2) va

~ i) —iv(z)
Glz) = vo(2) +v3(2)’ (3.3)

goi p: D — [0;+00) la nghiém duy nhat ciia bai toan Cauchy

4(lnp) . = —QLM PlGP,
p(s,0) = vo(s) + vs(s), (3.4)
p-(s,0) = %{vé + vy +1 [(V AV )+ (VA ’l/)g} };

khi dé, o = FQF* : D C C — H3 vdi

1 0 20a+b)" PGP PG
= ; Q= ; (3.5)
G 1 2p= 2
p*G. p

2. néua+b=—1, ky hieu 5(z) va V(z) lan lugt la thdc trién phdn chinh hinh ciia
B(s) va V(s); dat v(z) = B(z) + V(z) va G(z) nhu (3.3); goi p: D — [0;+00) ld
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nghiém duy nhat cia bai todn Cauchy

a
4(1np)z§ T atb

p(s,0) = vo(s) + vs(s), (3.6)

p-(5,0) = %{vé + v — i [(V AV)o + (V AV)s] };

p2|52|2>

khi d6, & = FQF*: D ¢ C — H? vdi

2a+b 4 20z 2pz
P —
10 2(a+0b) 1GL12 PG
_ . 0= s . (3.7)
G 1 2p 2
p*G. p

Trong cd hai truong hop, G la dnh za Gauss hyperbolic cta v; nghiém cia (3.4),
(3.6) dugc zay dung theo Muc 2.6.

Trong phat biéu clia Dinh Iy 7, ta gid thiét v = 3+ V va G & (3.2) théa man vy(s) +
v3(s) # 0 va G'(s) # 0 véi moi s € I. Didu kién thi nhat thé bé qua; diéu kien con lai

nhim han ché cac ky di. O Muc 3.5.1 ta sé néi ro hon vé diéu nay.

Theo [6], anh xa Gauss hyperbolic clia mat chinh quy 1 : S — H? 1a phan hinh khi
(va chi khi) v 14 mat CMC1. Tong quat hon két qua nay, ta c6

Dinh 1y 8: Cho mat BLW ¢ : S — H? théa man (2.21) va ¢(S) khong phdi la mot
phan clia horosphere. Khi dé, dnh ra Gauss hyperbolic G ciia v phdn hinh khi
a+ b > 0, phan phan hinh khi a + b < 0.

Phan con lai clia chuong nay danh cho viéc chitng minh Dinh 1y 7 v Dinh 1y 8. Ké tit
lac nay cho t6i truée Muc 3.4, ta ludn gid st réng a + b = 1.

3.2 Su duy nhat ctia nghiém

Gia st ton tai mat BLW ¢ : S — H3 théa man cic yéu cau ctia bai toan. Khi do, S
trd thanh mit Riemann véi cau triic bio giac cdm sinh béi metric o = al + bII. Ta
chting minh ring, vé mat dia phuong, 1 dude xac dinh hoan toan theo diéu kién ban
dau (8,V), va c6 thé bicu dién bang mot bicu thitc clia diéu kién d6. T tinh lien tuc

giai tich [5] ctia miat BLW, ta suy ra tinh duy nhit ctia nghi¢m.
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3.2.1 Tham s6 héa ctia nghiém

Chon tham s6 héa bao giac (U, 2), v6i U md trong S va U chita doan J cia I'. Vé dia
phuong, mat BLW c6 thé biéu dién béi x : 2(U) C C — H?. Ta c6

X(C(s)) = B(s), n(T(s)) =V(s), sel, (3.8)
véi n 2 S — S} 1a vée to phap tuyén don vi cia ).

Diat vy =zol': J — 2z(U) thi ~ gidi tich theo nghia thong thusng. Do d6, v c6 théc
trién chinh hinh y(w) : W c C — C, v6i W 1a tap hop md, chita doan J nhu 1a mot
phan ctia truc thie. C6 dinh diém sy € J. Vi «y chinh quy tai sy nén theo dinh ly ham
nguge, ton tai anh xa song chinh hinh v: D c W c C — B C 2(U) C C, vé6i D la tap
hop con mé cia W, chita lan can (sq — J; so + d), va B la tap hgp con mé ctua z(U).

Nhu vay, miat BLW ctia ta bay gio c¢6 thé bicu dién bai

v:DcC— H?, P(w) = X(fy(w)), (3.9)

va véi moi s € J 1= (sgp— ;50 +0) C I taco
(3.10)

(Ta lam dung ky hiéu ¢ dé chi mat BLW dong thai chi mot tham s6 héa ciia mat do.)
Do tinh song chinh hinh ctia v : D — B nén tham s6 héa (D, 1)) bao giac.

3.2.2 MBobi lién hé véi phuong trinh Liouville cai bién
Ky hicu v =3+ V : I — N} va G 1a anh xa Gauss hyperbolic clia mit BLW. Ta ¢6

~ui(s) —iva(s)

G(s) = w0(s) T 0a(s) | sel. (3.11)

Ky hiéu U la tap hop con mé cia D, chita J, sao cho trén dé [(s) va V(s) c6 théc
trien chinh hinh $(z), V(2). Vi G phan hinh (nhu chi thich ¢ Muc 3.5.2), nén theo
dinh 1y vé tinh duy nhat, trén D ta c6

v1(2) — 1 vy(2)

B = )

(3.12)

Ham G nhu vay sé dugc thac trién phan hinh mot cach duy nhéat lén toan bo D.
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Ta biéu dién o
1 G

_ 3.13
G GG (3.13)

Y4+n=p

v6i p = No+ N3 : D — [0;+00) 1a ham tron va N = ¢ + 7. Vi ¢ 1a mat BLW va do
gia thiét G’ khong triét tieu doc theo (3, ta c6 7 = <d(w +n),d(y + 77)> 13 gid metric
v6i d6 cong hang ¢ = 45, Tit (3.13) ta 6

(4 m)er (0 + 1)) = 3 PIGP (3.14)

do do, hé s6 bao giac ¢ = p*|G.|* clia 7 théoa man phuong trinh Liouville (2.26). Do
GG, phan hinh, ta suy ra p : D — [0; +00) théa méan phuong trinh Liouville cai bién

A(np) _ = —cp?|G.]% (3.15)
3.2.3 Diéu kién ban dau ctia phuong trinh Liouville cai bién
Ta tim diéu kién ban dau cho (3.15). Trudc hét, tit dinh nghia cta p,
p(s,0) = vo(s) + vs(s), seJ (3.16)
Ta con phai tim p,(s,0) véi s € J. Theo (2.14) va (2.15),
n. = —Hy, + Tz =T, — Hi, (3.17)

v6i H va K = H? — |T]? 1an lugt 1a do cong trung binh va do cong Gauss-Kronecker
ctia 1. Tu day, tinh toan truyc tiép, ta co6

(+nNW+n)z=-CH-K-1)¢. ANz (3.18)

hay
W+ AN +n)e=—2H - K = 1) s Ay, (3.19)

Khi b # 0, theo (2.24), tai cac diém chinh quy ctia ¥ + 7, ta c6
sgn(2H — K — 1) =sgn(a + b). (3.20)

Vi ¢ 4+ n bao giac, hai véc to (¢ +n)s va (¢ + n); vudng géc nhau va cé cung do dai.
Do do, st dung (2.12), (3.19) va (3.20), ta co

(¥ +mn)=—sgn(a+b)nA (Y +mn)s. (3.21)
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Khi b = 0, theo [6], [15], (3.21) vAn con ding. Vay tai cac diém chinh quy ctia ¢ + 7,
(0 n)s = {0+ )+ i senatb)nA 0+ ).} (322)
d#c biét, doc theo 3,
(Y +n).(s,0) = %{v'+i sgn(a+b)V Av'}. (3.23)
Suy ra véi s € J,
p-(s,0) = %{v{) + v+ i sgn(a+b) [(VAV)o+ (VAV)3)] } (3.24)
Tu (3.15), (3.16), (3.24), ta thiy p théa man bai toan Cauchy (3.4). (Chu § réng, diéu
kien ban dau ctia hé (3.4) chi c6 doc doc theo 3, cu thé 1a khi s € J. Dé khac phuc

diéu nay, ta c6 thé thu nhé tap hop D khi can thiét.) Nhu vay, p duge xéac dinh duy
nhét theo diéu kién ban dau (3,V).

3.2.4 Phuc hoi ¢ ti diéu kién ban dau
Bay gid, ta tim biéu thiic phuc hdi p theo p, 5 va V.
Xét duong cong phan hinh F': D C C — SL(2,C) cho béi

10
_ _ 3.25
a1 (3.25)
Khi d6, biéu dién (3.13) c6 thé ghi lai nhu sau:
p 0
+n="F F*. 3.26
Y+ [o 0 (3.26)
Khi d6,
p= pG=| . pz PG| .
+n)z; = F F , + 5 = F . 3.27
(v +n) 0 0 (¥ +mn) .G PGP (3.27)
Vay, theo (2.25), tai cac diém chinh quy ctia 1 + 7, ta c6
2a + b 2
_ _ = FQF* 3.28
Y 2(a+b)(¢+n)+p2|GZ|2(¢+n) (3.28)

v6i Q: D € C — Herm(2) cho béi (3.5). Dé y ring, det(2) = 1 do p thda man (3.4).
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3.3 Su ton tai nghiém

Cho diéu kien ban dau (3,V) théa man cac diéu kien trong Dinh 1y 7, v6i a + b = 1.
Ta ching minh Bai toan Bjorling c¢6 nghiém théa man (2.21).

3.3.1 Xay dung nghiém

Dit v = 4V : I — N2. Dinh nghia dudng cong G : I — C bdi

v1(8) — ivy(s)

Gls) = vo(s) +vs(s)

~ui(z) —iv(2)
G = s (3.30)

Gia stt p: D C C — [0; +00) 1a nghiem duy nhat cta he (3.4).

Xét U = D\ P la tap hgp con md cia D, trong do, P la tap hop con déng ctia D gom
cac khong diém clia p, cac khong diém va cyc diem ctia G,. (R6 rang, U chita toan bo
I.) Tren U, dat o = FQF* : U — H3, v6i F, 2 duge cho 6 (3.5); va

p 0

N=F F* (3.31)
00

Ta lan lugt chiing minh ring

1. metric o = al + bl xac dinh duong (Muc 3.3.2);

2. 9 chinh quy (Muc 3.3.3);

3. 7= N — 1 1a véc to phap tuyén don vi ctia ¢ (Muc 3.3.4);

4. ¢ la mat BLW (Muc 3.3.5);

5. ¢ 1a nghiem ctia Bai toan Bjorling v6i diéu kién ban dau (3,V) (Muc 3.3.6).
Ta sé can cac tinh toan sau day. Dat U = AG. + B., véi A, B, C dugc cho bdi

A B
B C

. (3.32)
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Vi p théa man hé (3.4), ta tinh duge

b

BEITE R
St dung déng thiic
P 0 0
G, O
ta tinh duge
dA AG,dz + dB
dp = F _ GadztdB g
AG,dz+dB dC + BG,dz+ BG,dz
Ta co
D = 2pz 2p§ =
BG.dz+ BG,dz = -G, dz + —=G.dz
p°G. PG

2 2
= E(pzdz + pzdz) = Edp = —dC.

Béi vay, ti (3.35) ta ¢

(dip, dyp) = —det(dy)) = (AG, dz + dB)(AG. dz + dB)
=UB.dz* + UB.dz" + {|B.]> + |U|’}|dz|*.

Tu dinh nghia (3.31) cia N = + 1 ta co

dp  pG.dz
pG.dz 0

*

dN = F

va tu day suy ra
(dN,dN) = —det(dN) = p?|G.|*|dz|*.

Ten=N-—v=(¢Y+mn)—1taco

0 (p— A)G.dz — dB

dn=F _
(p— A)G.dz — dB 0

F*

Y

Dé tinh (dn, dn), trong bicu thiic (3.37) ctia (dy), dip) ta chi viec thay U béi

U,:=(A-p)G.+ B, =U — pG..
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3.3.2 Metric o la bao giac

Bay gio ta di tinh o = a({dy, d) + b{(dy, —dn). Ta c6

b
AN, dN). (3.42)

o= (a+g) (dw,dw)+g<dﬁ7d7)>—§<

St dung (3.37), (3.39) va ghi cht vé cach tinh (dn, dn) ¢ cudi Muc 3.3.1, ta tinh dugc

hé sb ctia dz? trong o 1a

(a+5)UB. + 2(U — pGL)B. = L{2(a+ U — by} B. = 0. (3.43)

Hoan toan tuong ti, hé s6 clia dz? trong o bang 0. Nhu vay, o "bdo gidc" véi he s6
DB+ 0y + 2B+ U = e = L
ot ) {IBL + UL} + S {IB-]" + U = pG-I"} = 507G
b -
= (a+ B {|B.P 4 |UPP} — o (U oG + T pGe) = (a+ B{|B.I> — U]}, (349

St dung tinh chiat "bdo giac" clia o va khai trién tuong tu (3.89), ta tim duge hé s6

bao giac ctia o doc theo § la
2x(s,0) = 2(B'(s),aB (s) — bV'(s)) > 0, Vs el (3.45)

Vay o xac dinh duong (va do d6, that su béo gidc) trong lan can cia (.

3.3.3 ¢ chinh quy

Ta chiing minh réng ¢ chinh quy. T (3.35), ta ¢6

o e Do Ul pe (3.46)
z U 0 ) z — E 0 . .
T day ta co
<wza ’QZ)Z> = UBza <¢z, ¢E> = UBza (347)
(2 + Yz, 0. +¢2) = |U + B.|% (3.48)

suy ra

200, ¥z) = (U + ¥z, ¥ + ¥) — (U2, 0) — (¥2,02) = U + | B, (3.49)
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va tu do ta ¢cod

<1/}s A\ i/it, ws A 1/%) = <1/137 ws><wt7 1/%) - <wt7 wt>2

= 4¥, ¥2)" — Hs, ) Uz, ) (3.50)
= |B.]* = |[U*.

Tu (3.44), (3.45) va (3.50) ta c6 diéu phai chiing minh.

3.3.4 1 la véc td phap tuyén don vi

Trude hét, st dung det(Q) = 1, pC' = 2 va

=F _ F 3.01
U 5 (3.51)

ta co
(n,n) = —det(n) = pC — {AC — |B|*} =1, (3.52)

tiic  nhan gia tri trong S3.
Tiép theo, ta c6

20, n) = (W +n,¢+n) — (W, ¢) — (n,n) (3.53)
= —det(N) + det () + det(n) = 0, .
nghia la n truc giao véi .

T (3.31), (3.35), ta c6 thée bicu dién dyp = FAF* va dip + N = FA,F*, trong do, cac
ma tran A, Ay chi khac nhau & phan t1t (1,1), con phan tit (2,2) ctia ching cling triet

tieu. Béi vay,
(d + N, dip + N) = — det(dy + N) = — det(d)) = (dy), dp), (3.54)
va do d6,
2(dip, N) = (dip + N, dip + N) — (dip, dp) — (N, N) = det(N) = 0. (3.55)
Do (¢,4) = 1, nén (diy, ) = 0. Thay N =1 + 1 vao (3.55) ta c6 (dib,n) = 0.

Ta con phai chitng minh ring 1 cting chiéu véi 1, A 1. St dung cic thi tuc tinh toan
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trong Phuc luc B.2, ta tim dugc

Aa+bPB - RRIGL2

(e Nipz,m) =i 3+ ) = 5{|Bz|2 —|U?}. (3.56)
Vi v Apy = —2i1), A )z nén (3.56) cho ta
(ths Nipm) = | B> — [UP. (3.57)

Do a + b =1 nén tit tinh duong cia o, (3.44) va (3.57) ta suy ra (s Ay, n) > 0. Vay
n la phap véc to don vi cta 9.

3.3.5 ¢ 13 mit BLW

Dé chiing minh ¢ 13 mat BLW, thoa man (2.21), ta di tinh tryc tiép do cong trung
binh H va do cong Gauss-Kronecker K cta .

Tit (2.14), dé y dén (3.40) va (3.46), ta c6 hé

~HB, +YU = —B,,
(3.58)

—HU +7YB, = pG, — U.

Dinh thic cta he (3.58) 1a D = —|B,|* + |U]* # 0 nhu da n6i trong Muc 3.3.2. Suy ra

—|B.]> + |U]> = pG.U b pG.J?
H=A= —1- .
D 2atb) D (3:59)
pG. B,
T=-— .
= (3.60)
2G|2
K=w[rp=14 271G 61
=1+ ""D (3:61)

R6 rang, 2a(H — 1)+ b(K — 1) = 0.

3.3.6 v la nghiém cua Bai toan Bjorling

Ta chiing minh 1 1a nghiém ctia Bai todn Bjorling véi diéu kien ban dau (3,V), hay

cing vay, chi ra rang

¥(s,0) = B(s), n(s,0) = V(s), Vs e l. (3.62)

Dé ¥ ring, tit didu kien ban dau p(s,0) = vo(s) + v3(s) trong (3.4), dinh nghia ctia
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G(s) 6 (3.29) va dinh nghia cia N & (3.31), ta co
(¥ +1n)(s,0) = B(s) + V(s), Vs e I. (3.63)

Nhu vay, néu chiing minh duge (s, 0) = 3(s) thi ta sé c6 ngay n(s,0) = V(s).

Trude hét, bang tinh toan tryc tiép, ta thiy rang diéu kién ban dau (3, V) théa man
(vo+v3)? G {B1 +ifo— G(Bo+ B3)} = vy + v+ i{(VAV)g+ (VAV)3}. (3.64)
Két hop v6i diéu kien cudi cung trong (3.4), ta c6
2p.(s,0) = (vo + v3)°G'{f1 +iB2 — G(Bo + Bs) }. (3.65)
Biéu dién Q nhu 6 (3.32) thi
B(s,0) = 81 + 02 — G(Bo + fs)- (3.66)
Do det(£2) = 1 va pC = 2 ta ¢6
2A(s,0) = (vo + vg){1 + |81+ iy — G(fo + ﬁg)f}. (3.67)

Tinh toan triec tiép, ta dugc

2A(s,0) = 2(6o + Fs)- (3.68)
Nhu vay, A(s,0) = Gy + [3 va
B(s,0) + A(s,0)G(s) = B1 + i (3.69)
Bay gig, ta co B
v-ror—| 4 AGHB (3.70)
AG+ B O
Doc theo (3 thi
Bo+ 03 Bi+ifs
,0) = 3.71
w0 = | 2T 0T 1)
Suy ra
det{Y(s,00} = 1 = O (o + fs) — (—1+ & — ). (3.72)

Do (8, 8) = =4 + B + 65 + 43 = —1 nén fy + B3 # 0. Vay (3.72) cho ta O = £ — 5.
Thay vao (3.70) ta c6 ¢(s,0) = B(s) véi moi s € 1.
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3.4 Truong hop a+b=—1

Khac biét so véi trudng hop a + b = 1, & day, ta sé ding thac trién phan phan hinh
clia G(s) thay cho thac trién phan hinh. Xem chii thich & Muc 3.5.2 vé lita chon nay.

Do su tuong tu so véi truong hdp a + b = —1, ta chi trinh bay ¢ day nhiing § chinh

clia viéc chiing minh tinh duy nhat va sy ton tai nghiém ctia Bai toan Bjorling.
3.4.1 Su duy nhit ctia nghiém
Ciing v6i biéu dién (3.13), v6i didu kien G phan phan hinh, ta c6
L )= e
va nhu vay, ¢ = p%|G.|? thda man (2.26), tit d6, do G phan phan hinh, ta c6
4(In p) L= P*|G.I2 (3.74)
Lap luan tuong tu Muc 3.2, ta thu duge bai toan Cauchy (3.6). Khac véi (3.27), ta c6

sz Pzaz
szE p‘ Gz |2

pz PGz

(Y +n)z=F 0

r (3.75)

F*a (¢+77)zz:F[

vati do, v = FQF* v6i F, Q) : D C C — Herm(2) cho béi (3.7). Ta ciing c6 det(2) =1
do p théa man (3.6).

3.4.2 Su ton tai nghiém

Gia stt diéu kieén ban dau (3, V) théa man

a+b=-1 (376
(B'(s),aB'(s) = bV'(s)) > 0, Vs e I. '

Ta dit G(s) nhu ¢ (3.29). Ky hiéu D 1a tap hgp con mé cua C, chia [ nhu la truc
thue, tren do, B(s) va V(s) c6 thac trién phan chinh hinh 3(z), V(z). Xét théac trién
phan phan hinh G(2) : D — C ctia G(s) & (3.29). Goi p 1a nghiém duy nhat ctia (3.6).
Xét U 1a tap hop D bé di cac khong diém ciia p, cac cuc diém va khong diém ctia G..
Tap hop U nay md va chia toan bo I. Ta xét ¢ = FQF* : U — H? va N tuong tu
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(3.31), v6i Q2 cho béi (3.7) va (3.32). Dat n = N — ¢ va

= A_ B = . .
U=AG. + B. 2(a+b)sz (3.77)
Ta lan luct tinh dudce
dA Udz + Bzdz
dp=F|_ " FrEE e (3.78)
Udz + B.dz 0
d G.d
AN=F| P P e (3.79)
O G. — U)dz — Bzdz
dy = F N )dz “| P, (3.80)
(pGz —U)dz — B.dz 0
(dy,dypy = UB, d2* + UBzdz" + {|U|” + | B.|*} |d=]?, (3.81)
o = a(dip, dip) + b(dip, —dn) = (a + b){|B.|> — |U|*}|dz|*. (3.82)

Nhu vay, trong lan can ctia 3, o 1a metric bao giac xac dinh duong, ¢ chinh quy. Dé
két luan 1 14 véc to phap tuyén don vi, ta st dung Phu luc B.3:

(1 A, = 2 {1UP? — [BP (359

Do a+ b= —1, tit (3.82) va (3.83) ta suy ra (1s Ay, n) = |U|* — |B.|* > 0. Ciing véi
cac tinh toan tuong ty nhu Muc 3.3.4, ta két luan 7 1a véc to phap tuyén don vi ctia 1.

St dung
O U 0 B
Z:F _ F*, g:F — N F*7 384
0 3. o V¥ 7o (3.84)
khai trién (2.14), dé y dén (3.79), ta tim dugc
b p*G.J? a p’|G.J°
H=1- ; K=1 . .85
2(a+b) D +a+b D (3:85)

(Véi D = |U|? — |B.|? # 0.) Vay ¢ 1a mat BLW, théa man (2.21).

Cubdi cling, dé kiem tra 1 (s,0) = B3(s) v6i s € I, ta dé § rang, theo (3.6),

p-(s,0) = %{vé + v — i [(VAV)o + (V AV)s] }; (3.86)
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do do, theo (3.64),

2p2(5,0) = (v + v3)> G' {B1 + B2 — G(Bo + B5) }; (3.87)

suy ra (3.66) van nghiem dang. Tiép theo, ta lap luan nhu phan con lai ctia Muc 3.3.6.

3.5 Chu thich

3.5.1 Ch thich vé diéu kién ban dau

Gia st 2 13 tham s6 héa bao giac dbi véi metric o = al + bil:

0 = (i, dQ) = 2y|d=l*  (Q = av — by). (3.88)

Véi z = s + it thi (do tinh bao gidc clia z)

2X = Wz, QE> + Wz, Qz> = <77Z)s> Qs> + <¢t, Qt> = 2<,17Z)87 Qs) (389)

bat B(s) = ¢(s,0) va V(s) =n(s,0). Vi 2y > 0 nén véi moi s € J,

X(5,0) = (¥s(5,0),Qs(s,0)) = (F'(s),ad (s) — bV'(s)) > 0. (3.90)
Vi vay, khi phat biéu Bai toan Bjorling, ta da gid st (3.90) ding véi moi s € 1.

Ta da gid st vo(s) + v3(s) # 0 v6i moi s € I nhim dé biéu thite (3.29) xac dinh. Theo
[15], diéu kién nay c6 thé bé qua, vi hgp G véi bién doi Mdbius thich hgp trén C, ta c6
thé coi rang vy (s) +vs(s) # 0 véi moi s € I. Thue té, ta xit Iy trudng hgp nay nhu sau.
Dé vy ring v(s) = B(s) + V(s) # 0. Do do, néu vy(s) + vs(s) = 0 thi vg(s) — v3(s) # 0.
Trong trudng hop nay, thay cho (3.13) ta c6

HH H

N; — Ny
, «=Ng— N3, H= 3.91
H 1] P 0 3 ( )

N g = Py e mn——

Y+n=p [ No — N,
Dé ¥ ring, khi xay ra vg(so) + v3(so) = 0, ta phai gia thiét them H'(sq) # 0 (va do d6
H'(s) # 0 tai bat ky diém nao thuoc lan can thich hop clia sq). Céc tinh toan bay gio
sé tuong tu truong hop ban dau. Do tinh chat dia phuong ctia Bai toan Bjorling, két
qué ctia Dinh 1y 7 khong thay doi.

Ta ciing da gid thiét ring dao ham G’ khong triét tieu tai bat ky diém nao ctia 1. Khi
G’ = 0 thi nghiem ctia bai toan (néu c¢6) phai 14 mot phan clia horosphere. Diéu nay
duge suy ra tit Nhan xét 2. Khi G’ # 0 nhung G’ ¢6 thé triét tieu tai mot s6 diém
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(cac diém nhu vay 1a co lap do tinh giai tich ctia G”), c6 thé dan dén mot s6 ky di trén
nghiém v dugc xay dung theo Dinh ly 7. Viéc khao sat cac ky di nhu vay la mot bai
toan khong don gidn khi khao sat mat BLW. Xem thém & Chuong 4 (Bai toén 4 va 6).

3.5.2 Tinh phan hinh cta 4nh xa Gauss hyperbolic

Ta biét ring, theo Nhan xét 2, anh xa Gauss hyperbolic G : S — C clia mat BLW 1a
bao giac. Do d6, G phan hinh hoac phan phan hinh.

Khi chitng minh sy duy nhét nghiém & Muc 3.2, ta dd mac nhién thita nhan tinh phan
hinh ctia G. Thuyc té, diéu nay duge suy ra tit Dinh 1y 8 ma ta sé chiing minh bang
phan chiing nhu sau day.

Gia st ¢ : S — H? 1a mat BLW théa man (2.21) v6i o = al + bIl 1a metric xac dinh
duong, a + b = 1. Vi ¢) khong phai 14 mot phan clia horosphere, nén theo Nhan xét 2
cac diém suy bién ctia 1) + 1 (ciing 13 diém umbilic clia ) déu co lap. Do d6, trong

tham s6 héa z, cac khong diém ctia G déu co lap.

Ta ching minh G xac dinh béi (2.16) phan hinh. Gié st nguge lai, G phén phan hinh.
C6 dinh (U, z) 1a tham s6 héa bao gidc bao toan hudéng ctia . Bicéu dién ¢ + 7 nhu &
(3.13), v6i p = Ny + N3 : U — [0;4+00) via N = ¢ +n. (Hop G v6i bién doi Mobius
thich hop trén S% , ta c6 thé gia sit p khong triét tieu tai diem nao trong lan can dang
xét.) Ta tinh duge ¢ = FQF* véi F cho béi (3.25) va Q cho béi (3.7) va (3.32), ngoai
ra (3.82) va (3.83) dugc thda man. Vi a +b = 1 nén (3.82) dua tdi |B.|?> — |U|* > 0.
Nhung khi d6, (15 A1, n) < 0. Vo 1y vi n va s A1) c6 cung chiéu.
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Chuong 4

Két luan

Luan vin nay dait ra va gidi quyét Bai toan Bjoérling cho miat BLW. Dinh 1y 7 khang
dinh Bai toan Bjorling c6 nghiém duy nhat. Biéu thic biéu dién nghiem khong diing
dén biéu dién bao giac [12], va do dé, dua ra biéu dién Bjérling cho cic mat BLW. Noi
dung ctia Dinh 1§ 7 bao ham céc mat CMC1 [15] va flat chinh quy [14]. Dinh Iy 8 cho
phép nhan biét tinh phan hinh ctia anh xa Gauss hyperbolic ctia mit BLW dya theo
dau clia a + b. Ngoai ra, tac gia chitng minh duge cac dang thic (2.10), (2.11), (2.12)
lien quan dén tich c6 huéng trong L2,

Vi Iy do thoi gian, luan vin nay chua xét dén mot trong nhitng hé qua quan trong ctia
viéc giai thanh cong Bai toan Bjorling, 1a tinh doi zing ciia mat BLW. Mac du vay, c6
thé néi hé qua nay duge chitng minh don gian, hoan toan tuong tu nhu trong [15], khi
da c6 dinh nghia hgp 1y ctia tinh déi xing.

Dudi day 1a mot s6 bai toan c6 lien quan dén dé tai:
1. khdo sét mit BLW ¢6 topo ctia hinh tru (cylinder);
2. khdo st mat BLW day dt véi do cong toan phan kép (dual) hitu han dac biét;

3. tim cong thiic tudng minh ctia nghiém véi diéu kien ban dau (3,V), trong do, 3
la dudng cong phéang;

4. gidi Bai toan Bjorling khi G & (3.2) 1a anh xa hing; nhu da néi 6 Muc 3.5.1,

nghiém (néu c¢6) trong trudng hgp nay phai 1a mot phan ciia horosphere;

5. tim 18i giai hinh hoc ctia bai toan Cauchy cho phuong trinh Liouville; trong [15],
tit s duy nhat nghiém ctia Bai toan Bjorling cho mit CMC1, tac gid tiép can
phuong trinh (2.36) (khi ¢ = 1) mot cach hinh hoc; phuong phap nay phuc hoi
dnh xa Gauss thit cap (lien quan dén tinh chit rigid) ctia mit CMC1 tur diéu kien

ban dau va mo6 ta nghiém ctia (2.36) qua anh xa do;
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6. tim nghiém clia Bai toan Bjorling khi chdp nhan thém céc ky di, ching han khi
G’ hoac (', aB' — bV') c6 thé trict tridu tai mot s6 diém trén I; trong [14], tac
gia giai Bai todn Bjorling cho cac flat front (chi khac flat surface G cho trén
flat front c6 thé cé ky di) va tw d6 phan loai duge flat front véi ky di co
lap nhing dugc (embedded isolated singularities);

7. giai Bai toan Bjorling khi diéu kieén ban dau (3, V') thdéa man
(', af" — V') = 0; (4.1)

(dé ¥ rang, do tinh gidi tich ctia 3 va V, cac khong diém ctia (3, a3 — bV') hoac
co 1ap, hodc 1a bat ky diém nao ctia I;) theo Hé qua 10 trong [14], khi cho trudc
B va véi V duge chon thich hgp dé (4.1) xay ra (trong d6, a = 0), ta xay dung
duge duy nhéat flat front ¥, sao cho 3 chi gom cac diém suy bién ctia 3;

8. giai Bai toan Bjorling cho cac mit ELW [13]; mat ELW trong R3 ¢6 do cong Gauss
K va do cong trung binh H théa man phuong trinh tuong tu (2.21); (c6 thé nghi
ngd rang, Bai toan Bjorling trong truong hop nay dé hon cho cac mat BLW; thuec
té, trong [13| ta chi c6 bieu dién harmonic chit khong phai la bao gidc clia mit
ELW, va d6 chinh 1a trd ngai 16n nhat;)

9. theo [6], [15], 4nh xa Gauss hyperbolic clia mat chinh quy ¢ : S — H? 1a phan
hinh khi va chi khi ¢ 1a mat CMC1; mot phan ciia két qua nay dude tong quat
héa trong Dinh 1y 8; vay ngugc lai, khi o = al + bll 1a metric xac dinh duong
va G phan hinh (hodc phén phan hinh), liéu ta ¢6 suy ra duge ¢ 1a mat BLW?

Ngoai ra, con c¢6 Bai toan Bjorling cho mat maximal trong L". Nhitng tinh toan cua
Phé Gido su DOAN THE HIEU dua trén [3], [4] cho thiy bai todn nay c6 thé giai dugc
bing viéc 1ay tich phan clia cac ham khong c6 chu ky thue.
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Phu luc A

LI )

Cac bai toan Bjorling da giai

Phu luc nay liet ké cac bai toan Bjorling da gidi. Chung déu c6 duy nhat nghiem va

déu c6 hé qua lien quan dén tinh déi xiing ciia cdc mat trong l6p dude xét.

Lop mat Tav héuw Tac gia Nam
minimal, R® [10] E. G. Bjorling, H. A. Schwarz 1844, 1890
minimal, R™ [4] L. J. Alias, P. Mira 2002
maximal, 13 [3] L. J. Alias et. al. 2003
minimal Mébius strip, R" [19] P. Mira 2005
flat front, H® [14] J. A. Gélvez, P. Mira 2005
flat surface, H® [14] J. A. Galvez, P. Mira 2005
cMc1, H® [15] J. A. Galvez, P. Mira 2005
improper affine sphere, R® [2] J. A. Aledo et. al. (preprint)
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Phu luc B

Maple Worksheet

Phuc luc nay trinh bay thii tuc Maple [18] dé tinh tich vo hudng (. A 1=z, n) & (3.56)
va (3.83). Cac ma nhap vao chuong trinh Maple duge bat dau bang dau 16n hon (>),
dugc dinh dang véi kiéu chit typewriter; cha thich dugc in nghiéng. Thi tuw ma nhap
vao ding nhu thit ty trinh bay & day; cac dong ma duge danh s6 dé tien theo doi.

B.1 Cac thu tuc

Khdi dong lai Maple, nap géi LinearAlgebra va wdc dinh kiéu cho cdc bién sé dung.
O day, a, b la cdc hing s6 thuc nhu trong (2.21); tho la p trong (3.13). Bién s6 M_z

chi tac dong ciia toan tii Wirtinger 0, lén M. Bién Mx chi lien hogp phiic ciia ma tran M.

restart:
with(LinearAlgebra) :
assume(a, real) : assume(b, real)

assume (rho, real) : assume(rho_z, complex)

V V V VvV V

assume(G_z, complex) : assume(Gx_z, complex)

Daéi tw ma tran trong Herm(2) thanh véc to nho phép dong nhat noi ¢ Muc 2.1. Ta
nhdc lai phép dong nhat nay nhu sau:

S P
c d y—iz x—1

> get_vector_from_matrix := proc(M)

> local a,b,c,d, vectorA;

> a := M[1,1]; b := M[1,2]; c := M[2,1]; 4 := M[2,2];

>  vectorA := Vector[row] ([(a+d)/2, (b+c)/2, (b-c)/(2xI), (a-d)/2]);

> return vectorl;

> end:
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Thii tuc sau doi véc to trong L' thanh ma tran trong Herm(2) nho (B.1).

> get_matrix_from_vector := proc(V)
> local x,y,z,t;

>  x :=V[1] + V[4];

> y :=V[2] + IxV[3];

> z :=V[2] - IxV[3];

> t :=V[1] - V[4];

>  return <<x|y>,<z|t>>;

> end:

Cho S, M, N la ba véc to trong L* dugc cho ¢ dang ma tran trong Herm(2). Thii tuc
sau tra vé két quda S x M x N = M A N (tich cé hudng A dugc lay tai S). Ta st dung
(2.8) dé tinh. Két qud trd ve ¢ dang véc to.

> cross_product := proc(S,M,N)

> local vS, vM, vN, SMN, A, B, C, D;

> vS := get_vector_from_matrix(S);

> vM := get_vector_from_matrix(M);

> vN := get_vector_from_matrix(N);

>  SMN := <<vS[1]|vS[2]|vS[3]|vS[4]>,

> <vM[1] |vM[2] |vM[3] |vM[4]>,

> <vN[1] |vN[2] |vN[3] |vN[4]>>;

> A := Determinant(SubMatrix(SMN, [1,2,3], [2,3,4]));
> B := Determinant(SubMatrix(SMN, [1,2,3], [1,3,4]1));
> C := -Determinant (SubMatrix(SMN, [1,2,3], [1,2,4]));
> D := Determinant(SubMatrix(SMN, [1,2,3], [1,2,3]));
>  return Vector[row] ([A,B,C,D]);

> end:

Tich v6 hudng cia hai véc to (dang ma tran).

(M,N) = —%{det(M + N) — det(M) — det(N)} (B.2)

> scalar_product := proc(M,N)
> return -1/2*(Determinant (M+N) -Determinant(M) -Determinant(N));

> end:
Dinh nghia cia F cho ¢ (3.25), con Fx la lién hop phic cia F.

> F := <<1|0>,<G|1>>:

> Fx := <<1|conjugate(G)>,<0|1>>:
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B.2 Truong hdpa+b=1

Ma tran Omega dugc cho bdi (3.5), psi duogc tinh theo cong thic psi := ¢ = FQF™*.
Ta st dung U nhu ¢ (3.33), con B, C dugc tinh nhd (3.5) va (3.32); Bx := B* chi ma
tran lien hop phitc ciia B. Dé 1 ring, ta khong trién khai A theo p, G, ...

> U := (b/(2%a+2xb))*rho*G_z:

> C := 2/rho:

> B := (2*rho_z)/(rho*rho*G_z):

> Bx := (2xconjugate(rho_z))/(rho*rho*xconjugate(G_z)):
> Omega := <<A|B>,<Bx|C>>:

> psi := F . Omega . Fx:

Ta tinh psi_z =, theo (3.35), trong khi psi_zx := 15 chi la lien hgp phic cia 1,.
Tw do, tinh dugc tich chéo psi_z_wedge_psi_zx_as_matrix = Xy, X ¥z = ¥, ANz

> psi_z := F . <<A_z|B_z>,<U|0>> . Fx:

> psi_zx := F . <<conjugate(A_z)|conjugate(U)>,

> <conjugate(B_z) |0>> . Fx:

> psi_z_wedge_psi_zx_as_vector

> := cross_product(psi, psi_z, psi_zx):

> psi_z_wedge_psi_zx_as_matrix

> := get_matrix_from_vector(psi_z_wedge_psi_zx_as_vector):

=

:= N = +n dugc tinh theo (3.31), con eta :=n= N — 1.

>N :=F . <<rhol|0>,<0|0>> . Fx:

> eta := N - psi:
Cudi cing, ta tinh tich vo hudng (. A z,n).

> psi_z_wedge_psi_zx_X_eta
> := scalar_product(psi_z_wedge_psi_zx_as_matrix, eta):

> tmp := simplify(psi_z_wedge_psi_zx_X_eta);
Két qud sau khi dugc don gidn héa bang simplify chinh la (3.56):

tmp = -1/8%Ix(
- 4xabs(B_z)"2*a~2 - 8*abs(B_z) "2*bx*a
- 4xb~2%abs(B_z) "2 + rho~2*abs(G_z) ~2xb~2
)/ (a+b) "2
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B.3 Truong hop a +b=—1

Ta dung cdc bién s6 M2 tuong ting vdi M trong truong hop a+b = 1. Cdc budc tinh todn
hoan toan tuong tu nhu & Muc B.2 va ta khong nhdc lai ¢ day. Xem Muc 3.4 vé cdch
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tinh cdach dai luong A2, B2, ...

> U2 := (b/(2%a+2%b))*rho*Gx_z:

> C2 := 2/rho:

> B2 := (2xconjugate(rho_z) / (rhoxrho*conjugate(Gx_z)):
> B2x := (2*rho_z)/(rho*rho*Gx_z) :

> Omega2 := <<A2|B2>,<B2x|C2>>:

> psi2 := F .Omega .Fx:

> psi2_z := F . <<A2_z|U2>,<B2x_z|0>> . Fx:

> psi2_zx := F . <<conjugate(A2_z) |conjugate(B2x_z)>,

> <conjugate(U2) |0>> . Fx:

> psi2_z_W_psi2_zx_as_vector

> := cross_product(psi2,psi2_z,psi2_zx):

> psi2_z_W_psi2_zx_as_matrix

> = get_matrix_from_vector(psi2_z_W_psi2_zx_as_vector):
> N2 := F. <<rho|0>,<0]|0>>. Fx:

> eta2 := N2 - psi2:

psi2_z_W_ps2_zx_X_eta2

:= scalar_product(psi2_z_W_psi2_zx_as_matrix, eta2):

tmp := simplify(psi2_z_W_ps2_zx_X_eta2);

Két qud sau khi dugc don gidn héa bing simplify chinh la (3.83):

tmp := 1/8%Ix*(

- 4xabs(B2x_z) "2*a"~2 - 8*abs(B2x_z) ~2*a*b
- 4xabs(B2x_z)"2*xb~2 + rho~2*abs(b~2*Gx_z"2)
)/ (a+b)~2
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